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Preface 


In recent years, the field of optics has become extremely important 
because of its applications in many diverse areas. This is primarily due to 
the advent of the laser which has helped in the practical realization of many 
interesting experiments and has also opened up new fields of activities. 
Although there exist a large number of texts on optics, most of them do not 
discuss some of its modern aspects like coherence, holography, self-focusing, 
spatial frequency filtering, physics of lasers, etc. The present book gives 
a balanced account of traditional optics as well as some of the recent deve- 
lopments in this field. 

The book has grown out of the lectures delivered by the author to 
the students at the Indian Institute of Technology, New Delhi. Care has 
been taken to develop the topics from the first principles so that the book 
can also be used for self study; the underlying physical principles have also 
been emphasized. 

Some special features of the book are given below: 

(1) Chapter 1, in addition to a brief historical introduction to the field 

of optics, tries to give a detailed discussion on the nature of light. 

(2) Chapter 2 studies the propagation of rays in inhomogeneous media 
and gives a fairly complete account of the phenomena of mirage and looming. 
Fermat’s principle has also been used to study the refraction of rays at the 
interface of an isotropic and an anisotropic medium. 

(3) It is now well known that, in addition to its elegance, the matrix 
method is a very convenient approach for the tracing of rays through complex 
optical systems; the third chapter develops this method to be used to study 
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the image formation in simple optical systems. The matrix method has also 
been used in chapter 22 to study the resonator systems employed in lasers. 

(4) In chapter 6 expressions for the refractive index have been obtained 
from the first principles. The dependence of the refractive index on the 
wavelength has also been discussed. The fact that the ionosphere reflects 
ilectromagnetic waves of low frequencies and transmits electromagnetic 
vaves of high frequencies has also been explained. 

(5) In chapter 7, the Fourier integral theorem has been used to study 

*e propagation and spreading of a wave packet. The actual spreading of a 
Yaussian wave packet in a dispersive medium has also been discussed. 

(6) Chapter 12 presents a detailed discussion on the localization of 
nterference fringes. 

(7) The concepts of spatial and temporal coherence have been deve- 
Joped very carefully in chapter 14 and the results of the recent experiments 
on optical beats have also been given. 

(8) Chapter 15, in addition io a detailed discussion on Fraunhofer 
diffraction, also discusses X-ray diffraction, self-focusing phenomenon and 
epatial frequency filtering; the latter two fields have received considerable 
attention after the development of the laser. 

(9) In chapter 16, in addition to a fairly rigorous treatment of Fresnel 
diffraction, a careful analysis of the transition from the Fresnel region to the 
Fraunhofer region is also made. 

(10) In chapter 17, the basic principle of holography and some of its 
applications have been discussed. 

(11) In chapter 18, the polarization property of the electromagnetic 
waves has been discussed. 

(12) In chapters 19 and 20, the solutions of Maxwell’s equations are 
studied from which the laws of reflection and refraction of plane electro- 
magnetic waves by a plane dielectric and a plane metallic surface are derived. 
It has been pointed out that it is the frequency of the electromagnetic wave 
which determines whether a particular material would behave as a conductor 
or a dielectric. Chapter 20 also discusses evanescent waves which are 
generated when a beam undergoes total internal reflection. 

(13) In chapter 21, the particle aspect of electromagnetic radiation 
has been discussed. 

(14) In the lest chapter, the basic physics of a laser has been discussed 
in sufficient detail. 

A large number of problems have been appended to each chapter and 
also references to articles and books for additional reading. 

Although some of the topics discussed are somewhat of an advanced 
nature, they have been dealt with in a way by whicheven an undergraduate 
student should be able to comprehend them. 

In a book of over 500 pages, errors are bound to creep in. The author 
will be grateful if these are pointed out to him. 


AJOY GHATAK 
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] What is Light? 


How little do we know, that which we are! 
How less, what we may be! 


BYRON 


1,1 Introduction 


We begin this chapter by quoting Feynman:* 

“Newton thought that light was made up of particles, but then it was 
discovered that it behaves like a wave. Later, however (in the beginning 
of the twentieth century), it was found that light did indeed sometimes behave 
like a particle. Historically, the electron, for example, was thought to 
behave like a particle, and then it was found that in many respects it 
behaved like a wave. So it really behaves like neither. Now we have 
given up. Wesay: ‘It is like neither." 

There is one lucky break, however, electrons behave just like light. 
The quantum behaviour of atomic objects (electrons, protons, neutrons, 
photons, and so on) is the same for all, they are all ‘particle-waves’, or 
whatever you want to call them." 

The important thing to note here is the fact that light is neither a wave 
nor a particle. The modern quantum theory describes it in a sort of 
abstract way which cannot be connected with everyday experience. 

In this chapter, we will make a brief historical survey of the important 
experiments which led to models regarding the nature of light and near the 
end of the chapter, we will qualitatively discuss how the wave and the 
particle aspects of radiation can be explained on the basis of the 
uncertainty principle and the probabilistic interpretation of matter waves. 


*The Feynman Lectures on Physics, Vol. III, by R.P. Feynman, R.B. Leighton and 
M. Sands, Addison Wesley Publishing Co., Reading, Massachusetts, 1965. 
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|. The Corpuscular Model 


Perhaps the most important experimental fact which led to the early 
belief in the corpuscular model was the propagation of light through 
vacuum. It was thought that any wave phenomenon would require a 
material medium which would be responsible for the propagation of the 
wave. It was also believed that light travelled in straight lines which could 
be explained satisfactorily on the basis of the corpuscular model. Further, 
the laws of reflection and refraction* could also be explained on the basis 
of the corpuscular model of light. It may be mentioned that, contrary to 
popular belief, the corpuscular model of light is primarily due to 
Descartes rather than to Newton.** Here we would give the derivation 
of the Snell's law based on the corpuscular model. 

In Fig. 1.1 we show the refraction of a particle at a plane surface 
(y=0); we are assuming that the motion is confined to the x-y plane. The 


Fig. 1.1 Refraction of a corpuscle. 


trajectory of the particle is determined by the application of the laws of 
conservation of the energy E and the x component of the momentum 
Ps (=p sin 0) where 0 is the angle that the direction of propagation makes 
with the y-axis. The conservation conditions lead to the following 
equations: 

Dy Sin =p; sin 9, (1.1-1) 


E,—E, (1.1-2) 


*The refraction law will be discussed in this secton; thereflection law immediately 
follows by considering the elastic reflection of a particle by a plane surface. 

i **For a good discussion of the corpuscular model see Joyce and Joyce, (1976); the 
discussion in this section follows this paper. These authors have also given an 
Eglish translation of the original derivation of Snell's law by Descartes; this deriva- 
tion is equivalent to the corpuscular derivation which is attributed to Newton. [It 
may be of interest to mention that Newton (1642-1727) was only about eight years 
old when Descartes (1596-1650) died.] The lay of refraction was discovered 
experimentally by Snell (1591-1626) in 1621, Descartes’ derivation was published in 
1637 and the first edition of Newton's Optiks was published in 1704. 
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Eq. (1.1-1) gives the Snell's law: 


sinO; p 

sin 6, — (1.1-3) 
The angles 0, and 0, have been shown explicitly in Fig. 1.1. As discussed 
by Joyce and Joyce (1976), there exists a variety of relations between 
p and v and as such, Eq. (1.1-3) can assume a variety of forms. For 
example, if we consider only those particle-medium systems in which the 
mass (—p][v) has a constant value, then Eq. (1.1-3) becomes 


sin Os on a 
OTN with | E,--E, (1.1-4) 


On the other hand, if we consider only non-dispersive systems, i.e. systems 


in which the group or particle speed* (2-2) is equal to the phase 


speed c (-- Hi then Eq.(1. 1-3) reduces to 


k 
sin® _% |. W, 
m R with E,=E, (1.1-5) 
sin 0; 


One can immediately see that the value of amo, 5 predicted by Eq. 
1 


(1.1-4), is the reciprocal of the one predicted by Eq. (1.1-5). Equations 
(1.1-4) and (1.1-5) are special cases of Eq. (1.1-3) which is the physically 
correct form of the refraction law. Indeed, one can obtain different forms 
of the refraction law depending on the relation that one chooses between p 
and v. Descartes and Newton conserved v, rather than px, and obtained 
Eq. (1.1-4) which is physically correct in such special cases as a non- 
relativistic electrostatic electron lens where the final speed happens to be 
equal to vop;/Po- 

On the other hand, Eq. (1.1-5) is the same as predicted by the Huygens’ 
theory (see Sec. 9.4) and agrees with experimental observations for media 
which can be assumed to be non-dispersive. However, the equation is not, 
in general, valid for light because of dispersion. For further reading the 
reader is referred to the paper by Joyce and Joyce (1976), where the 
references to earlier studies on this topic are also cited. à 


13 The Wave Model 


Although a corpuscular theory explains the propagation of light 
through free space and can be made to predict the correct forms of the 


*The phase and the group velccities are discussed in Sec. 7.5. We should mention 
here that for light E=hv= fio, where Ti—/i/2z, h is the Planck's constant and v is the 


frequency; further p-l-hk (=F and o=2my)—see Sec. 1.4 and 1.5. 
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laws of reflection and refraction, there exist a large number of experimental 
observations (like interference, diffraction, polarization, etc.), which cannot 
be explained on the assumption that light can be described as a classical 
particle. Historically, the ‘Newton’s rings" which is a beautiful 
manifestation. of the wave character of light,* was observed by Boyle 
(1627-1691) and. by Hooke (1635-1703); the rings are named after Newton 
because he had given an explanation** of the formation of these rings by 
means of the corpuscular model, which was later found to be quite 
unsatisfactory.*** 

Grimaldi (1618-1663) was probably the first one to observe the 
diffraction of light, ie. the presence of light in the geometrical shadow. 
Later, Hooke also observed this phenomenon. As will be discussed in 
later chapters, a satisfactory explanation of Newton’s rings and of the 
diffraction phenomenon can only be given if one assumes a wave model of 
light. The wave model was first propounded by Huygens (1629-1695) 
around the later part of the seventeenth century. Using the wave model, 
Huygens could explain the laws of reflection and refraction (see Chapter 9) 
and he could also interpret the phenomenon of double refraction (see 
Chapter 18) discovered by Bartholinus (1625-1698). However, so 
compelling wa- Newton's authority that people around Newton had more 
faith on his corpuscular theory than Newton himself and no one really 
believed**** in Huygens’ wave theory until the beginning of the nineteenth 
century when Young (1773-1829) performed the famous interference 
experiment (see Chapter 11) which could only be explained on assuming a 
wave model for light.***** In 1802, he gave a satisfactory explanation of 
the formation of Newton’s rings. In 1808, Malus (1775-1812) observed 
the polarization of light but he did not try to interpret this phenomenon. 
Around 1816, Fresnel (1788-1827) gave a satisfactory explanation of the 
diffraction phenomenon by means of a wave theory and calculated the 


*We are not giving here the details of the experimental arrangement associated 
with Newton’s rings; this is discussed in Sec. 12.9, Similarly, the phenomenon of 
diffraction, polarization and other characteristics associated with waves are discussed 
in detail in other chapters of this book. 

**Newton's explanation of the rings has been discussed by many authors; see, e.g, 
Barton (1939). 

***Further, when observed with white light, the rings are found to be coloured and 
Newton had revealed the basic quality of colour through his famous experiment of 
splitting the white light into its constituent colours by means of a prism. 

****[t should bz pointed out that at the time of Huygens, light was thought to 
travel in straight lines and Huygens tried to invoke unrealistic assumptions in order 
to explain the rectilinear propagation of light using his wave theory. This drawback 
was one of the reasons for the immediate non-acceptance of the wave model. 

*****[ndeed, Young showed that the wavelength of the light waves was around 
6x10-5 cm. Because of the smallness of the wavelength, the diffraction effects are 
small and, therefore, light approximately travels in straight lines. Indeed, the branch 
of optics in which one completely neglects the finiteness of the wavelength is known 
as geometrical optics (see Chapter 2). (A ray is defined as the path of energy propagation 
in the limit of 10.) 
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diffraction patterns produced by various types of apertures and edges. In 
1816, Fresnel along with Arago (1786-1853) performed the famous 
experiment on the superposition of linearly polarized light waves which 
was explained by Young by assuming that light waves were transverse in 
character. 

Around the second quarter of the nineteenth century, the wave theory 
seemed to be well established and since it was thought that a wave requires 
a medium for its propagation, the elastic ether theory was developed. 
Indeed, in 1823, Fresnel derived the expressions for the reflection and 
transmission coefficients* by using models for ether vibrations. Poisson 
(1781-1840), Navier (1785-1836), Cauchy (1789-1857) and many other 
physicists contributed to the development of the ether theory which also 
necessitated the development of the theory of elasticity. There were con- 
siderable difficulties in the explanation of the models and since we now 
know that the ether does not exist, we will not go into the details of the 
various theories. 

The nineteenth century also saw the development of electricity and magne- 
tism. In 1820, Oersted (1777-1851) discovered that currents produced 
magnetic effects. Shortly later, Ampere (1775-1836) found that two parallel 
wires carrying currents attract each other. Around 1831, Faraday (1791- 
1867) carried out experiments** which showed that a varying magnetic field 
induces an electromotive force. Shortly later, Maxwell (1831-1879) general- 
ized Ampere's law by stating that a changing electric field can also set up 
a magnetic field. He summed up all the laws of electricity and magnetism 
in the form of equations (which are now referred to as Maxwell's equa- 
tions***), From these equations, he derived a wave equation and showed 
the possibility of the existence of electromagnetic waves (see Chapter 19). 
From the wave equation so derived, he showed that the velocity of the 
electromagnetic waves can be calculated from experiments in which a 
certain quantity of electric charge is measured by two different methods. 
These measurements were carried out by Kohlrausch (1809-1858) and Weber 
(1804-1891) in 1856 and from their data, Maxwell found that the speed of 
electromagnetic waves in air should be about 3.1074x 10° m/sec. He found 
that this value was very close to the measured value of the speed of light 
which according to the measurement of Fizeau (1819-1896) in 1849 was 
known to be 3.14858 x10° m/sec. The sole fact that the two values were 
very close to each other led Maxwell to propound his famous electromag- 
netic theory of light according to which light waves are electromagnetic 
waves. Associated with a light wave, there would be changing electric and 
magnetic fields, the changing magnetic field produces a time and space 


*The derivation of the Fresnel laws on the basis of electromagnetic theory will 


be discussed in Chapter 20. 
**Similar experiments were also carried out by Henry around the same time and 


the law is also referred to as the Faraday-Henry law. 
***The fundamental laws of electricity and magnetism and the Maxwell’s equations 


are discussed in Chapter 19. 
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varying electric field and the changing electric field produces a time and 
space varying magnetic field, this results in the propagation of the electro- 
magnetic wave even in free space. In 1888, Hertz (1857-1894) carried out 
experiments which could produce and detect electromagnetic waves of 
frequencies much smaller than that of light. The electromagnetic waves 
were produced by discharging electrically charged plates through a spark 
gap. The frequency of the emitted electromagnetic waves depended on the 


(b) 
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values of the inductance and capacitance of the circuit. The electromag- 
netic waves could be detected by means of a detector and it was found that 
a signal was not received. when the detector was placed parallel to the 
source* (see Fig. 1.2).. Hertz also produced standing electromagnetic 
waves by getting them reflected by a metal sheet (see Figs. 10.3 and 10.4). 
He could calculate the wavelength of the waves and knowing the frequency, 
he showed that the speed of the electromagnetic waves was the same as 
that of light, Using a collimated electromagnetic wave, and getting it 
reflected by a metal sheet he could demonstrate the laws of reflection. 
Hertz's experimental results provided dramatic confirmation of Maxwell's 
electromagnetic theory. In addition, there were so many other experimental 
results which were quantitatively explained by using Maxwell's theory that 
around the end of the nineteenth century physicists thought that one finally 
understood what light really is. 


1.4. The Particle Nature of Radiation 


In 1887, Hertz discovered thàt a metal surface irradiated by a light beam would 
emit electrons if the frequency of the radiation were above a certain critical 
value. This phenomenon is known as the photoelectric effect and cannot 
be explained by a theory based on the wave model of light.** In 1905, 
Einstein (1879-1955) interpreted the photoelectric effect by putting forward 
his famous photon theory according to which the energy in a light beam of 
frequency v was concentrated in corpuscles of energy hy, where A represents 
the Planck's constant; these corpuscles are known as photons.*** Einstein's 


*This follows from the electromagnetic theory—see Sec. 19.4. 

**The detailed experimental findings of the photoelectric effect and the reasons why 
they cannot be explained on the basis of a wave model will be discussed in Sec. 21,2, 
It may, however, be mentioned, that when Einstein put forward his photon theory, 
the detailed results were not available; he was only aware of the fact that below a 
certain critical frequency of the irradiating beam, there was no electron emission. 

*#*]t should be mentioned that in 1900, Planck (1 858-1947) had put forward his 
famous theory of blackbody radiation, the derivation of which presupposed that 
energy can be absorbed and emitted by an individual resonator only in ‘quanta’ of 
magnitude Av. According to Einstein **...I could nevertheless see to what kind of 
consequences this law [i.e., Planck's law] of temperature-radiation leads for the photo- 
electric effect and for other-related phenomena of the transformation of radiation- 
energy, as well as for the specific heat of (especially) solid bodies. All my attempts, 
however, to adapt the theoretical foundation of physics to this [new type of] know- 
ledge failed completely. Jt was as if the ground had been pulled out from under one, 
with no firm foundation to be seen anywhere, upon which one could have built. That 
this insecure and contradictory foundation was sufficient to enable a man of Bohr's 
unique instinct and tact to discover the major laws of the spectral lines and of the 
clectron shells of the atoms together with their significance for chemistry appeared to 
me like a miracle—and appears to me as a miracle even today. This is the highest 
form of musicality in the sphere of thought." (Quoted from the autobiographical 
notes by Einstein in “Albert Einstein: Philosopher Scientist" edited by P.A. Schilpp; 
Tudor Publishing Co., New York, 1951). 
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photon theory predicted that if the frequency v of the incident radiation was 
greater than the critical frequency ve, then the kinetic energy of the emitted 
electron will be h(v—y.) which was later verified by Millikan for visible 
light, by M. de Broglie for X-rays and by Thibaud and Ellis for y-rays. 
Einstein also showed that the photons, in addition to having an energy equal 
to hy, should have a momentum /v/c which was verified experimentally in 
1923 by Compton (1892-1962). This experiment is known as the Compton 
effect and will be discussed in detail in Sec. 21.3. 


1.5 The Uncertainty Principle 


In the previous section, we have mentioned that there are certain 
experiments which can only be explained on the basis of a corpuscular 
nature of radiation. The reconciliation of the corpuscular nature with the 
firmly established wave character of light is through the modern quantum 
theory; and perhaps the best known consequence of the wave-particle 
duality is the uncertainty principle of Heisenberg which can be stated as 
follows: If the x-coordinate of the position of a particle is known to an 
accuracy Ax, then the x-component of the momentum cannot be deter- 


mined to an accuracy less than A p. ~ LE » where A is the Planck's constant. 


Alternatively, one can say that if Ax and Ap, represent the accuracies with 
which the x-coordinate of the position and the x-component of the 
momentum can be determined, then the following inequality must be 
satisfied :* 


Ax Ap, zh (1.5-1) 


In the present section, we will show how the diffraction of a light beam 
can be explained on the basis of the corpuscular nature of radiation and 
the uncertainty principle. Consider a long narrow slit of width b as shown 
in Fig. 1.3. We assume the light source to be very far away from the slit 
so that the photons approaching the slit have a momentum only in the 
y-direction.** Now, according to a classical particle model of radiation 


*We do not feel the effect of this inequality in our everyday experience because 
of the smallness of the value of the Planck’s constant. For example, for a tiny 
particle of mass 10-5g, if the position is determined within an accuracy of about 
1075 cm, then according to the uncertainty principle, its velocity cannot be deter- 
mined within an accuracy better than Av~6x 10-17 cm/sec. This value is much 
smaller than the accuracies with which one can determine the velocity of the particle, 
For a particle of a greater mass, Av will be even smaller. Indeed, had the value of 
Planck's constant been much larger, the world would have been totally different. In 
a beautifully written book, Gamow (1939) has discussed what our world would be 
like if the Planck's constant had a value of 1 erg-sec so that the effect of the uncer- 
tainty principle would be apparent to our sense perception. 

**One can always choose the distance between the source and the slit large 
enough so that p, can be assumed to have an arbitrarily small value. For example 
for the source at a distance d, the maximum value of Pz Of the photons approaching 
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(as was put forward by Newton), the number of particles reaching the point 
P (which lies in the geometrical shadow) will be extremely small (if not 
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Fig. 1.3 Diffraction ofa light beam by a long narrow slit of width b 


zero); further, if we decrease the width of the slit, the intensity should 
decrease, which is quite contrary to the experimental results because we 
know that the beam undergoes diffraction and the intensity at a point like 
P would normally increase if the width of the slit is made smaller. Thus, 
the classical corpuscular model is quite incapable of explaining the pheno- 
menon of diffraction. However, if we use the uncertainty principle in 
conjunction with the corpuscular model, the diffraction phenomenon can be 
explained in the following manner. When a photon passes through the 
slit, one can say that 


Axab (1.52) 


which implies that we can specify the position of the photon to an accuracy 
b. If we now use the uncertainty principle, we would have* 


A pe (1.53) 


ie. just by making the photon pass through a slit of width b, the slit 
imparts a momentum in the 4-direction which is e~ h/b. Since before the 
photon entered the slit, p; = 0, we will have 


|px | e Apx ~ h/b (1.5-4) 


the slit will be LA m s which can be made arbitrarily small by choosing a 
large enough value of d. 

“Before the photon entered the slit, pz is known accurately and hence Apz—0. It 
would be wrong if we say that by making the photon pass through the slit, Ap, Sx 
is zero, this is because of the fact that 4pg=0 before the photon entered the slit, 
After it has entered the slit, we have no knowledge of pg. 
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But px=p sin 0, where 0 is the angle that the photon coming out from the 
slit makes with the y-axis. Thus 


p sin 9. h/b (1.5-5) 
of sin o~t : 
er sin 0 ~ A/b (1.5-6) 


where we have used the de Broglie relation* 
A-h|p (1.5-7) 


Eq. (1.5-6) predicts that the possibility of a photon travelling at an angle 6 
with the y-direction is inversely proportionalto the width of the slit; i.e. the 
smaller the value of b, the greater is the probability of the photon to reach 
deep inside the geometrical shadow. This is indeed consistent with the 
diffraction phenomenon (see. Sec. 15.3). 

Alternatively, one can use the diffraction phenomenon and the particle 
nature of radiation to predict the uncertainty principle. We can, therefore, 
say that the wave-particle duality is a consequence of the uncertainty 
principle and the uncertainty principle is a consequence of the wave- 
particle duality. 

We conclude this section by quoting Max Born:** “Physicists of today 
have learnt that not every question about the motion of an electron 
or à photon can be answered, but only those questions which are 
compatible with the uncertainty principle.” 


1.6 The Probabilistic Interpretation of Matter Waves 


In the previous section we have seen that if a photon passes through a slit 
of width b, then the momentum imparted in the x-direction (which is along 
the width of the slit) is~h/b. The question arises whether we can predict 
the trajectory of an individual photon. The answer is no. We cannot 
say where an individual photon will land up on the screen; we can only 


*The de Broglie relation follows from the fact that 
Ga Rh 
o EK 

de Broglie had suggested that Eq. (1.5-7) is not only valid for photons but is also 
valid for all particles like electrons, protons, neutrons, etc. Indeed, the de Broglie 
relation has been verified by studying the diffraction patterns produced when 
electrons, neutrons, etc. pass througha single crystal; the patterns can be analysed in 
a manner similar to the X-ray diffraction patterns (see Chapter 15). Ina recent 
paper, Shull (1969) has studied the Fraunhofer diffraction of neutrons by a single slit 
and his experimental results agree with the intensity distribution as predicted by 
Eq. (15.2-10) with 4 given by Eq. (1.5-7). 

**From Born (1962), Chapter IX. 


Plate! Photographs showin, 
number of photons. (a), (b), (c), (d), 
photons, 1.2x 104 photons, 

photons and 2,8x107 phot 
Effects in Human Vision" 
Academic Press, 1957; used with permission.) - 


g the quality of a picture obtainable from various 
(e) and (f) correspond to 3x10? 
9.3X10* photons, 7.6x109 photons, 3.6x10* 
ons respectively. (From A. Rose, “Quantum 
> Advances in Biological and Medical Physics, Vol. V, 
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predict ihe probabilities of arrival of the photon in a certain region of the 
screen. We may, for example, say that the probability for the arrival of 
the photon in the region lying between the points A and B (see Fig. 1.3) is 
0.85. This would imply that if the experiment was carried out with a 
large number of photons, about 85% of them would land up in the region 
AB; but the fate of an individual photon can never be predicted. it 
should be mentioned that if we place a light detector on the screen, then it 
will always record one photon or none and never half of a photon. 
This essentially implies the corpuscular nature of the radiation. However, 
the probability distribution is roughly the same as predicted by the wave 
theory and, therefore, if one performs an experiment with a large number 
of photons (as is indeed the case in most experiments) the intensity distribu- 
tion recorded on the screen is the same as predicted by the wave theory. 

In order to explicitly show that the diffraction is not a many photon 
phenomenon, Taylor (1909) carried out a beautiful experiment which 
consisted of a box with a small lamp which casts the shadow of a needle on 
a photographic plate (see Fig. 1.4). The intensity of the light was so weak 


bis i f i 


Smoked Slit Needle Photographic 
Glass Plate 


Fig. 1.4 Schematic of the experimental arrangement of Taylor to study 
the diffraction pattern produced by a weak source. The whole 
apparatus was placed inside a box. 


that between the slit and the photographic plate, it was almost impossible 
to find two photons (see Example 1.1). In fact to get a good fringe 
pattern, Taylor made an exposure lasting for several months. The 
diffraction pattern, obtained on the photographic plate, was the same as 
predicted by the wave theory. 

The corpuscular nature of radiation and the fact that one cannot 
predict the trajectory of an individual photon can be seen from Plate 1 
which consists of series of photographs showing the quality of pictures 
obtainable from various number of photons. The photograph clearly 
shows that the picture is built up by the arrival of concentrated packets of 
energy and the point at which a particular photon will arrive is entirely 
a matter of chance. The figure also shows that the photograph is 
featureless when a small number of photons are involved and as the 
number of photons reaching the photographic plate increases, the intensity 
distribution becomes the same as would be predicted by the wave theory. 

We conclude this section by quoting Feynman:"*...it would be 


*Quoted from Feynman ef. al., (1965). 
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impossible to predict what would happen. We can only predict the odds! 
This would mean, if it were true, that physics has given up on the problem 
of trying to predict exactly what will happen in a definite circumstance. 
Yes physics Aas given up. We do not know how to predict what would 
happen in a given circumstance, and we believe now that it is impossible— 
that the only thing that can be predicted is the probability of different 
events. It must be recognised that this is a retrenchment in our earlier 
ideal of understanding nature. It may be a backward step, but no one has 
seen a way to avoid it.” 


1.7 An Understanding of Interference Experiments 


Let us consider the interference experiment involving the Michelson 
interferometer* in which a light beam is partially reflected by a beam 
splitter and the resulting beams are made to interfere (see Fig. 1.5). 
According to Dirac (1958) **.. . we describe the photon as going partly into 
each of the two components into which the incident beam is split. The 
photon is then, as we may say, in a translational state given by the 
superposition of the two translational states associated with the two 
components...For a photon to be in a definite translational state it need 
not be associated with one single beam of light, but may be associated with 
two or more beams of light, which are the components into which one 
original beam has been split. In the accurate mathematical theory cach 
translational state is associated with one of the wave functions of ordinary 
wave optics, which may describe either a single beam or two or more 


My Mta. 


t 


I 


Fig. 1.5 Outline of the Michelson interferometer experiment to obtain 
an interference pattern. G represents a beam splitter, M; and Mg 
represent plane mirrors, 


*See Chapter 12. 
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beams into which one original beam has been split.” These translational 
states can be superposed in a manner similar to the one employed while 
considering the interference of two beams. Thus, each photon goes partly 
into each of the two components and interferes only with itself.* If we try 
to determine the fate of a single photon by measuring the energy in one of 
the components, then Dirac argues: “The result of such a determination 
must be either a whole photon or nothing at all. Thus the photon must 
change suddenly from being partly in one beam and partly in the other to 
be entirely in one of the beams. This sudden change is due to the 
disturbance in the translational state of the photon which the observation 
necessarily makes. It is impossible to predict in which of the two beams 
the photon will be found. Only the probability of either result can be 
calculated,...Our description of the photon allows us to infer that, after 
such an energy measurement, it would not be possible to bring about any 
interference effects between the two components. So long as the photon is 
partly in one beam and partly in the other, interference can occur when 
the two beams are superposed, but this possibility disappears when the 
photon is forced entirely into one of the beams by an observation.” 

In a similar manner, we may consider the two hole interference 
experiment similar to that performed by Young (see Sec. 11.4 and 11.5). 
The experimental arrangement is shown in Fig. 1.6 where a weak light 


A p 


8 p’ 


Fig. 1.6 Young' double hole experimental arrangement for obtaining the 
interference pattern. So represents a point source. 


source S, illuminates the hole S and the light beams emerging from the 
holes S, and S, produce the interference pattern on the screen PEs The 
intensity is assumed to be so weak that in the region between the planes 


*Dirac has further stated that “interference between two different photons never 
occurs.” This statement has lead to a lot of controversy particularly in the light of 
recent experiments on the interference of two laser beams. For a detailed inter- 
pretation one may look up Mandel and Wolf (1965). 
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AB and PP' there is almost never more than one photon (see Example 
` 1.1 and Sec. 1.8). Individual photons are also counted by a detector on the 
screen PP' and one finds that the intensity distribution has a cos? pattern 
similar to that shown in Figs. 11.8 (a) and (b). The corpuscular nature 
of the radiation is evident from its detection in the form of single photons 
and never a fraction of a photon. The appearance of the interference 
pattern is because of the fact that a photon interferes with itself. The 
quantum theory tells us that a photon partially passes through the hole S, 
and partially through Sa. This is not the splitting of the photon into two 
halves but only implies that if we wish to find out through which hole the 
photon passed through,* then half the time it will be found to have passed 
through the hole S, and half the time through S, As in the case of the 
Michelson interferometer, the wave function associated with the state of 
the photon is a superposition of two wavefunctions, one corresponding to 
the waves emanating from hole S, and the other emanating from hole Sy 
The superposed wavefunction will give rise to an intensity distribution 
similar to that obtained by considering the Superposition of two waves 
(see Chapter 11). 
Thus we may say that the photons would arrive as packets of energy 
but the probability distribution (on the screen) will be proportional to the 
intensity distribution predicted by using a wave model. 


1.8 The Polarization of a Photon 


Let us consider the incidence of a plane electromagnetic wave on a 
polaroid whose pass axis is along the y-direction (see Fig. 1.7); obviously, 


Fig. 1.7 The incidence on a polaroid of linearly polarized light beam 
whose electric vector makes an angle 0 with the y-axis; the pass- 


axis of the polaroid is along the y-axis, 


"It may be mentioned that if 
which the photons passed through then the i 
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the electric vector of the transmitted wave would be along the y-direction 
(see Chapter 18). Thus, if the electric-vector associated with the incident 
wave oscillates along the x-axis, then, the wave will be absorbed by the 
polaroid; on the other hand, if the electric-vector oscillates along the 
y-axis, it will just pass through the polaroid. Further, if the electric-vector 
makes an angle 0 with the pass axis, then the intensity of the transmitted 
beam will be /,cos*0, where J, represents the intensity of the incident 
beam (this is known as Malus' Jaw which will be discussed in Sec. 18.3). 

In the photon theory also, one can associate a certain state of 
polarization with every photon. One can argue that if the electric-vector 
associated with the photon is along the y-(or the x-axis), then the photon 
will pass through (or get absorbed) by the polaroid. The question now 
arises as to what would happen to a single photon if the E makes an 
angle 0 with the pass axis. The answer to this question is that the 
probability for the photon to pass through the polaroid is cos* @and if the 
experiment is conducted with N photons (and if M is very large) then 
about N cos? 0 photons will pass through; one cannot predict the fate of 
an individual photon. 


Example 1.1 Let a source (with A=5 x 10-5 cm) of power 1 W be used in 
the experimental arrangement shown in Fig. 1.6. (a). Calculate the number 
of photons that are being emitted by the source per second. (b) Assume 
that the radii of the holes S, S, and S, to be 0.02 cm and S,$—5S5,— 
SS,=100 cm and the distance between the planes 4B and PP’ to be also 
100cm, Show that in the region between the planes AB and PP’ one can 
almost never find two photons. 

Solution. (a) The energy of each photon will be 


_ he ...6.6x10-? x 3x 10% a 23 -19 
hy = A EO dE z Ax 107 ergs =4x 10-7? J 


Thus the number of photons emitted per second will be 


yl T Wosa 18 sec-l 
ixig»j 25x10 sec 
(b) The number of photons passing through the hole S will approximately 
be 


"suba etin ut) x x Cody 02)? 2.4% 10" per second. 


Similarly, the number of photons passing either S, or S, will approximately 
be 

0.6 10x 2x2 x(0.02)? _ 

aes ZOW œ 120 per second. 


The distance between the planes AB and PP'is 100 cm which will be 
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traversed by the photon in a time~3x10-* sec. Thus (approximately) 
every hundredth of a second a photon enters the region and the space is 
traversed much before the second photon enters.* Therefore, in the region 
between AB and PP’ one will (almost) never find two photons. 


PROBLEMS 


1. The position of a particle (of mass 10-3 g) can be determined to an accuracy 
~10-5cm, Calculate the time for the particle to move a detectable distance. 
(Ans: about 500,000 years !) 

2. Calculate the de Broglie wavelength for a particle of mass 10-4g with speed 
1 cm/sec; compare with that of the deBroglie wavelength of 1 eV electrons and 
1 eV neutron. Assume m,2:9.11X10-28 g and mga2«1.67 x 10-24 g, where m, 
and m, represent the masses of the electron and of the neutron respectively. 

3. Thermal neutrons corresponding to T œ 300°K can be used for studying crystal 
structures. Why? [Thermal neutrons have kinetic energies kgT, where kg 
(2:1.380x 10-23 J/^K) represents the Boltzmann's constant and T the absolute 
temperature], 

4. (a) A particle of mass 10-4 g and speed 1 cm/sec passes through a slit of width 

0.01 cm. What will be the uncertainty in the diffraction angle? 

(b) Compare this with the result that would be obtained for a 10eV electron 
and for a photon corresponding to 3&6x 10-5 cm. (Ans: (a) ~6x 10-21 
radians). 

5. A1 W laser beam (of diameter 2 cm) falls on two circular holes each of diameter 
0.05 cm as shown in Fig. 1.9. Calculate the average number of photons that will 
be found between the planes AB and PQ. Assume A246x10-5 cm, and the 
distance between the planes AB and PQ to be 30cm. (Ans: ~4x 10° photons). 
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Fig. 1.9 For Problem 6 


6. The uncertainty principle can be used for the determination of the size of the atom. 
Let us consider the simplest atom (namely hydrogen) which consists of an electron 
and a proton. If we assume that the electron is confined to a region ~a, then 


uncertainty principle tells us that Pepe where tet (we have used Ñi 
a 
*It is somewhat similar to the case when, on an average, 10 persons pass through 


a room in one year and the time that each person takes to cross the room is ~1 sec, 
thus, it will be highly improbable to have two Persons simultaneously in the room. 
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instead of A to get the correct result!). Thus, kinetic energy EC and poten- 
tial energy ~—e2/a, where e is the charge of theelectron. (a) Minimize the total 
energy and show that au Bix A, which represents the Bohr radius; this repre- 
sents the size of the hydrogen atom. (Since the proton is much heavier than the 
electron, we have assumed it to be at rest). (b) Show that the corresponding 


energy is — m e —13:6eV which is the ionization energy of the hydrogen 


atom. 

7. Use the analysis of the above problem to calculate the ground state energy of 
helium atom; compare it with the experimental value of 5.8eV. (Hint: A helium 
atom consists of two electrons for which the total energy will be given by 

Las M. ) i171 ) e 
—( — + — } —262{ — + — aoe 
ramlat a ue CL + acras 
aE 3E " 
Use the conditions $47 0- $a to determine az, ag and E). 

8. Using the uncertainty principle show that the ground state energy of a linear 

harmonic oscillator is ~fiw. (Hint: The total energy of a linear harmonic 


2 
oscillator is EH mea?x?)., 


9. When an atom jumps from an energy state Ez to an energy state E (E> E) a 
photon of frequency v-(Ey— Ej)/ is emitted. This emission is essentially a pulse 
of duration ~10-® sec, this duration is usually denoted by 7. This leads to a 
frequency width Av and as will be shown in Chapter 14, 
ET VES 
Multiplying both sides by A, we get the time-energy uncertainty principle: 
At AE>h 


which can be interpreted as follows: If Af represents the uncertainty in the time 
at which a time dependent process takes place, then the uncertainty AE in the 
energy of this process will be zhiat. Assuming At ^10-? sec, calculate the energy 
width of the excited state. 


REFERENCES AND SUGGESTED READING 


BAKER, A. (1970), Modern Physics and Antiphysics, Addison-Wesley Publishing 
Co., Reading, Mass (USA). 

BARTON, A. W. (1939), A Textbook on Light, Longmans Green & Co., London 
(England). 

Born, M. (1969), Atomic Physics, eighth edition, Blackie & Son Ltd., London 
(England). 

DE BnocLte, L. (1937), Matter and Light: The New Physics, Dover Publications, 
New York (USA). 

Dirac, P. A. M. (1963), The evolution of the physicists picture of nature, in 
Project Physics Reader 5— Models of the Atom, Harvard Project Physics. 

Feinsera, G. (1968), Light, Scient. Amer., 219, September, issue, p. 50. 

Feynman, R. P., LEIGHTON, R. B. and SANDS, M. (1965), The Feynman Lectures on 
Physics, Vol. II Addison-Wesley Publishing Co., Reading, Mass. (USA). 

Gamow, G. (1940), Mr. Tompkins in Wonderland, Cambridge University Press, London 
(England). 

HEISENBERG, W. (1949), The Physical Principles of the Quantu The 
Publications, New York (USA). Q d eor) Dover 


18 Optics 


Joyce, W. Be o Joyce, A. (1976), Descartes, Newton and Snell's law, J. Opt. Soc. 
Amer. 66, 1. 

MANDEL, L. and Worr, E. (1965), Coherence properties of optical field, Rev. Mod. 
Phys., 37, 231. 

OPPENHEMER, J. R. (1969), The Flying. Trapeze; Three Crises for Physicists, Harper 
and Row, New York (USA). 

ROSE, A. (1957), Quantum effects in human vision, Advances im Biological and 
Medical Physics, Vol. V., Academic Press, New York (USA). 

Scuitpp, P. A. (1951), Albert Einstein: Philosopher Scientist, (Ed. P. A. Schilpp), 
Tudor Publishing Co., New York (USA). 

SuuLL, C. G. (1969), Single slit diffraction of neutrons, Phys. Rev., 179, 752. 
Simmons, J. W. and GutrMann, M. J. (1970), States, Waves and Photons: A Modern 
Introduction to Light, Addison-Wesley Publishing Co., Reading, Mass. (USA). 
WICHMANN. E. H. (1971), Quantum Physics: Berkeley Physics Course, Vol. 4, McGraw- 

Hill Book Co., New York (USA). 


PART I 


Geometrical Opties 
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2 Fermat's Principle and 
its Applications 


With the genius, nature remains in eternal union: 
What the one promises, the other certainly redeems. 


SCHILLER 


2. Introduction 


The study of the propagation of light in the realm of geometrical optic: 
employs the concept of rays. To understand what a ray is, consider : 
circular aperture in front of a point source P as shown in Fig. 2.1. Wher 


A 5 


Fig. 2.1 The light emitted by the point source P is allowed to pass through 
a circular hole and if the diameter of the hole is very large com- 
pared to the wavelength of light then the light patch on the 
screen SS’ has well defined boundaries. 


the diameter of the aperture is quite large (~ 1 cm), then on the scrcen 
SS’, one can see a patch of light with well defined boundaries. When we 
start decreasing the size of the aperture, then at first the size of the patch 
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starts decreasing, but when the size of the aperture becomes very small 
(<0.1 mm) then the pattern obtained on SS’ does not have well defined 


boundaries. This phenomenon is known as diffraction* and is a direct 
consequence of the finiteness of the wavelength (which is denoted by A). 
It will be shown in Chapter 15 that the diffraction effects become smaller 
with decrease in wavelength and indeed in the limit of A> 0, the diffraction 
effects will be absent, and even for extremely small diameters of the 
aperture, we will obtain a well defined shadow on the screen SS’; and, 
therefore, in the zero wavelength limit one can obtain an infinitesim lly 
thin pencil of light; this is called a ray. Thus, a ray defines the path of 
propagation of the energy in the limit of the wavelength geing to zero. 
Since light has a wavelength of the order of 10-5 cm, which is small 
compared to the dimensions of normal optical instruments like lenses, 
mirrors, etc. one can, in many applications, neglect the finiteness of the 
wavelength. The field of optics under such an approximation (Le. the 
neglect of the finiteness of the wavelength) is called geometrical optics. 

. The field of geometrical optics can be studied by using Fermat's principle 
which determines the path of the rays. According to this principle *the 
ray will correspond to that path for which the time taken is an extremum 
in comparison to nearby paths’, i.e. it is either a minimum or a maximum 
or stationary.** Let n (x, y, z) represent the position dependent refractive 
index. Then 

ds _ nds 
aps ae 

will represent the time taken to traverse the geometric path ds in a medium 

of refractive index m. Here c represents the speed of light in free space. 

Thus, if + represents the total time taken by the ray to traverse the path 

AB along the curve C (see Fig. 2.2) then 


Fig. 2.2 If the path ACB represents the ray path then the time taken in 
traversing the path ACB will be an extremum in comparison to 
any nearby path AC'B; i.e. it will either Correspond to a minimum 
ora maximum or stationary value of the optical path length. 


pues phenomenon of diffraction is discussed in detail in Chapters 15 and 16. 


*Fermat's principle can be derived from Maxwell's equations; see, 


Born and Wolf (1975), ee 
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nds (2.1-1) 


where the symbol re below the integral represents the fact that the 


integration is from the point A to B through the curve C. Let +’ be the 
time taken along the nearby path AC’B (shown as the dashed curve in 
Fig. 2.2), and if ACB indeed represents the path of a ray, then 7 will be 
either less than, greater than or equal to +’ for all nearby paths like AC'B. 
Thus according to Fermat's principle, out of the many paths connecting 
two points, the light ray would follow that path for which the time taken 
is an extremum. Since ¢ is a constant, one can alternatively define a ray 
as the path for which 

nds (2.1-2) 


AB 
c 


is an extremum; the above integral represents the optical path from A to 
B along C; i.e., the ray would follow the path for which 


è | nds=0 noe 
AB n 


From the above principle one can immediately see that in à homo- 
geneous medium (ie. in a medium whose refractive index is constant 
everywhere), the rays will be straight lines because à straight line will 
correspond to a minimum value of the optical path connecting two points 
in the medium. Thus referring to Fig. 2.3, if 4 and B are two points in 


Fig.2.3 Sincethe shortest distance between two points is along a straight 
line, light rays in & homogeneous medium are straight lines. 


a homogeneons medium, then the ray path will be along the straight line 
ACB because any nearby path like ADB or AEB will correspond to a 


longer time. 


22 Laws of Reflection and Refraction from Fermat’s Principle 
We will now obtain the laws of reflection and refraction from Fermat's 
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principle. Consider a plane mirror MN as shown in Fig. 2.4. To obtain 
the liws of reflection, we have to determine that path from A to B (via the 
mirror) which has the minimum optical path length. Since the path would 
lie completely in a homogeneous medium, we need to minimize only 
the rath length. Thus we have to find that path APB for which A4P--PB 
isa minimum. To find the position of P on the mirror, we drop a perpen- 
dicular from A on the mirror and let A’ be a point on the perpendicular 
such that AR=R4’; thus AP=PA' and 4Q—A'Q where AQB is another 


B 


A 


Fig. 2.4 The shortest path connecting the two points 4 and B via the 
mrror is along APB where the point P is such that AP, PS and PB 
are in the same planeand / APS=/ SPB; PS being the normal to 
the plane of the mirror. The straight line path AB is also a ray. 


path adjacent to APB. Thus we have to minimize the length A'PB. 
Clearly, for A'PB to be a minimum, P must be on the straight line A'B. 
Thus the points 4, 4’, P and B will be in the same plane and if we draw 
a normal PS at P then this normal will also lie in the same plane. Simple 
geometric considerations show that 


ZAPS= / SPB 


Thus for minimum optical path length, the angle of incidence (i= / APS) 
and the angle of reflection (r= ZSPB) must be equal and the incident ray, 
the reflected rày and the normal to the surface at the point of incidence on 
the mirror must be in the same plane. These form the laws of reflection. 
It should be pointed that, in the presence of the mirror there will be two 
ray paths which will connect the points 4 and B; the two paths will be 
AB and APB. Fermat's principle tells us that whenever the optical path 
length is an extremum, we will have a Tay, and thus, in general, there may 
be more than one ray path connecting two points. 

To obtain the laws of. refraction, let PQ be a surface separating two 
media of refractive indices n, and 7, 8s shown in Fig. 2.5. Leta ray 
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starting from the point A, intersect the interface at R and proceed to B 
along RB. Clearly, for minimum optical path length, the incident ray, the 
refracted ray and the normal to the interface must all lie in the same plane. 
To determine that point R for which the optical path length from A to B 
isa minimum, we drop perpendiculars 4M and BN from A and B respec- 
tively on the interface PQ. Let AM=h,, BN=h, and MR=x. Then since 
A and B are fixed, RN=L—x, where MN=L is a fixed quantity. The 
optical path length from A to B, by definition, is 


Lop = n,AR+n RB =n XR na(L— xy! (2.2-1) 
A 


18 


Fig. 2.5 A and B are two points in media of refractive indices m and no. 
The ray path connecting A and B will be such that 
sin 0,/sin 09 —ria[m. 


To minimize this, we must have 


op _ 
Saya 
ie, 
Bu. eL TUE STE Q.22) 


AXES 4/(L—x)-Fh 
Further, as can be seen from Fig. 2.5 


sin 0, —x/ /x*--Hà (2.2-3) 
and 
sin 6,—(L—x)/ V (L—x) +h (2.2-4) 


26 Geometrical Optics 


Thus Eq. (2.2-2) becomes 
n, sin 0, —n, sin 6, (2.2-5) 


which is the Snell’s law of refraction. 

The laws of reflection and refraction form the basic laws for tracing 
light rays through simple optical systems, like a system of lenses and 
mirrors, etc, 


Example 2.1 Consider a set of rays, parallel to the axis, and incident on a 
paraboloidal reflector. Show, by using Fermat’s principle, that all the 
rays will pass through the focus of the paraboloid. (A paraboloid is 
obtained by rotating a parabola about its axis) This is the reason why a 
paraboloidal reflector is used to focus parallel rays from a distant source. 

Solution, Consider a ray PQ, parallel to the axis of the parabola, incident 
at the point Q (see Fig. 2.6). In order to find the reflected ray, one has 


B 


Fig. 2.6 All rays parallel to the axis of a paraboloidal reflector pass 
through the focus after reflection. The line ACB is the directrix, 


to draw a normal at the point Q and then draw the reflected ray. It can 
be shown from geometrical considerations that the reflected ray QS will 
always pass through the focus S. However, this procedure will be quite 
cumbersome and as we will show below, the use of the Fermat's principle 
leads us to the desired result immediately. 

In order to use Fermat's Principle we try to find out the ray connecting 
the focus S and an arbitrary point P (see Fig. 2.6). Let the ray path be 
PQ'S. According to Fermat's principle the Tay path will correspond to a 
minimum value of PQ'--Q'S. From the point Q' we drop a perpendicular, 
Q'L', on the directrix AB. From the definition of the parabola it follows 


that Q'Z'—Q'S. Thus 
PQ'+0'S=PQ'+0'L' 
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Let L bethe foot of the perpendicular drawn from the point P on AB. 
Then, for PQ'--Q'L' to be a minimum, the point Q should lie on the 
straight line PL, and thus the actual ray which connects the point P and S 
will be PO+QS where PQ is parallel to the axis. Therefore, all rays parallel 
to the axis will pass through S and conversely all rays emanating from the 
point S, will become parallel to the axis after suffering a reflection. 


Example 2.2 Consider an elliptical reflector whose foci are the points S: 
and S, (see Fig. 2.7). Show that all rays emanating from the point S, wil 
pass through the point S, after undergoing a reflection. 

un 


P 


PS 


Fig. 2.7 All rays emanating from one of the foci of an ellipsoidal reflector 
will pass through the other focus. 


Solution. Consider an arbitrary point P on the ellipse (see Fig. 2.7). It is 
well known that S,P+S,P is a constant and, therefore, all rays emanating 
from the point S, will pass through Sy. Notice that here we have an 
example where the time taken by the ray is stationary; i.e. it is neither a 
maximum nor a minimum but has a constant value for all points lying on 
the mirror. As a corollary, we may note the following two points: 

(i) Excepting the rays along the axis, no other ray (emanating from 
either of the foci) will pass through an arbitrary point Q which lies 
on the axis. 

(ii) The above considerations will remain valid even for an ellipsoid of 
revolution obtained by rotating the ellipse about its major axis, 


Example 2.3 Consider a refracting surface of radius of curvature R as 
shown in Fig. 2.8. We consider two points P and Q such that PO=OQ=x 
(say). Assume that the centre of curvature C lies on the line joining P and 
Q. Show that the straight line path POQ corresponds to an extremum, 


and this extremum will be a minimum when x<R EI; a maximum when 
i» RI and stationary when x—R 2H. The stationary value will 


correspond to the paraxial image of the point P. Here n—nj/n, where 75 
and n are the refractive indices of the media on the left and on the right 


of the refracting surface. 


28  Geometrica! Optics 


A 
ny ipft ng 
S 
— SS 
tis / << 
ae 
P DE Ric c EE. 
~ x x == 
B 


Fig. 2.8 For Example 2.3. 


Solution. Let the point C be the centre of curvature of the refracting 
surface AOB. Let us consider an arbitrary point S on this surface. Let 
the optical path along PSQ be denoted by A. Then, 


A —nPS4-n;SQ 
Consider the triangle PSC in which the side PC=x+R. Thus 
PS —[(x4- R-- R*—2 (x+R) R cos 0]/* 


where 0 has been defined in the figure. For small values of 0 


62 a 
PS [senten m-2 (xR+R?) ( 1— J] 


23 
d x: " ER) eg" it PEA RO? 
Similarly, 
SQ~ x CMRE 
Thus 
Therefore, 


d —, 
dA ay, GER, G-R Ry 


d. 
Clearly Ao when 0=0. Thus the path PO@ always corresponds to an 


extremum and, therefore, it is always a ray path.* 
In order to determine whether the extremum corresponds to a 
maximum or a minimum we calculate d* A/d® at 0=0: 


*This could have followed direct 


ly from the fact that t is inci 
normally on the surface and the refrac! ST TO as incident 


ted ray would go undeviated, 
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dA| 2mQR)R n(x—R)R 
ae amo x x 


=n, E [R (n+1)—x (n 0)] 


where n = n,/n, represents the relative refractive index, which we assume to 
be greater than 1. Clearly, if 


d? A/d® is negative and the ray path POQ corresponds to a minimum and 
conversely. However, if 


then the ray path corresponds to a stationary value of the optical path 
length; this implies that all nearby paths (for small values of 0) also 
correspond to rays. In that case the point Q represents the paraxial image 
of the point P. 

The above problem could have been solved by geometry by noting that 
if is the paraxial image point of P then 


n,PO+n,Ol=n,PS+n,SI 
(The above equation defines the paraxial image point.) Thus 


mPO+n,0Q=n,PS+n, (SI—OI+00Q) 
=n,PS+n, (SI--IQ) > n,PS+n,SQ 


Similarly, if Q lies on the left of J then n,PO+n,0Q would have been less 
than n,PS+n,SQ. Notice that in this proof we do not require OP to be 
equal to OQ. 


2.3 Application of Fermat’s Principle to Inhomogeneous Media 


On a hot day, the air near the ground has a higher temperature than 
the air which is much above the surface. Since the density of air is lesser 
at higher temperatures, a refractive index gradient is set up; ie. the 
refractive index increases as we go up from the ground. In such a case 
the rays are curved and one obtains the formation of a mirage; the rays 
reaching the eye appear to be coming from a point below the ground. 
From the temperature distribution we can obtain the refractive index 
variation which can be approximately assumed to be of the form* 


nt (x) 9nd] (11e), x0 (2.3-1) 


*The discussion is based on a paper by Khular, Thyagarajan and Ghatak (1977); 
see also Sodha, Aggarwal and Kaw (1967) and Fraser and Mach (1976). 
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Fig. 2.9 (a) Refractive index variation for an inhomogeneous medium 
characterized by Eqs. (2.3-1) and (2.3-2). (b) Corresponding 
ray paths for an object point at a height of 1/a (20.43m). 
[Adapted from Khular, Thyagarajan and Ghatak (1977).] 
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Fig. 2.10 (a) Refractive index variation for an inhomogeneous medium | 
characterized by Eqs. (2.3-1) and (2.3-2). (b) Corresponding 


ray paths for an object point at a height of about 2.8 m., 
[Adapted from Khular, Thyagarajan and Ghatak (1977)]. 
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where ^, n, and « are constants and x is the height above the ground. 
The refractive index at x=0 is n, and for large values of x it approaches 
the value (mg--n2)/*. The ray paths are obtained by solving the ray 
equation, which will be discussed laterin this section. Typical ray paths 
(emanating from a point P) are shown in Figs. 2.9 and 2.10. The figures 
correspond to 

11.000233; ,—0.45836; and «=2.303 m-! (2.3-2) 


The refractive index variation is shown in Figs. 2.9(a) and 2.10(a). It 
can be seen from Fig. 2.9 (b) that when A and P are close to the ground, 
the only ray path connecting the points P and A will be along the curve 
PCA and a ray emanating horizontally from the point P will propagate in 
the upward direction as PQR as shown in Fig. 2.9 (b). Thus, under such 
a condition, the eye at A will see the image of P at P” and will not see the 
object directly at P. However, if the points P and A are much above the 
ground [see Fig. 2.10 (b)] then the eye will see the object directly (because 
of the rays like PCA); it will also receive rays which will appear to emanate 
from points like P’ and P*, this will give riseto mirage. In both cases, 
however, there is a well defined region Ri where only the object is visible 
and the virtual image is not seen. Another interesting region is R,, where 
none of the rays (emanating from the point P) reaches; thus, an eye in this 
region will neither see the object nor its image. This region is hence called 
the shadow region. 

The formation of a mirage occurs due to a refractive index gradient in 
the air above a hot surface. However, above cold sea water, the air near 
the surface is colder than the air above it and hence there is an opposite 
temperature gradient. A suitable refractive index variation for such a case 
can be written as 

nh = nnp e (2.3-3) 


If we solve the ray equation for this profile (see Problem 2.6), the ray 
paths obtained will be as shown in Fig. 2.11. In this case, an eye at 
a point A will receive rays which will appear to emanate from points like 
P’ and P” (which are above P). Such a phenomenon, in which the object 
appears to be above its actual position is known as ‘looming’; it is 
commonly observed over cold sea waters. Further, since no other rays 
emanating from P reach A, the object will not be visible directly. 

In order to obtain the precise ray path in such media, we will derive 
the ray equation for an inhomogeneous medium. We will restrict ourselves 
to the special case when the refractive index changes continuously along . 
one direction only; this direction we assume to be along the x-axis, This 
medium can be thought of asa limiting case of a medium consisting of a 
continuous set of thin slices of media of different refractive indices. When 
the thickness of each slice goes to zero and at the same time the number 
of slices increases indefinitely, then one obtains a medium in which the 
refractive index changes continuously along the x-direction, At each 
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(9) 


ab 


or 
or 
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interface, the light ray satisfies Snell’s law and thus one would obtain 


n, sin 0, — n, sin 0, = n, sin 6,, etc. 
Thus we may put 
n Sin 0—constant (2.3-4) 


The constant can be determined from the fact that if the ray makes an 
angle 0, at a point where the refractive index is n, then the constant is 
m sin 9, Thus 

n(x) sin 0 (x)=n, sin 0, (2.3-5) 


In the limiting case of continuou; variation of the refractive index, the 
piecewise straight lines shown in Fig. 2.12 (a) form a continuous curve, If 


(a) ibl 


Fig. 2.12 Rays n a layered medium in which the refractive index is 
piecewise continuous. 


ds represents the infinitesimal arc length along the curve then it can easily 
be seen that [see Fig. 2.12(b)] 


(ds)? = (dx)*--(dz* (2.3-6) 
If we refer to Fig. 2.12(b), we find 


2 — sino 
Thus r dite 
aa eerie 
g- ad Ld Q.3-7) 


The solution of the above equation gives us the variation of x with z 
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for a given n(x) which will give us the path of the ray in the medium with 
a refractive index variation n(x). The above equation can be put in 
another form, by differentiating with respect to z, 


2 dxd*x |. 1 —dmdx 
dz dz?  misim*0, dx dz 


d'x 1 dn? (x) 
dà “Inao, dx (2198) 


or 


This equation is a special form of the more general equation which is 
known as the ray equation. Equations (2.3-7) and (2.3-8) and the ray 
equation can also be directly derived from Fermat’s principle. 

It should be pointed out that the bending up of the ray at the turning 
point* cannot be obtained from Eq. (2.3-4). At the turning point, 0=7/2, 
and using Eq. (2.3-5), one may expect that the ray will proceed horizont- 
ally beyond the turning point shown as a dotted curve in Fig. 2.9(b). This 
is, however, wrong because a straight line path like BB’ does not correspond 
to an extremum value of the optical path. 

Physically, the bending of the ray can be understood by considering a 
small portion of a wavefront like WW, (see Fig. 2.9(b)); the upper edge will 
travel with a slower speed in comparison to the lower edge, this will cause 
a bending of the beam. 

As a simple application of Eq. (2.3-8) let us consider a homogeneous 
medium for which n(x) is a constant. In such a case the RHS of Eq. 
(2.3-8) is zero-and one obtains 

dix 
aa~? 


Integrating the above equation twice with respect to z, we obtain 


x=Az+B (2.3-9) 


which is indeed the equation of a straight line, as it ought to be in a homo- 
geneous medium. 


Example 2.4 Solve the ray equation for following refractive index 
variation 


nè (x) = mj — ny (2.3-10) 
where m, represents the refractive index at x=0, (For nx*«&n$, n(x)ezng 
-- x* which represents a parabolic variation of the refractive index. Such 

0 


a medium is known as a square-law medium.)** 


*The turning point corresponds to dx/dz=0; for example, the point B in Fig. 2.9(b). 

**One has an approximate parabolic variation of refractive index in the D-layer of 
the ionosphere and one can use the solution to study the reflection of electromagnetic 
waves by the ionosphere (see Problem 8 in Ch, 6). 
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Solution. Substituting for n? from Eq. (2.3-10) in Eq. (2.3-8), we 
obtain 
dix 


n, 
dà nf sin?®, *(@), 


where 0, is the angle that the ray makes with x-axis at x — 0, (ny is the 
refractive index at x=0). The solution of the above equation is 


=A sin) 7. " 
x(2)=A sin [ae E zen] (2.3411) 
where the constants A and 9 are to be determined from the initial position. 
and slope of the ray (see also Problem 2.3). Typical ray paths are shown 
in Fig. 2.13. As can be seen from the figure, the ray paths are sinusoidal 


Fig. 2.13 Ray paths in a square law medium. 


but the period depends on the launching angle « (=}-4). In the para- 


xial approximation (i.e., for small launching angles), all the ray paths have 
the same period. It is of interest to mention that in recent years, thin 
fibres with parabolic variation of refractive index have been fabricated and 
since all paraxial rays take approximately the same amount of time, they 
are characterized by extremely small pulse broadening. As such, fibres with 
square law variation of refractive index have tremendous potential use in 
optical communication [see Sodha and Ghatak (1977), Ghatak and 
Thyagarajan (1977)]. 


Example 2.5 Solve the ray equation [Eq. (2.3-7)], for the refractive index 
variation given by Eq. (2.3-1). 
Solution. The refractive index distribution is 

m = nir [1e] (2.3-12) 


Substituting this in Eq. (2.3-7), we obtain 
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(= 2 n(x) 1 
dz ) = sinto, 


ry em) 
—. misi, a 
n, Sin 0, dx 
de Ea eon sana 


where we have to take the negative sign for rays shown in Fig. 2.10 and 
a positive sign for rays travelling in the negative z direction, We rewrite 
the above equation in the form: 


or 


dp — ne dx 7. 
5 [teen sin? 0,) ezx i 
P Ab oe. XU 
»P 


or 
n, sin 6, do 
2: m 
d= — Ks TET (2.3-13) 
where 
O= Ker? 
* n! sin? 0,7112 
K= Ho rit] (2.3-14) 
Integrating we get 
= 2 msin 6, ” 
z E cosh-! 0+C (2.3-15) 


where C is a constant of integration and 


cosh E=4 (ë+ e75) (2.3-16) 
Equation (2,3-15) can be rewritten in the form 

®=cosh [8 (C—z)] (2.3-17) 
where 

pe Kans — 
Thus ish 
" Ke**l5 — 0 —cosh [$ (c—2)] 


2 1 
x(z) = 5 nf cosh s-a] (2.3-18) 
which gives the path of the ray. Ifatz=0, x=x,, then 


c=; cosh-! (Kenna) (2.3-19, 
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For a given refractive index variation (i.e., for known values of ng, mp and 
«) and for a given position and slope of the ray (i.e. for known values of 
xo and 0,) one can easily evaluate all the constants appearing in Eq. 
(2.3-18) and obtain the ray path. For the values of various parameters 
as given by Eq. (2.3-2) the explicit ray paths are plotted in Figs. 2.9 and 
2.10. 


2.4 Refraction of Rays at the Interface between an Isotropic and 
an Anisotropic Medium 


We wil now use Fermat's principle to study the refraction of a ray 
when it is incident from an isotropic homogeneous medium into an 
anisotropic homogeneous medium. Inan anisotropic medium the velocity 
of propagation of light depends on the direction of propagation (see 
Chapter 18). In deriving Snell's laws in Sec. 2.2, the refractive index was 
assumed to be constant; here we would consider the refractive index to 
depend on the direction of propagation of the ray. 

We will see in Chapter 18 that when a ray enters an anisotropic medium, 
it splits up into two rays*, one of them usually obeys Snell's laws (which 
is known as the ordinary ray) and the other (which is known as the 
extra-ordinary ray), does not obey Snell’s laws. The wavefront corres- 
ponding to the extraordinary ray is usually an ellipsoid of revolution, a 


section of which is shown in Fig. 2.14. The velocity of propagation is 


Fig. 2.14 The wavefronts corresponding to the extra-ordinary ray in an 
anisotropic medium may bean ellipsoid of revolution. A section 
of this ellipsoid (containing the optic axis) is shown in the above 
figure; OX represents the direction of the optic axis. 


*[t may be mentioned that the splitting of a ray into an ordinary and an 
extra-ordinary ray is not proved by Fermat’s principle; here we are using Fermat’s 
principle to find the path of the ray assuming à certain refractive index variation, 
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maximum along the direction OX and minimum along the direction OY’. 
In the particular case that we will be considering, the ellipsoid of revolution 
is obtained by rotating the ellipse about the OX axis. The speed of the 
ray in the general direction OP will be proportional to the length OP. 
Thus if v (0) represents the speed of Propagation in the general direction 6 
then* 


r(0)— "oL = QVEM (2.4-1) 


where v, is the speed of propagation along 0—0. Now, for an arbitrary 
point P (x, y) on the ellipse, 
x? 2 
ah 
If OP=r, then 
Xercos0 and y-rsin0 


Therefore, 
p (2$ dec *)= 1 
or 
ab 
I (Picos raisin (42 
Thus 
vob 
"0-5 cos? 0--a* sin? 8) (2:43) 
or 
n@)= 5 E ^ (bcos? 0-a? sint 9) (2.4-4) 
Hence** 
n? (8)=nj cos? 0-I-n^, sin? 0 (2.4-5) 
where 
c ca 
ba and Db (2.4-6) 


represent the refractive indices along OX and OY’ respectively. Let 5,5, 
be a surface separating an isotropic medium (1) and an anisotropic medium 
(I) (see Fig. 2.15). Let PQ represent the optic axis inclined ct an angle 9 
to the normal to the surface. We want to determine a relation between 


the angle of incidence i and the angle of refraction r. We will assume 


"The angle is being measured from OX, which is known as the optic axis. 
Along this direction the speed of the extra-ordinary ray is the same as that of the 
ordinary ray. 

**It should be mentioned that n(8) and » (8) represent the ray refractive index and 
the ray velocity respectively; in Chapter 18, these “are denoted by n, and v», 
respectively, f T 
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that the incident ray, refracted ray and the optic axis lie in the same 
plane.* 


y 


Fig. 2.15. Refraction ofan incident ray when the optic axis lies in the plane 
of incidence. 


The optical path length from A to B is 
Lop=n 3+ (L—x) 2+ (0) [ate (2.4-7) 


where 74 is the refractive index of medium I. Since 0=r—9, we have 


n (0)—[nij cos* (r— 9)--r sin? (r—9)] ^ 
=[n? (cos r cos --sin r sin g)* 
+n’, (sin r cos @—cosr sin ¢)*]'# 


ES h, x : v 
s ( ry cos tae sin e) 


tal Rete ya 
ny (ou cos oe sin e) ] 
or, 
n(0)— VE vi (lt, cos 94-xsin qyt4-r (x cos 9—h, sin q)*]/^ 
(2.4-8) 
Thus 


Lon MFV" 
+n? (Jt, cos 9+ sin g+, (x cos e—h,sin g)?]/?. (2.4-9) 
For the actual ray we must have 
dLop . 
rie 


*In general, in an anisotropic medium the refracted ray does not lie in the plane 
of incidence However, it can be shown, from a three dimensional calculation (see 
Problem 2.9), that if the optic axis lies in the plane of incidence, then the refracted 
ray also lies in'the plane of incidence. In the present calculation, we are assuming this 
and finding the direction of the fefracted ray for a given angle of incidence. 
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ie., 
m(L—x) mi (hg cos 9-- x sin 9) sin e--m4 (x cos e —/ sin 9)cos 9} 
[hi +L xy]? [ni (Ii cos 9--x sin 9)4-n4 (x cos @—h, sin js 
or, 


2 , a 

n; nicos sin o4-n* sin 0 cos o 

n sin i= 2,4-10; 
s [nj cos? 0-1-n' sin? 0]? C 4 
which gives the required relation between angle of incidence i, and the 

angle of refraction r. Some interesting particular cases may be noted: 

(i) when m=", =n, then the anisotropic medium becomes an isotropic 
medium. In such a case Eq. (2.4-10) becomes 


n, sini=n,sinr (2.4-11) 
which is indeed the Snell’s law for refraction at an interface between two 
isotropic media. 

(ii) when i — 0, Eq. (2.4-10) becomes 


nj cos 8 sin e--n5 sin 0 cos p=0 


or, 
ni cos (r— 9) sin p+, sin (r—9) cos p=0 
or, 
cos r (nj —n1) cos o sin 9-+sin r (nj sin! e4- n4 cos? 9) «0 

or, 

(n —ni)cos sin o 

tan r= e ret d 
ni sint oo dmi (2.4-12) 


showing that, in general, r340. However, if ?-5 or 0 (ie. if the optic 


axis is parallel to the surface or is normal to the surface), r=0 [see 
Figs. 2.16 (b) and (c)]. 


1 1 1 

Li n n Optic axis "m 
M P 
FN Optic oxis 
het 


Optic axis 


(a) (b) (e 


Fig..2.16 In general, for a ray incident normally, the angle of refraction is 
not lowe (a). However, if the optic axis is either parallel or per- 
Pendicular to the surface, then the incident Tay 
as shown in (b) and (0). Ep aa 
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Using Eq. (2.4-12) one can determine r for various values of e. It can 
easily be seen that if the crystal is rotated about an axis which is normal 
to the surface then the refracted ray will rotate on the periphery of a cone 


(see Fig. 18.15c). 
(iii) when 9=0, ie. when the optic axis is normal to the surface, Eq. 


(2.4-10) becomes 


Techs nycosr 
sin fs ees 2.4.13 
ni [nf cos? r4- n5, sin? rJ”? ( ) 


Now, for the ordinary ray (which obeys Snell's laws—see Chapter 18), 
the refractive index is m and if ry represents the angle of refraction for the 
ordinary ray then 


sini M 
sinr 7, 
or 
res sni nycosr 
; ny {ni cos? r+n sin? r]* 
Thus 


= sinr, paa M 
tan ro canter apanr (2.4-14) 


All the above results can also be obtained by using Huygens’ principle 
(see Chapter 18). It should be pointed out that in an anisotropic medium, 
the ray isnot, in general, normal to the wavefront. 


PROBLEMS 


1. If we rotate an ellipse about its major axis we will obtain, what is known as, 
an ellipsoid of revolution. Show by using Fermat's principle that all rays 
parallel to the major axis of the ellipse will focus to one of the focal points of 
the ellipse (see Fig. 2.17), provided the eccentricity of the ellipse equals m/ng. 
(Hint: Start with the-condition that ngAC’=n,QB+n,BC’ and show that the 
point B (whose coordinates are x and y) Iles on the periphery of an ellipse), 


Fig. 2.17 For Problem 2.1. 
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2. Cisthe centre of a reflecting sphere of radius R (see Fig. 2.18). Pyand Pgare 


Fig. 2.18 A spherical reflector, 


two points on a. diameter equidistant from the centre. Obtain (a) the optical 
path length P,O--P,O asa function of 0 and (b) find the values of @ for which 
P40P, is a ray path from reflection at the sphere. 

3. Since Eq. (2.3-8) has been derived by differentiating Eq. (2.3-7), only one of 
the constants in Eq. (2.3-11) is independent. Substitute Eq. (2.3-11) in 
Eq. (2.3-7) to show that 


4. (a) In the above problem assuming m=1.6 and m=0.1 mm? calculate the 
paraxial focal length. (b) What will be the period of oscillation for paraxial rays 
and compare its value with the period corresponding to the launching angle 
a=4°, 30° and 60°, 

5. Consider a refractive index variation of the form 


nens eux 
Solve the ray equation and show that the ray path can be written in the form 
aen in [2 fa (2—2))4-0)) 
a sin 0, 


where xe», when z—2z;. 
6. Show that for a refractive index profile given by Eq. (2.3-3), the ray paths emanat- 
ing from a point P, as shown in Fig. 2.11 are given by 


sin-1 (Ketel) Kare (z—z9)+sin-1 [ Kexp ( 25] 
where (zo, xo) are the coordinates of P, m=n(x9), iis the angle made by the ray 
with the x-axis at x= xy, z=zo, and K— (nl sin? i— nging, 
7. Show, by solving the ray equation, that for the refractive index variation 
nz ng sech ax 
the ray paths in the x-z plane are given by 


x«i sinh" [y AP] sin (a (zy 
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where A and C are constants to be determined from the initial conditions of the ` 
ray. Notice that the rays are periodic in z with a period which is independent of 
the initial conditions on the ray (cf. Example 2.4). 

Consider a medium with refractive index variation of the form 


jf (x, y) ri [Lat 634991 
where we are interested only in such values of x and y for which at (xt yt) «l, 
(a medium characterized by the above refractive index variation finds widespread 
application in optical communications and integrated optics). For paraxial rays, 
i.e, rays which propagate close to the z-axis and which make small angles with this 
axis, the ray equation can be written in the form 


and 


where x (z) and y (z) represent the trajectory of the ray. Obtain a general solution 
of the above equations and show the existence of the helical ray (a helical ray 
spirals around the z-axis at a constant distance). 
. Use Fermat's principle to show that on refraction at a plane interface between an 
isotropic medium of refractive index m and à uniaxial medium of refractive index 

variation given by Eq. (2.4-5), the direction cosines of the incident ray (pi, 41» ^» 
the refracted extra-ordinary ray (p, q, r) and the optic axis (I, m, n) are related by 
the following equations: 

m plo —rcos0 

(7, sin264- rd cost 0)U3 
and 

m gem (ni, r) cos 

vÊ sin? 0+. " cos? oyta 
where cos 0 «pl 4-qm--rn (choose the z-axis to be perpendicular to the plane inter- 
face—see Fig, 2.19. (Reference: Khular, Thyagarajan and Ghatak, 1976). 


—h 


Medium I 
(Isotropic) 


Medium IL 
(Anisotropic) x 


Fig. 2.19 Refraction of a ray at an interface between an isotropic and an 
anisotropic medium. [Adapted from Khular, Thyagarajan and 
Ghatak (1976)]. 
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3 Matrix Method in 
Paraxial Optics 


The light dove, piercing in her eusy flight through the air and perceiving 
its resistance, imagines that flight will be easier in empty space, 


KANT 


3.4. Introduction 


Let us consider a ray PQ incident on a refracting surface SQS’ 
separating two media of refractive indices m and m, (see Fig. 3.1). Let 


" 


s 
Fig. 3.1 Refraction of a ray by a surface SQS’ which separates two media of 
refractive indices n and m; NON" denotes the normal at the point 
Q. If the refracting surface is spherical then the normal NQN’ will 
pass through the centre of curvature C. 


NQN' denote the normal to the surface. The direction of the refracted 
ray is completely determined from the following conditions: 
(a) the incident ray, the refracted ray and the normal lie in the same 
plane; and 
(b) if 9, and 0, represent the angles of incidence and refraction 
respectively, then 


sin 0; Ms 
Sin, nm (3.1-1) 
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Optical systems, in general, are made up ofa large number of refracting 
surfaces (like in a combination of lenses) and any ray can be traced through 
the system by using the above conditions. In order to obtain the position 
of the final image due to such a system, one has to calculate step by step 
the position of the image due to each surface and this image will act as an 
object for the next surface. Such a step by step analysis becomes 
complicated as the number of elements of an optical system increases. We 
Shall, in this chapter, develop the matrix method which can be applied 
with ease under such situations. This method indeed lends itself to direct 
use in the computers for tracing rays through complicated optical systems. 

Before we describe the matrix formulation of geometric optics it is 
necessary to mention the rule of matrix multiplication and the use of 
matrices for solving linear equations. A (mx) matrix has m rows and 
n columns and has (m Xn) elements; thus the matrix 


a b c 
a-( ) (3.1-2) 
d e F; 


has 2 rows and 3 columns and has 2x 3=6 elements. A (mxn) matrix 
can be multiplied only to a (n xp) matrix to obtain a mXp matrix. Let 


g 
»-( h ) (3.1-3) 
i 
represent a (3X1) matrix. Then the product* 
a b c g (ag+-bh+ci) 
eC MERGES) e 
d. Saw (dg-+-eh+fi) 


will be a (2X 1) matrix. 
If we define a (2x 3) matrix 


a b e 
«X ) 
d woe" on i 


A'=A 


then 
if and only if a’=a, b'—b, c'—c, d'=d, e'=e and f'—f, ie. all the 
elements must be equal. Thus the set of two equations 


Xı=ay by, } 


3.1- 
Xy] -dy, G5 


*In this case the product BA has no meaning. 
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can be written in the following form: 
3, (ay, +y) a b » 
a = (3. 1-6) 
X: (cy, dys) c d Ji 
the last step follows from the rule of matrix multiplication. 
Further, if we have 


yymez, ft } 
and (3.1-7) 
Ys gzy hz, 
then 
Jı e f ^" 
= (3. 1-8) 
Ve L4 h Z 
Consequently, 
H x a bNf(oe s fNT 2 
Cep et Dor motn 
Xa c d g h fs 
or 


X-BZ, (3. 1-10) 


where X and Z represent (2 x 1) matrices: 


(ey oem 


and B represents a (2x2) square matrix 


Wi uod) 
eri ^9. DAS 
(eee E) 
[ce--dg] = [cf-- dh) 
Equations (3. 1-9) and (3. 1-12) tell us that 
Xy=(ae+bg) z1--(af-- bh) z, } 
and (3.1-13) 
x77 (ce--dg) z, (cf dh) z; 


which'can be verified by direct substitution. 
We will now use the matrix method to trace paraxial rays through a 
cylindrically symmetric optical system. 


(3.1-12) 


32. The Matrix Method 
We will consider a cylindrically symmetric optical system similar to the 
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` one shown in Fig.3.2. The axis of symmetry is chosen as the z-axis, We 


Fig.3.2 Ina homogeneous medium the ray travels in a straight line, 


will be considering only paraxial rays in this chapter; non-paraxial rays lead 
to what are known as aberrations which will be discussed in the next chapter. 

In the paraxial approximation we may confine ourselves to rays which 
pass through the axis of the system; these rays remain confined to a single 
plane. Such a ray can be specified by its distance from the axis of the 
system and the angle made by the ray with the axis; for example, in 
Fig. 3.2, the point P on the ray is at a distance x, from the axis and makes 
an angle «, with the axis. The quantities (x,, «,) represent the coordinates 
of the ray. However, instead of specifying the angle made by the ray with 
the z-axis, we will specify the quantity* 


A=n cos ) (=n sin «) 


which represents the product of the refractive index with the cosine of the 
angle that the ray makes with the x-axis. 

Now, when a ray propagates through an optical system, it undergoes 
only two operations; these are (a) translation and (b) refraction. The rays 
undergo translation when they propagate through a homogeneous medium 
as in the region PQ (see Fig. 3.2). However, when it strikes an interface 
of two media, it uridergoes refraction. We will now study the effect of 
translation and of refraction on the coordinates of the ray. 


(a) Effect of Translation 


Consider a ray travelling in a homogeneous medium of refractive index 
7, Which is initially at à distance x, from the z-axis and makes an angle @, 
with the axis (see point Pin Fig. 3.2). Let (Xs, a,) represent the 
coordinates of the ray at the point M (see Fig. 3.2). Since the medium is 
homogeneous, the ray travels in a straight line and, therefore, 


=a). (3.2-1) 
Further, if PP’ and MM’ are perpendiculars on the axis and if P’M’=D, 
*This quantity is known as'the optical direction cosine. 
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then 
x,—x, D tan a, (3.22) 


Since we are interested only in paraxial rays, æ is very small and hence we 
can make use of the approximation fan «eo. Thus, Eq. (3.2-2) 
reduces to 


x4 c x, o D (3.2-3) 
If 

A = ma k (3.2-4) 
and 

Ag = Mey (3.2-5) 


then, using Eqs. (3.2-2) and (3.2-4) we get 


NM 
and (3.2-6) 


D 
X379, PX Ay, 


which may be combined into the following matrix equation: 


end 


Thus, if a ray is initially specified by a (2X1) matrix with elements A, and 
x, then the effect of translation through a distance D in a homogeneous 
medium of refractive index 74, is completely given by the 2x 2 matrix 


1 0 
r-( ) (3.2-8) 
Din, 1 


and the final ray is given by Eq. (3.2-7). The matrix T is known as the 
translation matrix. Notice that 


1 0 
det T= =1 (3-2-9) 
Din, 1 


(b) Effect of Refraction 


We will now determine the matrix which would represent the effect of 
refraction through a spherical surface of radius of curvature R. Consider 
the ray AP intersecting a spherical surface (separating two media of 
refractive indices zt, and, n, respectively) at the point P and getting refracted 
along PB (see Fig. 3.3). If 6, and 0, are the angles made by the incident 
and the refracted. ray with the normal to the surface at P (i.e. with the line 
joining P to the centre of curvature C); then according to Snell’s law 


n, sin 0, =n sin 6, (3.2-10) 


Fig. 3.3 The refraction of a ray at a spherical surface, 


Since we are dealing with paraxial Tays, one can make use of the 
approximation sin 02-0. Thus Eq. (3.2-10) reduces to 


m On, 0, (3.2-11) 
From Fig. 3.3 it follows that 


0, 9,04 and 6,— 9i--, (3.2-12) 
where «æ, and e, are respectively the angles that the incident ray, the 


refracted ray and the normal to the surface make with the z-axis. Also, 
since q, is small, we may write 


“=> (3.213) 


Now, from Eqs. (3.2-11) and (3.2-12), we get 


m (9j) Ma (9, Hag) 
or 


mama — E x (3.2-14) 
where we have used Eq. (3.3-13). Thus 


a. =A,—Px (3.2-15) 
where 


Pan (3.2-16) 
is known as the power of the Tefracting surface. Also, since the height 


of the ray at P, before and after refraction is the same (i.e. x,—x,) we 
obtain, for the refracted ray d 
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(zo das) mene al 


Thus refraction through a spherical surface can be characterised by a 


2x2 matrix: 
1 —P 
2-( ) (3.2-18) 
0 1 


=P 
det 2d u (3.2-19) 


It may be noted here that 


In general, an optical system made up of a series of lenses, can be 
characterised by the refraction and translation matrices. 


If a ray is specified by ( s ) when it enters an optical system, and is 
1 


specified by M when it leaves the system, then one can, in general, 
x g 


CHEE cem 


b —a 
s-( ) (3.2-21) 
—d c 


is called the system matrix and is determined solely by the optical system. 
The negative signs in some of the elements of S have been chosen for . 
convenience. Since the only two operations a ray undergoes in traversing 
‘through an optical system are refraction and translation, the system 
matrix is, in general, a product of refraction and translation matrices. 
Also, using the property that the determinant of the product of matrices 
is the product of the determinant of the matrices, we obtain 


det S=1 (3.222) 
be—ad=1 (3:2-23) 


write 


where the matrix 


i.e. 


We will now derive the position of the image plane for an object 
plane, which is at a distance (—D;) from the first refracting surface of 
the optical system (see Fig. 3.4). Let the image be formed at a distance 
D, from the last refracting surface. We will be using the analytical 
geometry convention; i.e. for points on the left of a refracting surface, 
the distances will bẹ negative and for points on the right of the refracting 
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surface the distances will be positive, thus D, is an intrinsically negative 
quantity. Further, if D, is found to be positive the image is real and is 


Fig. 3.4 The object point O is at a distance (—D,) from the first refracting 
surface. The paraxial image is assumed to be formed at a distance 
Ds fiom the last refracting surface, 


formed on the right of the refracting surface; on the other hand, if D, is 
found to be negative, the image will be virtual and will be formed on the 
left of the last refracting surface. 
Let us consider a ray O'P starting from the point O' which lies in the 
object plane. Let QI’ be the ray emerging from the last surface; the point 
. Y is assumed to lie in the image plane—see Fig. 3.4 (the point I is the 
paraxial image of the point O and the image plane is defined to be the 
plane which contains the point I and is normal to the axis). Let (A,, x;), 
(V, x^), A”, x") and (A, Xg) represent the coordinates of the ray at O', 
P, Q and I’ respectively, Then ( 


Cet 
CHEDE ome 
Ca 0 

CH Ceu) ens 


where the first and the third matrices on thé RHS correspond to translations 
by distances D, and (—D,) respectively (in a medium of refractive index 


unity); the second matrix correspond to the s 
: ystem matrix of the optical 
System. Carrying out the matrix multiplications, we obtain F 


1: 70 
Da el 
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2, b+aD, —a M 
= (3.2-26) 
Xa bD,+aD,D,—cD,—d  c—aD,/N 9s 


X= (bD,+aD,D,—cD,—4) Ayt+(c—aD,) X, (3.2-27) 


Thus 


For a ray emanating from the axial object point (i.e. for x,—0) the image 
plane is determined by the condition x0. Thus, for the image plane we 
must have 

bD,+-aD,D,—cD,—d=0 (3.2-28) 


which would give us the relationship between the distances D, and Dy, 
Thus, corresponding to the image plane, we have 


^, b--aD, —a Ay 
CHM ay em 
xj 0 c—aD, *, 


For x,0, we obtain 
x47 (c—aDy) x (3.2-30) 


Consequently, the magnification of the system, M (^ 2) would be given 
1 
by 


M= = — c—aD, (3.2-31) 
Further, since i 
b+ad, —a 
| =1 (3.2-32) 
0 c—aD, 
we obtain 
1 1 
6+a),=—-—=7 3.2-33 
Fabio aD, M CER 


Hence, if x, and x, correspond to object and image planes, then fora 
general optical system we may write 


LY I/M  —a a 
GMT Qo es 
Xa 0 M oy 


Example 3.1 Obtain the system matrix for a thick lens and derive the thin 
lens and thick lens formulae. 

Solution. Let us consider a lens of thickness t and made of a material of relative 
refractive index 7 (see Fig. 3.5). Let Ry and Ry be the radii of curvatures of the 
two surfaces. The ray is assumed to strike the first surface of the lens at P. 
and emerge from the point Q; let the coordinates of the ray at P and Q be 


ML 
and (3.2-35) 
X; Xe : 
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where A, and A, are the optical direction cosines of the ray at P and Q, 
X, and x, are the distances of the points P and Q from the axis (see 
Fig.3.5). The ray, in propagating from P to Q undergoes two refractions 


Fig. 3.5 A paraxial ray passing through a thick lens of thickness z. 


[one at the first surface (whose radius of curvature is R,) and the other at 
the second surface (whose radius of curvature is R,)] and a translation 
through a distance* ¢ in a medium of refractive index p. Thus 


Be yan. YC) wo 


where 
n—l 1—n n=l 
ak ial and ae mam (3.2-37) 


o the powers of the two refracting surfaces. Thus our system 
matrix is 


EC mns 


yh -A-Bh(-Ln) 
n n 
3 (3.2-38) 
É ]—-p 
n nol 


For a thin lens, t-+0 and the system matrix takes the following form 


1 —BA—P, 
s«( ) (3.2-39) 
0 1 
Thus for a thin lens, 


a=P,+-Fy, b=], c=1 and d=0 (3. 2-40) 
Substituting the above values of 4, b, c and d in Eq. (3.2-28), we obtain | 


i *Notice that since we are dealing with paraxial rays, the distance between P and Q 
is approximately z, 
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D,+(P,+P2) DiD,—D,—0, 


or 
1 1 1 1 
L- peta- (x.-x) (3.2-41) 
or 
1 1 1 
—— =F 2-42) 
D, D T pera 
where 
1 ne 
=| (2—1){ = => .2-43 
F[e-(x; -x)] Gam 


represents the focal length of the lens. Equation (3.2-42) is the well- 
known thin lens formula. The signs of R, and R, for different kinds of 
lenses are shown in Fig. 3.6. 


(a) (b) 6) (a) 


R0 R< 0 R <0 E 


R«0  R,>0 R3«0 R20 
Fig. 3.6 Signs of R; and Ry for different lens types. 
For a thick lens, we have from Eq. (3.2-38) 


a =P, +P, (1-5 Fs) bait 
: (3.2-44) 
c=l s Ee 

n n 
If we substitute the above values for a, b, c, and d in Eq. (3.2-28), we get 
the required relation between D, and D,; however, for thick lenses it is 
more convenient to define the unit and the nodal planes which we shall 
do in the following sections. 


33 Unit Planes 


The unit planes are two planes, one each in the object and the image 
space, between which the magnification M is unity; i.e. any paraxial ray 
emanating from the unit plane in the object space will emerge at the same 
height from the unit plane in the image space. Thus, if dua and dis 
represent the distances of the unit planes frora the refracting surfaces (see 
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Fig. 3.7)*, we obtain from Eq. (3.2-33): 


} eph cy T" u i 
Object First Unit Second Unit Itnoge 
Plone Plane Plane Plone 

Fig. 3.7 U, and Ug are the two unit planes, A ray emanating at any height 
from the first unit plane will cross the second unit plane at the same 


height. 
1 
b-rada— ou (3.3-1) 
or 
1—b 
da= 5, (3.3-2) 
and 
—1 
da= = (3.3-3) 


Hence the unit planes are determined completely by the elements of the 
system matrix S. 

It will be convenient to measure distances from the unit planes. Thus 
if u is the distance of the object plane from the first unit plane and v is the 


distance of the corresponding image plane from the second unit plane (see 
Fig. 3.7), we would obtain 


Di=utda= u+} (3-3-4) 
and 
D,=v+du = rot (3.3-5) 
Now, from Eq. (3.2-28) we have 
d+cD, 
D, b-aD, (3.3-6) 


Substituting for D, and D, from Eqs. (3.3-4) and (3.3-5) we get 


Rec b+au+(i—hy 


*Obviously, if we consider U; as an object plane, 


` then Uz isthe corresponding 
image plane. 
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or 
Bs ad — bc4-c (au+1)—(c—1)(1+au) 
uN a(i-Fau) 


au 
=a Fan) 3.3-7) 


where we have used the condition that 


det S=bc—ad=1 (3.3-8) 
On simplification, we obtain 
S (3.359) 


Thus l/a represents the focal length of the system if the distances are 
measured from the two unit planes. For example, for a thick lens one 
obtains 


um Pat por (3.3-10) 
[5n (i; A) | 
and 
di ses E (.3-11) 


EX ifr) | 


For a thick double convex lens with | R, |=| R| 


P =P= (3.3+12) 
where R=| R,|=| Ra]. Thus 
t 1 t 
da-z [ems =n (3.3-13) 
n R 
and 
PAROLE Jeu worn ce RA (3.314) 


where we have assumed t<R which is indeed the case for most thick 
lenses. The positions of the unit planes are shown in Fig. 3.8. In order 
to calculate the focal length we note from Eq. (3.3-9) that 


1 t 
l=a=P+P(1-5P) (3.3-15) 


where we have used Eq. (3.2-44). Thus 


1 (1l 1 (n—1)*t 
= o-»(z-x)* MAS (3.3-16) 


-Fig. 3.8 Unit planes of a thick biconvex lens. 


3.4 Nodal Planes 


Nodal points are two points on the axis which have a relative angular 
magnification of unity, ie. a ray striking the first point at an angle « 
emerges from the second point at the same angle (see Fig. 3.9). The 


(>) 


Fig. 3.9 Ny and Ng denote the two nodal points of an optical system. The 
nodal points can also lie inside the optical system as shown in (b). 


planes which pass through these points and are normal to the axis are 
known as nodal planes. T 
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To determine the position of the nodal points, we consider two axial 
points N, and N, at distances dn and dng from the two refracting surfaces 
respectively (see Fig. 3.9). From the definition of nodal points, we 
require that a ray incident at an angle œ on the point N, emerge from the 
optical system at the same angle a, from the other point Ng. Since we 
have assumed the media on either side of the system to have the same 
refractive index, this condition requires the equality of A, and A, Also, 
since we are considering an axial object point, x,—0, we get from 
Eq. (3.2-29) 


A,—(b-o-adgj) M=À; (8.4-1) 
Thus 
b+adn,=1 (3.4-2) 
or 
1—b 
da= (3.4-3) 


Comparing with Eq. (3.3-2) we find that dj,,—d,,. This has arisen 
because of the equality of the indices of refraction on either side of the 
optical system. Similarly we can get 


dn = c , 049. 


Thus, when the media on either side of an optical system have the 
same refractive index (which is indeed the case for most optical systems), 
the nodal planes coincide with the unit planes. In general, if we know 
the elements of the system matrix S (i.e. if we know a, b, cand d, which 
are also called the Gaussian constants of the system), one can obtain all 
the properties of the system. 


3.5. A System of Two Thin Lenses 


We finally use the matrix formulation for the analysis of a combination 
of two thin lenses of focal lengths f, and f, separated by a distance t. 
The system matrix for the combination of the two lenses can be obtained 
by noting that the matrix of the two lenses are 


i| Se jie.0.L 
( fı | and ( Sa (3.5-1) 
0 1 0 1 


and the matrix for translation through a distance £ (in air is) is 


1 0 
( ) (3.5-2) 
t 1 
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Thus the system matrix S is . 


at dine its, 

A A hy hh (3.53) 
t 

t roz 


As already noted, the element a in the system matrix represents the inverse 
of the focal length of the system. Thus the focal length of the combination 
would be 

Leslee t 

se ate a 3.54) 

| PIN ARR ' 

It is easy to sec that if we have a system of four thin lenses we simply have 
to multiply seven matrices [four of them being of the type Eq. (3.5-1) 
and three of them of the type Eq. (3.5-2)]. ! 


Example 3.2 Consider a lens of thickness 1 cm, made of a material of 
refractive index 1.5, placed in air (refractive index of air—1). Let the 
radii of curvatures of the two surfaces be-|-4 cm and —4 cm (negative sign 
corresponds to a concave surface) Obtain the system matrix and; 
determine the focal length and the positions of unit points and nodal 
points. 

Solution. The power of the two surfaces are equal: 

n-l n—l, 1.5-1 


Py Pye TET ey r m0 om 


Thus the system matrix is from Eq. (3.2-38), 


0.125x 1 1 
1=2:125x1  ~0.125~0.125 (1— fy x0:125) 
| 1 0.425 
T5 “TS 
ide 0.240 
0.6667 0,9167 


Thus the focal length of the-lens would be 


fgg cm 


The position of the unit planes are given by [see Eqs. (3.3-2) and (3.3-3)] 
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di oi mee = 9,083 ese. SUM 


e—1 _ 0.9167—1 0.0833 
viii DMI m e a: tn 


Notice that dy, is positive and dus is negative. Thus the unit planes are 


situated as shown in Fig. 3.8. The nodal points coincide with the unit 
points because the lens is immersed in a homogeneous medium. 


Example 3.3 Consider a system of two thin lenses as shown in Fig. 3.10, 
For a 1 cm tall object at a distance of 40 em from the convex lens, 
calculate the position and size of the image. 


7m -Wem 


Fig. 3.10 For Example 3.3, 


Solution. Let v be the distance of the image plane from the concave lens. 
Thus the matrix, which when operated on the object column matrix gives 
the image column matrix, would be given by 


Concave Concave Convex lens Convex Object to 


lens to lens to concay lule convex 
image lens lens 


V Eins rcv Pn 


( 1 0 y 2.2 0.01 ) ( 2.2 0.01 
Y 1 +32 0.6 2.27432 0.6+0.01v ) 


The image plane would correspond to 
32--2.2» = 0 
or 
yex—14.5cm 


ie. it is at a distance of 14.5 cm on the left of the concave lens, If we 
compare with Eq. (3.2-24), we obtain 


M =0.6 + 0.01" = 0.6 -0.01 55 = i 5 
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Thus the magnification is 1/2.2 (which is positive producing a virtual 
image). PST 

Example 3.4 Consider a-sphere of radius 20cm of refractive index 1.6 
(see Fig. 3.11). Find the position of the paraxial focal point. 


Fig.3.11 For Example 3.4. 


Solution, The matrix of operation from the first refracting surface to the 
1mage plane would be given by: 


Secondsur- Refraction at Transmission Refraction at the 


face to second through first surface 
Image surface glass 


CLR Syn 
LA 0 1 1.6 0 1 
1 0 0.25 —0.0375 
-( Y. ad )( 25 0.25 ) 
0.25 ~ 0.0375 
( 25--0.25y 0.25— 0.0375» ) 


Thus at the image plane the ray coordinates would be 


( ay 0.25 —0.0375 ay 
» 25+0.25y 0.25—0.0375v (^ ) 
This gives us 

Xe = (25+-0.25v) A, +(0.25—0.0375y) x 


To determine the focal distance v consider a ray incident parallel to the 
axis for which A,=0. The focal plane would be that plane for which x, 
is also zero. This gives us 


0.375v= 0.25 or y= 0.67cm 
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PROBLEMS 


Starting with any three 2x 2 matrices A, B and C show explicitly that (AB) C= 
A(BC), i.e. matrices satisfy the associative law of multiplication. 

Consider a hemisphere of radius 20 cm and refractive index 1.5. If JZ, and Hs 
denote the positions of the first and second, principal points then show that 4H,— 
13.3 cm and that Hy lies on the second surface as shown in Fig. 3.12. Further, 
the focal length is 40 cm. 


Fig. 3.12. For Problem 3.2. 


Consider a thick lens of the form shown in Fig. 3.13; the radii of curvatures of 
the first and second surfaces are —10 cm and 4-20 cm respectively and. the thick- 
ness of the lens is 1.0 cm. The refractive index of the material of the lens is 1,5, 
Determine the positions of the principal planes. 


Fig. 3,13 Sketch of a thick double concave lens. 


Consider a combination of two thin lenses of focal lengths f; and fa separated by 
a distance (f1i--f2). Show that the angular magnification of the lens combination 
(win is just 2-2) is given by —fjfs. Interpret the negative sign in the 
expression for magnification. 

Consider a thin convex lens of focal length f. Suppose that an object of height /i 
is placed at a distance slightly less than from the lens. Will the image be real 
or virtual? Show that the angle subtended by image at the Jens would be /i/f. 
(In order to. view the object comfortably, the object would have to be at a 
distance of 25 cm and the angle subtended by the object would be 4/25. Thus the 
ratio (h/f)/(h/25)=25/f represents the magnification). 

Consider a plane glass plate of thickness 2 cm made of a material of refractive 
index 1.5. Find the position of the image of an object placed at a distance of 
5cm from it. 

Consider an object lying at the bottom of a swimming pool of water of height 
6m. Assuming the refractive index of water to be 4/3, find the apparent position 
of the object when viewed from above the pool. 
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4 Aberrations 


Since "tis Nature's law to change 
constancy alone ís strange 


LARL OF ROCHESTER 


4. Introduction 


In Chapter 3, while studying the formation of images by refracting 
surfaces and thin lenses, we had made the assumption that the object 
point does not lie far away from the axis of. the optical system and that 
the rays taking part in image formation are essentially those which make 
small angles with the axis of the system. In practice, neither of the above 
assumptions is true; one in fact has to deal with rays making large angles 
with the axis. The domain of optics dealing with rays lying close to the 
optical axis and making small angles with it is called paraxial optics. We 
had found that in the realm of paraxial optics, the images of objects were 
perfect, i.e., all rays emanating from a single object point converged to a 
single image point and the magnification of the system was a constant of 
the optical system, independent of the particular ray under consideration. 
Since in real optical systems, nonparaxial rays also take part in image 
formation, the actual images depart from the ideal images. This departure 
leads to what are known as aberrations. 

It can be shown that the primary aberrations of any rotationally 
symmetric system can be specified by five coefficients. The five coefficients 
represent the spherical aberration, coma, astigmatism, curvature of field 
and distortion. These are called the Seidel aberrations. Since these 
aberrations are present even for light of a single wavelength, they are also 
called monochromatic aberrations. In this chapter, we will consider the 
five kinds of aberrations separately and discuss the effect on the image 
when each one of them is present separately, 
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It should be mentioned that if a polychromatic source (like white light) 
is used for image formation (which is indeed the case for many optical 
instruments) then, in general, the image will be coloured; this is known as 
chromatic aberration. Physically, chromatic aberration is due to the 
dependence of the refractive index of the material of the lens on wave- 
length of the radiation under consideration. Since image formation is 
accompanied by refraction at refractive index discontinuities, the 
wavelength dependence of the refractive index results in the coloured 
image. Fora polychromatic source, different wavelength components 
(after refraction) proceed along different directions and form images at 
different points; this leads to coloured images. Since chromatic aberration 
is the easiest to understand, we would discuss this first. This will be 
followed by a discussion of monochromatic aberrations, 


42 Chromatic Aberration 


Let us consider a parallel beam of white light incident on a thin 
convex lens as shown in Fig. 4.1. Since blue light gets refracted more 


Fig. 4.1 When white light consisting of a continuous range of wavelengths is 
incident on a lens, then each wavelength refracts by different 
amounts; this leads to chromatic aberration, This aberration is 
independent of the five Seidel aberrations. 


For the case of a thin lens the expression for chromatic aberration can 
easily be derived. The focal length of a thin lens is given by 


j-0-) (z-a) (4.2-1) 


If a change of n by 8n (the change of n is due to the change in the 


wavelength of the light) results in a change of f by èf then. we obtain by 
lifferentiating Eq. (4.2-1), 
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M Ne ELSE: 
non) tir 


p eon 
n—i 


which represents the chromatic aberration of a thin lens. 


(4.22) 


If m, and m 


represent the refractive indices for the blue and red colours respectively 


then 


LL pm nr 
f rez) 
would represent the chromatic aberration. 


4.2.1 The Achromatic Doublet 


(4.2-3) 


We will first consider an optical system of two thin lenses made of 


different materials placed in contact with each other. 


For example, one 


of the lenses may be made of crown glass and the other of flint glass. We 
will find the condition for this lens combination to have the same focal 


length for the blue and red colours. Let ns, my and nr 


represent thc 


refractive indices for the material of the first lens corresponding to the 


blus, yellow and red colours respectively. Similarly, Tb, My an 
the corresponding refractive indices for the second lens. 

represent the focal 
to the blue colour, 
of the two lenses (placed in contact), then 


d n, represent 
If fo and n 
lengths for the first and the second lens corresponding 
and if Fy represents the focal length of the combination 


(4.2-4) 


where R, and R, represent the radii of curvatures of the first and second 
surface for the first lens and, as before, the primed quantities refer to, the 


second lens. Thus, we may write 


JT nm-ll m-l 1 
TT Pas pecu qo ae 
whe 
1 1 1 1 1 1 
zz(n—l x- x) óízÉq-l (5-7 
Yy e x Rf e ) Ry x) 
aoe 
EST y, "us 1y 


f and f' represent the focal Jengths of the first and 


(4.2-5) 


(4.2-6) 


(4.2-7) 


second lens 
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corresponding to a mean colour which is around the yellow region, 
Similarly, the focal length of the combination corresponding to the red 
colour would be given by 


nbl m-ti'i 7 
maf troy (4.2-8) 


For the focal length of the combination to be equal for blue and red 
colours, we must have 


Fili, m-i! m-ll m1 1 
nlf tw-if7maciftw-ip 
or ^ 
P+ or =0 (4.2-9) 
where ; 
na—nr 1 He ) 
Lures and o P (4.2.10) 


are known as the dispersive powers. Since c and o' are both positive, 
f and f’ must be of opposite signs for the validity of Eq. (4.2-9). A lens 
combination which satisfies Eq. (4.2-9) is known as an achromatic doublet 
(see Fig. 4.2). It may be mentioned that if the two lenses are made of 


Crown 


Fig. 4.2. An achromatic doublet. 


the same material, then o=0' and Eq. (4.2-9) would imply f=—/’; such 
a combination will have an infinite focal length. Thus, for an achromatic 
doublet the two lenses must be of different materials. 


Example 4.1 An achromatic doublet of focal length 20 cm is to be 
made by placing a convex lens of borosilicate crown glass in contact with 
a diverging lens of dense flint glass, Assuming 7,=1.51462, m=] . 52264. 
m=1.61216 and n,=1.62901, calculate the focal length of each lens; here 


the unprimed and the primed quantities refer to the borosilicate crown 
glass and dense flint glass respectively. 
Solution. 


natn o 1.522644-1.51462 
22b r 2 


= 1.51863 
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y o otn, _ 1.62901-+1 61216 
a 2 


—1.62058 
Thus, 
1.52264—1.51462 _ 
o= LOT SI — 0.01546 
and 
,_ 1.6201—1. edd 
o = 771.620588— EE 


substituting in Eq. (4.2-9), we obtain 


0. 0-0146 y 0.02715 _ 5 


rah ra 
or 
$ = —0.56942 


Now, for the lens combination to be of focal length 20cm we must have 


pb 
if ae 
or 
HiS —0. se | = 55 
or 
f=20x0.43058 = 8.61 cm. 
and 


e —15.1 cm. 


? 
f'——:56922 


4.2.2 Removal of Chromatic Aberration of a Separated Doublet 


Let us consider two thin lenses of focal lengths f and f’ and separated 
by a distance 1 (see Fig. 4.3). The focal length of the combination F, 


D 


f f 


ha t ———- 


Fig. 4.3 The separated doublet. 
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would be ux v. 1 
" i 
L—:42—7 4.2- 
Foy tp p (4.2-11) 
The focal length of th? first lens would be given by 


| | 
jool) a 


with a similar expression for l/f'. 1f Af and An rep.esent the changes 
in the focal length and in the refractive index due to a change A2 in the 
wavelength, then by differentiating Eq. (4.2-12) we obtain 


ERE 


Thus, differentiating Eq. (4.2-11), we obtain 


AF A Af’ Af’ 
Rc Pete get poe 


SENCAN s An' UEM t An 
ODS WF J WP P a-y 
<Ft FH (+0’) (4.213) 


where, as before, o and w’ represent the dispersive powers. Consequently, 
for the combination to have the same focal length for blue and red colours 
we should have 
t(@+o’) LEO ra 
yov saat P 


— of’ +o'f 
t xg (4.2-14) 


or 


If both the lenses are made of the same material, then o=o and the above 
equation simplifies to 


te CEP (4.2-15) 


implying that the chromatic aberration is very small if the distance between 


the two lens:s is equal to the mean of the focal lengths. This is indeed 
the case for the Huygens’ eye-piece, 


MONOCHROMATIC ABERRATIONS 


43 Spherical Aberration 
Let a beam of light Parallel to the axis be incident on a thin lens (see 
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Fig. 4.4). The light rays after passing the lens bend towards the axis and 
cross the axis at some point. If we restrict ourselves to the paraxial region, 
then we can see that all rays cross the z-axis at the same point which is at 
a distance fp from the lens; fp represents the paraxial focal length of the 
lens. If one does not restrict to the paraxial region, then in general, rays 
which are incident at different-heights on the lens, hit the axis at different 
points. For example, for a convex lens, the marginal rays (which are 
incident near the periphery of the lens) focus at a point closer than the 
focal point of paraxial rays (see Fig. 4.4a). Similarly, for a concave lens, 
rays which are incident farther from the axis appear to be emerging from 
a point which is nearer to thelens (see Fig. 4.4b). The point at which 
the paraxial rays strike the axis (Fp) is called the paraxial focus and the 
point at which the rays near the periphery strike is called the marginal focus 


Lateral 
Spherical 
A Aberratior 


Longitudinal 
Spnerical 
Aberration 


(a) 


Fg. 4.4 (a) For a converging lens the focal point for marginal rays lie closer to ' 
the lens than the focal point for paraxial rays. The distance between 
the paraxial focal point and the marginal focal point is known as the 
longitudinal spherical aberration and the radius of the image at the 
paraxial focal plane is known as the latera] spherical aberration. The 
combined effect of defocusing and spherical aberration leads to the 
formation of a circle of least confusion, where the image would have the 
minimum diameter. (b) The spherical aberration of a diverging lens, 
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(Fw). The distance between the two foci is a measure of spherical aberra- 
tion in the lens, Thus if O Tepresents an axial object, then different rays 
emerging from the object converge to different points; consequently, the 
image of a point object will not be a point. The distance along the axis 
between the paraxial image point and the image corresponding to marginal 
rays (i.e. rays striking the edge of the lens) is termed longitudinal spherical 
aberration. Similarly, the distance between the paraxial image point and 
the point at which the marginal ray strikes the paraxial image plane is 
called the lateral spherical aberration (sce Fig. 4.4a), The image on any 
plane (normal to the z-axis) is a circular patch of light; however, as can 
be seen from Fig. 4.4a, on a plane AB the circular patch has the least 
diameter. This is called the circle of least confusion (see Plate 2). It 
may be mentioned that for an object lying on the axis of a cylindrically 
symmetric system (like a system of coaxial lenses), the image will suffer 
only from spherical aberration. All other off-axis aberrations like coma, 
astigmatism, ete. will be absent, 

To see how the rays hitting the refracting surface at different heights 
could focus to different points on the axis, let us consider the simple case 
of a plane refracting surface as shown in Fig. 4.5. Let the plane of the 
refracting surface be chosen as the plane z—0. Let P be the Object point. 
The z-axis is chosen to be along the normal (PO) from the point P to the 
surface. The plane z=0 separates two media of refractive indices n, and 
^, (see Fig. 4.5); in the figure we have assumed "2n", Consider a ray 


2:0 


Fig. 4.5 Refraction at a plane surface. 


PM incident on the refracting surface (from the object) at a height A as 
shown in Fig. 4,5. The refracted Tay appeats to emerge from the point 
Q. We assume the origin to be at the point O. Let the z-coordinates of 
the points P and Q be Za and z, respectively. Obviously, both z, and z, 
would be negative quantities and the distances OP and OQ would be —z, 
and —z, respectively (see Fig. 4.5). We have to determine Z, in terms of 
Zo From Snell's law we know that 


sin x = nsing (4.3-1) 


Plate 2 The spherical abberation of a convex lens. (Fhotograph courtesy Mr. K. K. 
Gupta.) 
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where « and B are the angles that the incident and refracted rays make 
with the z-axis and 


n= (4.3-2) 
Now, from Fig. 4.5 we have 
HE ELE T 
(—21) = h cot p = FETA sin? 8 


or 


peed m (4:3-3) 


sine = ——— (4.3-4) 


we obtain 


z= nih 3 Cà a[i- ld 35 (4.3-5) 


n gg) 
ry hè RTI 
anal [15] (145) ] (4.3-6) 
20 m zo 20 


The value of z, given in Eq. (4.3-6) is an exact expression in terms of zy. 
It can at once be seen that the image distance, z,, is a complicated function 
of the height A, at which the ray strikes the refracting surface. In the limit 
of h—>0, i.e. for paraxial rays, we get 


or 


z,7-—n|z| (4.3-7) 


which is the expression for the image distance in the paraxial region. To 
the next order of approximation, assuming |///zo| « 1, we get 


zœ —n lal [147 "n mL = A 


E a1 4 zsa 0-0] (4.3-8) 
“oO 


Thus the aberration is given by 


hè 
Az=— (n?—1) 4.3-9) 
mi To ‘ 
The above expression gives the longitudinal spherical aberration. The 
negative sign implies that the non-paraxial rays appear to emanate from a 
point which is farther away from the paraxial image point. 
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ting surface suffers from spherical aberration. Thus, spherical refracting 
surfaces and thin lenses must also suffer from spherical aberration. 

The calculation of the spherical aberration even for a single spherical 
refracting surface is quite cumbersome (see, e.g. Smith, 1928); we just give 


(ny —n) DE DARE EH: 21 
xy de ene 
s zT nR 


1 


Az=— 


where R represents the radius of curvature of the surface, m, and My repre- 
sent the refractive indices of the media on the left and right of tke 
spherical surface (see Fig, 4.6). Fora plane surface R=oo, Eq. (4.3-10) 
reduces to Eq. (4.3-9) with n=n,/n,. 


n nz 
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Fig. 4.6 (a) A spherical refracting surface 
(b) The aplanatic points of a spherical refracting surface, 


Example 4.2 Consider a spherical refracting surface of radius R. Show 
that for a point A [see Fig. 4.6(b)] such that 


4 = Tt R (4.3-11) 


the spherical aberration is zero. Notice that both R and Zy are negative 
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n,—h, 
ng 

The points A and B are known as the aplanatic points and are utilized in 
microscope objectives. 

mim R, one of the factors in Eq. (4.3-10) vanishes 

1 

and the spherical aberration is zero. Indeed, it can be rigorously shown 
that all rays emanating from the point A appear to diverge from the point B. 


quantities. The corresponding image point B is at a distance Ze. 


Solution. For zy— 


Example 4.3 Consider a refracting surface obtained by revolving an 
ellipse about its major axis. Show that all the rays parallel to the major 
axis will focus at one of the foci if the eccentricity of the ellipse is equal 
to mns. 

Hint: The eccentricity of the ellipse is given by 


where a and b are the semi-major and semi-minor axes respectively (see 
Fig. 4.7). If we assume m (QP)4-n, (PF)—ng (BF), then show that the 
coordinates of the point P (x, y) will satisfy the equation of the ellipse. 


Fig. 4.7 For Example 4.3. 


In a similar manner, for a set of fays incident parallel to the axis, one 
can show that the coefficient of spherical aberration of a thin lens made 
of a material of refractive index n and placed in air, with the surfaces 
having radii of curvatures A; and R,, would be given by 


den D -(x-^) Ix-^e«» x] (4:3-12) 
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where i i iN 
Peg alara) (e.a 


represents the power of the lens. The coefficient A is such that when it 
is multiplied by the cube of the height of the ray at the lens, one obtains 
the lateral spherical aberration. Thus the lateral spherical aberration for 
rays hitting the lens at a height h would be 


RDR I 7x -?) fà Fees) (4.3-14) 


The longitudinal spherical aberration which corresponds to the difference 


between the marginal focal length and the paraxial focal length would be 
given by 
Siong = Alèf 


areala E] enm 


For a converging lens, Siong will always be negative implying that the 
marginal rays focus closer to the lens. 


For a thin lens of given power (i.e. of a given focal length), one can 
define a quantity q, called the shape factor, by the following relation: 


R,Q-R 
= SEESI ls 
q R—R, (4.3-16) 


010— 


Fig. 4,8 Variation of spherical aberration and coma with the shape fuctor of a 
thin lens with n=1.5, f=40 cm and A-lem. For calculating the 
coma we have assumed tan 0—1, i.c, rays make an angle of 45° with 
the axis, 
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where R, and R, are the radii of curvatures of the two surfaces. For a 
given focal length of the lens, one can control the spherical aberration by 
changing the value of q. This procedure is called bending of the lens. 
Figure 4.8 shows thz variation of spherical aberration with q for *i—1.5, 
f=40 cm (i.e. P—0.025 cm~) and h=1 cm. It can be seen that for values 
of q lying near qe 4.0.7, the (magnitude of the) spherical aberration is 
minimum (but not zero), Thus, by choosing proper values of the radii, 
the spherical aberration can be minimized. 1t may be mentioned that the 
value q = +1 implies R,— oo and hence it corresponds to a plano-convex 
lens with the convex side facing the incident light. On the other hand, for 
a plano-convex lens with the plane side facing the incident light R,— oo and 
q=—1. Thus the spherical aberration is dependent on how the deviation 
is divided between the surfaces, 

The physical reason for the minimum of | Sjong| to occur at qœ0.7 is as 
follows: It has already been mentioned before that (for a converging lens) 
the marginal rays undergo a large deviation which results in the spherical 
aberration (see Fig. 4.4a). As such we should expect the spherical aber- 
ration to be minimum when the angle of deviation 3 [see Fig. 4.9(a)] is 
minimum. As in the case of the prism [see Fig. 4.9(b)], this would occur 
when the deviations suffered at each of the refracting surfacls are exactly 
equal, i.e. 

3,=3,; (8=8,-+8,) (4, 3-17) 


Indeed for q—0.7, the deviations suffered at each of the surface are equal 
and one obtains minimum spherical aberration. 

Using the criterion of equal deviation discussed above, we will deter- 
mine the separation between two thin lenses which would lead to minimum 
spherical aberration. Let L, and Z, be two lenses of focal lengths /, and fy 
respectively separated by a distance x (see Fig. 4.10). If 0, and 0, repre- 
sent the deviations of the ray at the two lenses, then for minimum 
spherical aberration, we get 


0:=0, (4.3-18) 


To obtain an expression for the deviation suffered by a ray when it 
encounters a lens, we refer to Fig. 4.11 where a ray PA gets refracted 
along AQ after suffering a deviation through an angle0. From triangle 
PAQ, we can see that 


h h (IX 3A 
D= OH e + 5 eh ( j-; (4.3-19) 
where we have used the paraxial relation 


=} (4.3.20) 


The quantity w is an intrinsically negative quantity. Thus Eq. (4.3-18) 


* Fig 4.9 (a) Refraction at the two refracting surfaces of a thin lens; the diagram 
is exaggerated to show clearly the angles, (b) For a prims, the 
minimum deviation position corresponds to 8, = 35. 
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becomes 
(4.321) 


Ly us 


Fig. 4,10 Condition for minimum spherical aberration for a combination of 
two thin lenses. 


Fig. 4.11 Calculation of the angle of deviation. 


From similar triangles AC, D and BC,D (sce Fig. 4.10), we can write 


In hy 
a= 4.3-22 
h fi-x (or 
If we use Eqs. (4.3-21) and (4.3-22) we obtain 
x=fi—fr (4.3-23) 


Thus the spherical aberration of a combination of two thin lenses is a 
minimum when their separation is equal to the difference in their focal 
lengths. Indeed. in the Huygens eyepiece (sec lig. 4.12), the focal 
length of the field lens is 3/ where f represents the focal length of the 
eye lens: The distance between the two lenses is 2, We ean immediately 
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see that the conditions for achromatism (sez Eq. 4.2-15) and minimum 
spherical aberration (see Eq. 4.3-23) are simultaneously satisfied. Since, 
the eyepiece as a whole is corrected and the individual lenses are not, the 
image of the cross wires (which are placed in the plane PQ) will show 
aberrations. A discussion of the procedure for reducing the aberrations 
in various optical instruments requires a very detailed analysis involving 
the tracing of the rays, which is beyond the scope of this book. 


fo —— 


Fig. 4.12 The Huygens eyepiece. 


It should be mentioned that even when the system is free from all 
aberrations the image of a point object will still not be a point because of 
diffraction effects (see Sec. 15.3). For example, if a perfectly spherical 
wave is emanating from a lens, the ray theory predicts a point image 
whereas the diffraction theory (which takes into account the finiteness of 
the wavelength) predicts that the image formed in the image plane will be 
an Airy pattern [see Fig. 15.8(c)], and the first dark ring will occur at a 
distance of Ley -from the paraxial image point (see Fig. 4.13) where 
D is the diameter of the exit pupil. The Spatial extent of the Airy 
pattern will become larger with decrease in the value of D. Often one 


Fia. 4.13 A perfectly spherical wave (converging to the point O) will produce 
an Airy pattern in the image lane 
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uses ‘stop’ to restrict to the paraxial region; however, if the diameter of 
the ‘stop’ is made very small then the diffraction elfects would 
predominate. Indeed, a camera gives best image when //D zz 5.6; at high 
apertures aberrations degrade the image and at low apertures diffraction 
degrades the image. 


4.4 Coma 
As mentioned earlier for a point object lying on the axis the image 
will suffer only from spherical aberration. For off-axis points, the image 
will also suffer from coma, astigmatism, curvature of field and distortion. 
The first off-axis aberration is coma; i.e. for points lying very close to the 
axis the image will suffer from spherical aberration and coma only. In 
this section we will briefly discuss the eflect of coma, assuming that all 
other aberrations are absent. 

The effect of coma is schematically shown in Fig. 4.14a. The rays 
which proceed near the axis of the lens focus at a point different from 


t) 


Fig. 4.14 The image formation in the presence of Coma. In (a) wc have 
shown only those rays which lie in the meridional plane. 


that of the marginal rays. Thus it appears that the magnification is 
different for different parts of the lens. It may be mentioned that if we 
consider the image formation by different zones of a lens, then the 
spherical aberration arises due to the fact that different zones have 
afferent powers and coma due to the fact that different zones have 
different magnifications. In Fig. 4.14(a) we have shown only those rays 
which lie in the meridional plane, ie. that-plane containing the optical 
axis and the object point. To see the shape of the image one has to 
consider the complete set of rays.* In Fig.4.14(b) we have shown a 
three-dimensional perspective in which we have considered a set of rays 
which hit the lens at the same distance from the centre. Rays which 


*It must be mentioned that a proper understanding of the aberrations can only be 
had by a careful and thorough mathematical analysis. This, however, is beyond the 
scope of this book; interested readers may look up a more advanced book like Born 


and Wolf (1975) 


(b) 
Fig. 4.14 (b) a threc dimensional perspective is shown. 


(e) 
Fig. 4.14 (c) we have shown the composite image. 


Plate 3 Image of a point source showing coma. (After 
H. F. Meiners, Physics Demonstration Experiments, Vol. II, 
The Ronald Press Co., New York, 1970; used with 


permission. 
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intersect the lens at diametrically opposite points focus to a single point 
on the paraxial image plane. These different pairs of rays focus to 
different points in the image plane such that these foci lie on a circle, 
The radius of the circle and the distance at which the centre lies from the 
ideal image point measures the coma. As the radius of the zone [shown 
as h in Fig. 4. 14(b)] increases, the centre of the circle also shifts away from 
the ideal image. Thus the composite image will have a form as shown in 
Fig. 4.14(c). The image of a point object thus has a comet like appearance 
and hence the name coma (see Plate 3). 

For a parallel bundle of rays incident on a lens and inclined at an 
angle 9 with the z-axis (sce Fig. 4.15), one can show (see, ¢.g. Born and 
Wolf, 1975) that the coma in the image is given by 


3 (n—1) js pana (n—1) Qn I) anal - BRA 
Coma = —5 fhe tan? 0 [S CER x) (4.4-1) 


Fig. 4.15 Parallel rays (inclined at an angle 0 with the axis) incident on a thin lens: 


In Fig. 4.8 we have plotted the variation of coma with the shape factor q. 
It can immediately be seen that for a lens with qz 4-0.8, coma is zero. 
It can also be seen that both spherical aberration and coma are close to 
a minimum for a plano-convex lens (with the convex side facing the 
incident light) for which q=1.0 and as such plano-convex lenses are 
extensively used in eye-pieces. 

We will now derive the condition to be satisfied by an optical system 
which is free from spherical aberration as well as coma. The relation is 
called the Abbe-sine condition. We will derive it for the particular case 
of a spherical refracting surface, but the condition is more general (see e.g. 
Born and Wolf, 1975). Let SS’ be the spherical surface of refraction of 
radius of curvature R separating two media of relative refractive index n as 
shown in Fig. 4.16. Let Q be the image of the point P. Let P' be an off 
axis object point at a distance x, from P. We have to determine the 
condition such that Q’ is the image of P”. 

From similar triangles PP'C and QQ'C, we have 


A Mee (4.42) 


84 Geometrical Optics 


where wv and v represent the object and image distances from the pole of 
the spherical surface. Since Q is the image of P, a ray PT, after refraction 
passes through the point Q. Applying Snell's law at the point T, we get 


sina =nsing (4.4-3) 


where « and & are shown in Fig, 4.16. Applying the law of sines to the 
triangle PTC, we obtain 

sin (z—a) - sin 9, 

(EWER TER 
where / TPC = 0,. Thus 

(u) R sina 


R sin$; (4.4-4) 
Similarly i 
"x i a, (4.4-5) 
Thus using Eqs. (4.4-3) to (4.4-5), we obtain 
ind =n COUR (4.4-6) 
From Eqs. (4.4-6) and (4.4-2), we obtain 
xı Sin 0 —7 x, sin 0, (4.4-7) 


This is called the Abbe-sine condition. Thus if this condition is satisfied 
then points near the axis are imaged sharply even for large values of 0,. 


Fig. 4.16 Derivation of the Abbe-sine condition. 


45 Astigmatism and Curvature of Field 


When an optical system is free from Spherical aberration and coma 
then the system will image sharply those object points lying on or 
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near the axis. But for points far away from the axis, the image of a point 
will. not be a point and then the optical system is said to be afflicted with 
astigmatism. 

Consider an object point P far away from the axis. The plane contain- 
ing the axis and the object point is called the meridional plane and the 
plane perpendicular to the meridional plane (containing the axis) is called 
the sagittal plane. Fig. 4.17 shows the image formation when the optical 


Fig. 4.17 Image formation in the presence of astigmatism. 


system suffers from astigmatism only. The rays in the meridional plane 
converge at a different point as compared to those in the sagittal plane. 
For example, the rays PA and PB focus at the point 7 and the rays PC 
and PD focus at a point S which is different from T. Since at the point 
T, the rays in the sagittal plane have not still focused, one in fact has a 
focal line which is normal to the meridional plane. This focal line T is 
called the tangential focus. Similarly, since at S, the rays in the meridional 
plane have defocussed, one obtains a focal line lying in the tangential 
plane; this is called the sagittal focal line. The distance between S and T 
is a measure of astigmatism. 

To see the origin of astigmatism one observes that for a point on the 
axis (when the Jens is free from other aberrations) the wavefront emergin 
from the lens is spherical and thus as the wavefront progresses, it 
converges to a single point. But when the object point is non-axial, then 
the emerging wavefront is not spherical and thus as the wavefront 
converges, it does not focus toa point but to two lines, which are normal 
to each other and called the tangential and the sagittal focal lines. 
Somewhere between the two focal lines, the image is circular in shape and 
is called the circle of least confusion. 

The distance between the tangential and the sagittal foci increases as 
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the object point moves away from the axis. Thus the tangential foci and 
the sagittal foci of points at different distances from the axis lie on two 
surfaces as shown in Fig. 4.18. The optical system will be said to be free 


Paraviat 
Image 
Plane 


Fig. 4.18 Tangential and Sagittal foci, 


from astigmatism when the two surfaces coincide. But even when they 
coincide it can at once be Seen that the resultant image surface will be 
curved, This defect of the image is termed curvature of the field, 

As an example of image formation in the Presence of astigmatism, 
consider a spoked wheel coaxial with the lens axis as shown in Fig. 4. 19(a). 


as un 
is 
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Fig. 4,19 (a) shows a spoked object coaxial with the axis of the lens; (b) and 
(c) show the images on the T-surface and S-surface respectively, 


Since on the T surface the image of a Point source is a line perpendicular 
to the meridional plane, on the T-surface, the complete rim of the wheel 
will be in focus while the Spokes will be out of focus as shown in Fig, 
4.19(b). Similarly, since on the S-surface the image of a point is a line in 


the meridional plane, the Spokes will be in focus and the rim will not be 
in focus as shown in Fig. 4.19(c). 


4.6 Distortion 

The last of the Scidel aberrations is called distortion and is caused by 
non-uniform magnification of the system. When we discussed spherical 
aberration we had mentioned that for a point object on the axis of the 
optical system, the image will suffer only from spherical aberration. 
Similarly, if we have a pinhole on the axis at any plane of the optical 
system (see Fig. 4.20), then the image will suffer only from distortion. 


Fig. 4.20 In the presence of a pinhole on the axis, the image sullers only 
from distortion. 


This is because of the fact that corresponding to any point in the object 
plane, only one of the rays emanating from this point will pass through 
the pinhole; consequently, all other aberrations will be absent. Obviously, 
for such a configuration, cach point will be imaged as a point but if the 
system suffers from non uniform magnification, the image will be distorted. 
This can be illustrated if we consider the imaging of four equally spaced 
points A, B, C, and D which are imaged as 4’, B', C' and D' respectively. 
Mathematical analysis shows that 


Xa = M xy FE Q0) Xo (4.6-1) 
and 
Yi M yot EQ) (4.62) 


where (xo, yo) and (Xa, Yu) represent the coordinates of the object and the 
image point respectively, M represents the magnification of the system 
and Æ represents the coefficient of distortion. Figure 4.21(b) corresponds 
to a negative value of E and is known as barrel distortion. The distortion 
of the image can bc easily understood if we consider the imaging of a 
square grid as shown in Fig. 4.21(a) Assuming unit magnification 
(i.e. M1), the points having coordinates (0, 0), (1,0), (2h, 0) (3/, 0), (0, h), 
(0, 2/0), (0,34), (iy), (0 2h), (hyhi), ... are imaged at (0,0), (h+Eh’, 0), 
(Qh--8EIP, 0), (3h+27Ek, 0), (0, i-4-El?), (0,2h4-8ER), (0, 3h+27Eh°), 
(MER, h+ Elf), (hb EM, 2h4 SEN), (2h3-8ERP, h+ Eh’), . . . respectively. 
If the reader actually plots these points, then for E<0, he would obtain a 
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figure like the one shown in Fig. 4.21(b). Similarly for E>0, he would. 
obtain Fig. 4.21(c). Notice that each point is imaged at a point, but the 
image is distorted because of non-uniform magnification. 


E«0 £»0 
(o) (b) (c) 


Fig. 4.21 (a) shows the object, (b) represents the image when E« 0 and 
(c) when E»0. 


PROBLEMS 


l. Consider a plane glass slab of thickness d made of a material of refractive index 
n, placed in air. By simple application of Snell's law objain an expression for 
the spherical aberration of the slab. What are other kinds of aberrations that the 
image will suffer from? 

(Ans: Spherical Aberration baty de where / is the height at which the 
ray strikes the slab, and w is the distance of the object point from the front 
surface of the slab). 

2. Why can’t you obtain an expression for the spherical aberration of a plane glass 
slab from Eq. (4.3-12) by tending Ri, Reto œ? 

3.. Obtain an expression for the chromatic aberration in the image formed by a plane 
glass slab. 

4. Docs the image formed by a plane mirror suffer from any aberration? 

5. Calculate the longitudinal spherical aberration of a thin plano-convex lens made 
of a material of refractive index 1.5 and whose curved surface has a radius of 
curvature of 10 cm, for rays incident at a height of 1 cm. Compare the values 
of the aberration when the convex side and the plane sidc facc the incident light. 

6. Consider a lens made up of a material of refractive index 1.5 with a focal length 
25cm. Assuming 4=0.5 cm and 0=45°, obtain the Spherical aberration and 
coma for the lens for various values of the shape factor q and plot the variation 
in a manner similar to that shown in Fig. 4.8. 

7. An achromatic cemented doublet of focal length 25 cm is to be made from a 
combination of an equiconvex flint glass lens (y= 1.50529, n,=1.49776) and a 
crown glass lens (1.66270, mn=1 64357). Calculate the radii of curvatures of 
the different surfaces and the focal lengths of each of the two lenses. 
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PART II 


Vibration and Waves 


5 Simple Harmonic 
Motion 


I heard a thousand blended notes... 


WORDSWORTH 


5.1 Definition 


A periodic motion is a motion which repeats itself after regular intervals 
of time and the simplest kind of periodic motion is a simple harmonic 
motion in which the displacement varies sinusoidally with time. In order 
to understand the simple harmonic motion we consider a point P rotating 
on the circumference of a circle of radius a with an angular velocity w 
(see Fig. 5.1). We choose the centre of circle as our origin and we assume 


Fig. 5.1. The point P is rotating in the anticlockwise direction on the circum- 
ference of a circle of radius a, with uniform angular velocity e. The 
foot of the perpendicular on any one of the diameters executes 
simple harmonic motion. P, is the position of the point at t= 0. 


that at t=0 the point P lies on the x-axis (ie. at the point Pj. At an 
- arbitrary time t the point will be at the position P where Z POX=ot. 
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Let A be the foot of the perpendicular from the point P on the x-axis. 
Clearly, the distance 
OA - a cos ot, (5.1-1) 


and as the point P rotates on the circumference of the circle, the point 4 
moves to and fro about the origin on the diameter. When the point P is 
at P,, then the foot of the perpendicular is at O. This can also be seen 
from Eq. (5.1-1) because when P coincides with P,, of=7/2 and hence 
acosot-acosz/2—0. As the point still ‘moves further, the foot of the 
perpendicular would lie on the other side of the origin and thus OA would 
be negative as is also evident from Eq. (5.1-1) because wf would then be 
greater than 7/2. When P coincides with Py, then OA=OP,=~ a. When 
the point P moves from P, to Ps, OA starts decreasing and it finally goes 
to zero when P coincides with P,. After P crosses P, OA starts increasing 
again and finally acquires the value a when P coincides with Py. After 
crossing the point P,, the motion repeats itself. 

A motion in which the displacement varies sinusoidally with time 
[as in Eq. (5.1-1)] is known as a simple harmonic motion. Thus, when 
a point rotates on the circumference ofa circle with a uniform angular 
velocity, the foot of the perpendicular on any one of its diameters will 
execute simple harmonic motion. The quantity a is called the amplitude 
of the motion, and the period of the motion, 7, will be the time required 
to complete one revolution. Since the angular velocity is o, the time taken 
for one complete revolution will be 2x/o. Thus 


2r 
T (5. 1-2) 


The inverse of the time period is known as the frequency. 


EA 
B oa) 
or 
o= 2ny (5.1-3) 


It should be pointed out that we could as well have studied the motion of 
the point B, which is the foot of the perpendicular from the point P on 
the y-axis. The distance OB is given by 


OB=y=asin ot. (5.1-4) 


We had conveniently chosen t = 0 as the time when P was on the x-axis. 
The choice of the time t=0 is arbitrary and we could have chosen time 
1—0 to bethe instant when P wasat P'(see Fig. 5.2). If the angle 
LP'OX-—9 then the projection on the x-axis at any time ¢ would be 
given by 

OA=x=acos(wt+0) (5.1-5) 
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Fig. 5.2 At t0, the point P is at P’ and, thereforo, the initial phase is 0. 


The quantity (4-0) is known as the phase of the motion and 6 represents 
the initial phase. It is obvious from the above discussion that the value 
of 0 is quite arbitrary and depends on the instant from which we start 
measuring time. 

We next consider two points P and Q rotating on the circle with the 
same angular velocity and P’ and Q' be their respective positions at 150. 
Let the angles Z P'OX and / Q'OX be 0 and respectively (see Fig. 5.3). 


Fig. 5.3 The points A and B execute simple harmonic motions with the same 
frequency e, The initial phases of A and B are 6 and s respectively, 


Clearly at an arbitrary time 1, the distance of the foot of the perpendiculars 
from the origin would be 


Xp = acos (4-0) (5.1-62) 
xo = acos(ot--9) (5.1-6b) 

The quantity 
(014-0) —(at4- 9)  0—9 (5 1-7) 


represents the phase difference between the two simple harmonic motions 
and if 0—g=0 (or an even multiple of =) the motions are said to be in 
phase, and if 0—9-7 (or an odd multiple of x) the motions are said to be 
out of phase. If we choose a different origin of time, the quantities 0 and @ 
would change by the same additive constant; consequently, the phase 
difference (0— 9) is independent of the choice of the instant ( = 0. 
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Thus the displacement of a particle, which executes simple harmonic 


motion, can be written as 
x=a sin (ot4-0) (5.1-8) 


Therefore, the velocity and the acceleration of the particle would be given 
by the following equations 


= ao cos (ot--0) (5.1-9) 
and z 
pe pea = — aufsin (of +0) 
-——owx (5.1-10) 


Eq. (5.1-10) shows that the acceleration of the particle is proportional to 
the displacement and the negative sign indicates that the acceleration is 
always directed towards the origin. Eq. (5.1-10) can be used to define the 
simple harmonic motion as the motion of a particle in a straight line in 
which the acceleration is proportional to the displacement from a fixed 
point (on the straight line) and always directed towards the fixed point. 
(Here the point x — O0 is the fixed point and usually referred to as the 
equilibrium position). If we multiply Eq. (5.1-10) by the mass of the 
particle, then we obtain the following expression for the force acting on 
the particle 

F = mf = — mox 
or 

Fe—kx (5.1-11) 


where k (sm?) is known as the force constant. We could have equally 
well started from Eq. (5.1-11) and obtained simple harmonic motion. 
This could easily be seen by noting that since the force is acting in the x 
direction, the equation of motion would be 


H 
moe = F= —kx 
or 
dx k 
at + m* = 
or d 
dix 
qe + ex=0 (5. 1-12) 


where o*—k/m. The general solution of Eq. (5. 1-12) can be written in the 
form 


x=A sin of+B cos ot (5.1-13) 


which can be rewritten in either of the following forms 


x= asin (wt +0) (5.1-14) 
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or x=a cos (wt+6) (5.1-15) 


which describes a simple harmonic motion. 


5.2 Examples of Simple Harmonic Motion 


(i) The simplest example of the simple harmonic motion is the motion of 
the bob of a simple pendulum in the gravitational field. If the bob of the 
pendulum is displaced slightly from the equilibrium position (see Fig. 5.4) 


| 


A 


(a) (b) 


Fig. 5.4 (a) The forces acting on the bob of the pendulum when it is displaced 
from its equilibrium position. The restoring force is F, which is 
equal to mg sin 0. 
(b) Ifthe angle 0 is small, the motion of the bob can be approxi- 
mately assumed to be in a straight line. 


then the forces acting on the bob are the gravitational force mg acting 
vertically downwards and the tension 7, in the direction B'A. In the 
equilibrium position (AB) the tension is equal and opposite to the 
gravitational force. However, in the displaced position the tension T is 
not in the direction of the gravitational force and if we resolve the 
gravitational force along the direction of the string and. perpendicular to 
it, we see that the component mg cos balances the tension in the string 
and the component mg sin® is the restoring force. The motion of the 
bob is along the arc of a circle but if the length of the pendulum is large 
and the angle 0 is small, the motion can be assumed to be approximately 
in a straight line (see Fig. 5.4b). Under such an approximation we may 
assume that the force is always directed towards the point B and the 
magnitude of this force will be 


mg sin 0 me > (5.2-1) 
Thus the equation of motion will be 
d'x x 
Fem ga = m 7 (5.2-2) 
or 
dx 


dg e x-0 (5.2-3) 
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where CERT) Equation (5.2-3) is of the same form as Eq. (5.112); 
thus the motion of the bob is simple harmonic with its time period given 
by the following equation 


T---—2mj- (5.2-4) 
£, 


It should be pointed that the expression for the time period is fairly 
accurate (ie. the motion is approximately simple harmonic) as long as 
0<4°. 

We next consider the motion of two identical simple pendulums 
vibrating with the same amplitude a (see Fig. 5.5). Let, at r=0.'the bob 
of one of the pendulums be at its extreme right position (Fig. 5.5a) and 


(a) 


Fig. 5.5 (a) and (b) show the motion of two identical pendulums which are 
vibrating with the same amplitude but having a phase difference 
of z/2. The small circles denote the position of the bobs at 1—0. 


the bob of the other pendulum be at the equilibrium position, moving 
towards the right (Fig. 5.5b). If we measure the displacement from the 
equilibrium positions of the pendulums, then the displacements would be 
given by 


X, =acos wt 
X = a Sin ot =a cos (»-5) (5.2-5) 


Thus the two bobs execute simple harmonie motion with a phase difference 
of 7/2 and in fact the first pendulum is ahead in phase by x/2. It may be 
mentioned that in Fig. 5.5(b) if the bob was moving towards the left, 
then the equation of motion would have been 


Xa = — asin wt = a cos (ot+7/2) 
and then the second pendulum would have been ahead in phase by 7/2. 


Since, in general, the displacement of the bob of the pendulum can be 
written as 
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x=a cos (ot+9) (5.2-6) 
the velocity of the particle would be given by 


dx 
j = caesin(ord-9) (5.2-7) 


Thus the kinetic energy of the mass would be 


(ME 
T —Àm (2) = pma! o* sin? (ot4- 9) (5.2-8) 
Comparing Eqs. (5.2-6) and (5.2-8), we see that when the particle is at its 
extreme positions, the kinetic energy is zero and when the particle passes 
through the equilibrium position, the kinetic energy is maximum. At the 
extreme positions, the kinetic energy gets transformed into potential energy. 
From Fig, 5.4(a) it can immediately be seen that 


Potential Energy, V =mgh=mgl (1 —cos 0) 


2 
= mgl 2 sin? ; c 2 mgl (2) 


=tgl (7) =m (7) a 


= }mo*x? (5.2-9) 
or* V = àmo*a* cos? (ot4-9) (5.2-10) 


where we have used the fact that w*=g//. Thus the total energy E would 


be given by 
E=T+V 


= mota? (5.2-11) 


which, as expected, is independent of time. We can also see from 
Eq. (5.2-11) that the energy associated with the simple harmonic motion 
is proportional to the square of the amplitude and the square of the 
frequency. 

(ii) Another simple example is the motion of a mass m, held by two 
stretched springs on a smooth table as shown in Fig. 5.6. The two 


*The expression for potential energy could have been directly written down by 
noting the fact that if the potential energies at x and at x--dx are V and V4-dV, then 
dV=—Fdx=+kx dx. Thus 

x 
V= [ kxdxesikx? 
ò 


where we have assumed the zero of the potential energy to be at x=0. 
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Fig. 5.6 Two springs of natural length /a [sce.(a)] are stretched to a length 
l [see (b)] to hold the mass. Jf the mass is displaced by a small 
distance x from its equilibrium | position [see (c)], the mass will 
execute simple harmonic motion. 


springs are of natural length /, (Fig. 5.6a) and corresponding to the 
equilibrium position of the mass. the lengths of the stretched springs arc 
l. f the mass is displaced slightly from the equilibrium position, then 
the resultant force acting on the mass will be 


F=k [—x)—h]—k ((4+-x)—h] 

=—2kx (5.2-12) 
Where. represents the force constant of the spring. Once again we get a 
force which is proportional to the displacement and directed towards the 
equilibrium position and consequently, the motion of the mass on the 
frictionless table will be simple harmonic in nature. 
(iii) When a stretched string (as in a sonometer) is made to vibrate in its 
fundamental mode (see Fig. 5.7), then each point on the string executes 
simple harmonic motion with different amplitudes but having the same 
initial phase. The displacement can te written in the form 


y=asin G 26 ) COS cf. 


The amplitude is therefore zero at x—0 and at x— and is maximum 
at x=L/2, 
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Fig. 5.7 When a string clamped at both the ends is made to vibrate in its 
fundamental mode, all particles execute simple harmonic motions 
with same frequency and same initial phase but having different 
amplitudes. 


On thc other hand, if the string is vibrating in its first harmonic, then 


each point on the first half of the string vibrates out of phase with each 
point on the other half. 


PROBLEMS 
The displacement in a string is given by the following equation 


Y (X, t)=a cos (E acier) 
where a, à and v represent the amplitude, wavelength and the frequency of the 
wave. Assume a=0.1 cm, 4-4 cm, v1 sec7!, Plot the time dependence of the 
displacement at x0, 0.5 cm, 1.0 cm, 1.5 cm, 2 cm, 3cm and 4cm. Interpret 
the plots physically, 
The displacement associated with a standing wave on a sonometer is given by the 
following equation 


y(x, t)=2a sin G x eos 2nvt 


If the length of the string is Z then the allowed values of à are 2L, 2L/2, 2L/3, 
+» (see Sec. 10.2), Consider the case when rh, study the time variation of 


displacement in each loop and show that alternate loops vibrate in phase (with 
different points in a loop having different amplitudes) and adjacent loops vibrate 
out of phase. 

A tunnel is dug through the earth as shown in Fig, 5.8. A mass is dropped at 
the point A along the tunnel. Show that it will execute simple harmonic motion. 
What will the time period be? 

Alg mass is suspended from a vertical spring, It executes simple harmonic 
motion with perio. 1 sec, By how much distance had the spring stretched when 
the mass was attached? 


A stretched string is given simultaneous displacement in the x-and y-directions 
such that 


x(z, t)=a eos (Ss -27v ) 


and 
y (z, t)=a cos (7 ih) 


Study the resultant displacement (at a particular value of z) as a function of time. 
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Fig. 5.8 For Problem 3. 


6. In the above problem, if 


x(z, t)=a cos (- 2er) 
and 


Y (z, t)&a sin G z—2nvt i, 
what will be the resultant displacement? 


REFERENCES AND SUGGESTED READING 


See at the end of Chapter 7 


6 Forced Vibrations and 
Origin of Refractive 
Index 


The souls by nature pitched too high, 
By suffering plung'd too low, 


GEORGE ELIOT 


If a periodic force acts on a vibrating system, the system undergoes 
what are known as forced vibrations. In this chapter, we will study such 
kind of vibrations; however, before we do so it is necessary to discuss 
damped simple harmonic motion. 


6.1. Damped Simple Harmonic Motion 
In Chapter 5 we had shown that for a particle executing SMH, the 
equation of motion will be of the form 


By 
TE + abx(Q=0 (6.1-1) 


the solution of which is given by 
X (t)=A cos (%t+0), (6.1-2) 


where A represents the amplitude and c, the angular frequency of motion. 
Equation (6.1-2) tells us that the motion will continue forever; however, 
we know that in actual practice the amplitude of any vibrating systom (like 
that of a tuning fork) keeps on decreasing and eventually the system stops 
vibrating. Similarly, the bob of a pendulum comes to rest after a certain 
period of time. This phenomenon is due to the presence of damping (or 
frictional) forces which come into play when the particle is in motion. 
For a vibrating pendulum, the frictional forces are primarily due to the 
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viscosity of the surrounding medium: consequently, in liquids the frictional 
forces will be much larger than in gases. In general, the exact dependence 
of the frictional forces on the velocity of the particle is quite complicated; 
however, as a first approximation we may assume it to be proportional to 
the velocity of the particle: This is also consistent with the fact that there 
are no frictional forces acting on the particle when it is at rest. In this 
model, the equation of motion will be given by* 


dix dx 


Sx pet dg (6.1-3) 


where the constant T determines the strength of the damping force. 
Eq. (6. 1-3) can be rewritten in the form 


dè 

TEHKE + aix) =0 (6.1-4 
where 

2K T and ap kdm (6.1-5) 


In order to solve Eq. (6.1-4) we introduce a new variable E (t) which is 
defined by the following equation: 


x(t) =E (t) eE (6. 1-6) 
Thus 
dx 
a [a a 
and 
d* qi 
T[i ago] 


. On substitution in Eq. (6.1-4) we get 
d? 
2 + (05— K?) E(t) — 0. (6.1-7) 


The above equation is similar to Eq. (6.1-1); however depending on the 
strength of the damping force, the quantity (e5—K?) can be positive, 
negative or zero. Consequently, we must consider three cases. 


Case I (o >K?) 


If the damping is small, «} is greater than K?, and the solution of 
Eq. (6.1-7) would be of the form 


*We are using the symbol Ky for the force constant to avoid confusion with the 
propagation constant k. y 


Forced Vibrations and Origin of Refractive Index — 105 


E (1)—A cos [y/o] —K? +0] (6.1-8) 
or 
x (t)=Ae-* cos [4/o2—K?1+6] (6. 1-9) 


where A and 6 are constants which are determined from the amplitude and 
phase of the motion at t=0, Eq. (6.1-9) represents a damped simple 
harmonic motion (see Fig. 6.1). Notice that the amplitude decreases 


2 
exponentially with time and the time period of vibration | — ee is 
V ok K? 


greater than in the absence of damping. 


1.0) 


05 


x(t) — 


t(seconds) —- 


1.0L 
Fig. 6.1 The exponential decrease of amplitude in a damped simple harmonic 


= 1 sec and K = 0,5 sec-l, 


motion. The figure corresponds to 
vYo)—K* 


Case II (K2> ox) 


If the damping is too large, K? is greater than «x and Eq. (6. 1-7) should 
be written in the form 
ae 


g (EDEN = 0, (6.1-10) 


the solution of which is given by 


E ()=A exp[+(K?—o2)"]+-Bexp[—(K*—or)? (6.1211) 
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Thus 
x (t)=A exp (—K+ /K?—08] t) + Bexp ((—K—/ K*—03] 1) (6.1-12) 


and we can have two kinds of motion; one in which the displacement 
decreases uniformly to zero or, the other, in which the displacement first 
increases, reaches a maximum and then decreases to zero (see Fig. 6.2). 

In either case there are no oscillations and the motion is said to be — 
‘overdamped’ or ‘dead beat’. A typical example is the motion of a simple 
pendulum in a highly viscous liquid (like glycerine) where the pendulum 
can hardly complete a fraction of the vibration before coming to rest. 


1.0 


x(t) 


0 IE 
0 tan e zy 
t(seconds) 


Fig. 6.2 The variation of displacement with time in an overdamped motion. 
The solid and the dashed curves correspond to B = 0 and B = — A[2 
respectively (see Eq. 6.1-12). In carrying out the calculations we 
have assumed K = 2 sec-1 and VK? -a= 1 sect, 


Case III (K? = ad) 
When K? = o, Eq. (6.1-7) becomes 
dE 
an= o (6.1-13) 


the solution of which is given by 


E=AI+B (6.1-14) 
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Thus 
x (t) = (4t--B) e* (6.1-15) 


The motion is again non-oscillatory and is said to correspond to ‘critical 
damping'. 


6.2 Forced Vibrations 


We will now consider the effect of a periodic sinusoidal force* on the 
motion of a vibrating system. If the frequency of the external force is « 
then the equation of motion would be [cf. Eq. (6.1-3)]: 


d'x dx 
m “Ga = F cos ot —T gy —kx (6.2-1) 


where the first term on the RHS represents the external force; the other 
terms are the same as in Eq. (6.1-3). Eq. (6.2-1) is rewritten in the form 


p ()=G cos ot (6.2-2)** 


where G == and other symbols have been defined in Sec. 6.1. For the 
particular solution of Eq. (6.2-2) we try 


x (t) = a cos (ot—9). (6.2-3) 
Thus 
Ei = —aw sin (of—9) 
and 
A = —aw* cos (ot —9) 
TOM dx dix, ^ 
Substituting the above forms for x (t), zi and gan Eq. (6.2-2) we obtain 
—aw* cos (ot—9) —2Kao sin (w!—¢) 
+-aws cos (ot—9)-G cos [(ot—9)4-9] (6.2-4) 


where we have written G cos wt as G cos [wt—9+9]. Thus 


a (9—«*) cos (wf—9)—2Kaw sin (ot— 9) 
=G cos (o1—9) cos 9—G sin (ot—9) sin e (6.2-5) 
*See also Sec. 7.3. 


**Notice that the RHS of Eq. (6.2-2) is independent of x; such an equation is said 
to be inhomogeneous. An equation of the type (6, 1-3) is said to be homogeneous. 
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For Eq. (6.2-5) to be valid for all values of time we must have 
a (oi—o?) —G cos 9 (6.2-6) 
2Kaw=G sin 9 (6.2-7) 


If we square and add, we get 


LN G 
MICE (a9 
Further 
tan us (6.2-9) 


Since K, o and a are positive, 9 is uniquely determined by noting that 
sin 9 should be positive; i.e. o must be either in the first or in the second 
quadrant. 

To the solution given by Eq. (6.2-3), we must add the solution of the 
homogeneous equation (Eq. 6.1-4). Thus, assuming ex to be greater than 
K? (i.e. weak damping), the general solution of Eq. (6.2-2) will be of the 
form 


x (t) Ae-F! cos [4/@2—K* 1—0]--a cos (ot—9). (6.2-10) 


The first term on the RHS represents the transient solution (corresponding 
to the natural vibrations of the system) which eventually die off. The 
second term represents the steady state solution which corresponds to the 
forced vibrations imposed by the external force. Notice that the frequency 
of the forced vibrations is the same as that of the external force. 


6.3 Resonance 
The amplitude of the forced vibration 


G 
MCI Kd 
depends on the frequency of the driving force and is a maximum when 


(00—06?) + 4K*o* 
is a minimum; i.e. when 
x [(o9—3)*--4K*0]—0 
or k 
2(o5— o?) (—2«)--8K*o —0 
or 


ua 
oce [1-28 (6.3-2) 


2 
o 


, 
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Thus the amplitude is maximum* when o is given by Eq. (6.3-2); this is 
known as amplitude resonance. When the damping is extremely small, 
the resonance occurs at a frequency very close to the natural frequency of 
the system. The variation of the amplitude with o is shown in Fig. 6.3. 
Notice that as the damping decreases, the maximum becomes very sharp 
and the amplitude falls off rapidly as we go away from the resonance. The 
maximum value of a is given by 


(QK?y --AK*og (1— 


G G 
= Kjo- KFt KoF Kj (6.3-3) 


Qtsec) — 


Fig. 6.3 The variation of amplitude with the frequency of the external driving 
force for various values of K. The calculations correspond to ey = 5 
sec-! and the values of K are in sec~1, Notice that with increase in 
damping the resonance occurs at a smaller value of e. The arrows 
denote the positions of the maxima. 


*There is no resonance condition when Ki2 joj. 
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Thus, with increase in damping, the maximum occurs at lower values of 
c and the resonance becomes less sharper. 

In order to discuss the phase of the forced vibrations we refer to Eq. 
(6.2-9) from where we find that for small damping the phase angle is small 
unless it is near resonance. For a= , tan q—co and 9 is 7/2; i.e. the 
phase of the forced vibration is z/2 ahead of the phase of the driving force. 
As the frequency of the driving force is increased beyond «x, the phase 
also increases and approaches m (Fig. 6.4). X 


.9—- 
EL] 


olsen) — 


Fig. 6.4 The dependence of the phase of the forced vibration on the frequency 
of the driving force. 


All the salient features of forced vibrations can be easily demonstrated 
by means of an arrangement shown in Fig. 6.5. In the figure, AC is a 
metal rod with a moveable bob B. LM is a simple pendulum with a bob 
at M. The metal rod and the simple pendulum are suspended from a 


P a 


c 
Fig. 6.5 An arrangement for demonstration of forced vibrations, 
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string PQ as shown in Fig. 6.5. With B at the bottom, when the rod AC 
is set in motion, the pendulum LM also vibrates. As the bob B is moved 
upwards the time period decreases and the frequency of the rod becomes 
closer to the natural frequency of the simple pendulum and eventually the 
resonance condition is satisfied. At resonance the amplitude of vibration 
of the simple pendulum is maximum and the phase difference between the 
vibrations is nearly 7/2; i.e. when the metal rod is at its lowest position 
and moving towards right, the simple pendulum is at the extreme left 
position. 

If the bob B is further moved upward, the frequency increases and the 
amplitude of the forced vibrations decreases. 


6.4 Origin of Refractive Index 


In this section we will study the origin of refractive index. We know 
that an atom consists of a heavy positively charged nucleus surrounded by 
electrons. In the simplest model of the atom, the electrons are assumed to 
be bound elastically to their rest positions; thus, when these electrons are 
displaced by an electric field, a restoring force (proportional to the displace- 
ment) will act on the electrons which will tend to return the electrons to 
their rest positions. In this model, the equation of motion for the electron, 
in the presence of an external electric field E, would be 


moe + kx = — cE (6.4-1) 
or 
dt 1 e 
ga txs nE (6.4-2) 


where m and —e represent the mass and charge of the electron (e>0), E 
the external electric field, ko the force constant and o, (- / 5) represents 
the frequency of the oscillator. We assume 
E = X E, cos (kz—«t), (6.4-3) 
i.e. the field is in the x-direction having an amplitude Ey and propagating 
' in the +z-direction; X represents the unit vector in the x-direction, Thus 


d'x eE, 
us tA -— ng cos (kz—ot), (6.4-4) 


where we have replaced the vectors by the corresponding scalar quantities 
because the displacement and the electric field are in the same direction. 
Except for the damping term, Eq. (6.4-4) is similar to Eq. (6.2-1) and, 
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therefore, the solution corresponding to the forced vibrations will be 
given by* 


eE, d 
x= Smaa cos (kz— wt) (6.4-5) 


In the simplest model of the atom,.the centre of the negative charge 
(due to the electrons) is assumed to be at the nucleus. In the presence of 
an electric field, the centre of the negative charge gets displaced from the 
nucleus which results in a finite value of the dipole moment of the atom. 
In particular, if we have a positive charge +e at the origin and a negative 
charge —e at a distance x, then the dipole moment would be —ex; thus, 
if there are N dispersion electrons** per unit volume then the polarization 
(i.e. dipole moment per unit volume) would be given by 


Ne 
P=—Nex = imal) E 
=XE 6.4- 
where oe 
ET LP (6.4-7) 
m(oi—o*) Y 


is known as the electric susceptibility of the material. The dielectric 
permittivity is therefore given by (see Chapter 19) 


elis (6.4-8) 
NeoPa 
ies [-s] (6.4-9) 


Now, e/e, is the dielectric constant x, which is equal to the square of the 
refractive index (see Chapter 19). Thus 


or 


, Ne oi 
eli e (6.410) 


showing that the refractive index depends on the frequency; this is known 
as dispersion. Assuming that the characteristic frequency o, lies in the far 


" 2-1 
ultraviolet (see Eq. 6.4-16)***, the quantity [1-3] is positive in the entire 
0 


"Notice that in the absence of damping (i.e. when '=0), ¢=0; see Eq. (6.2-9). 

**The number of **dispersion-electrons" in a molecule of an ideal gas is the 
valence number of the molecules. This number is 2 for Hs, 6 for Ns, etc. 

***This also follows from the fact that according to classical electrodynamics, an 
oscillating dipole (vibrating with frequency œp) will radiate electromagnetic waves 
with frequency wọ; and as an example if we consider hydrogen, then fiwg=13.6 eV 
pus € one obtains o9242x1018 sec-1. This frequency corresponds to the far 

raviolet. 
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visible region. Further, as c» increases n? also increases; i.e. the refractive 
index increases A frequency, this is known as normal dispersion. If we 


further assume —- "i then 


oe} oi 
1-2] = = 
l-a) 5v 


and 
/, 2 
ned eps] 
m qos m 
2 
ey p ANEN (6.4-11) 


2 4 a 
MEd — mco) AH 


where A, = 2nc/v is the free space wavelength. Eq. (6.4-11) can be written 
in the form 
n! = A + BIS, (6.4-12) 


which is the well known Cauchy relation. For hydrogen,* the experimental 
variation of n? with A, is given by the following relation 


-18 
m=1+ 2,721 x 1074 + meets (6.413) 
where the wavelength is measured in meters. Thus 
NO 2.1 x 104 (6.4-14) 
Mews 
and 
2,1 
EENE 2.11% 10-4mt (6.4-15) 
m €yo$ 
If we divide Eq. (6.4-15) by Eq. (6.4-14), we would get 
4r 2.11 x103* 11 x10 
eine KE EE N 
or, 
e [221x10 
=æ |2.11x103* 
£z 3x10" sect (6.4-16) 
Thus 


Ay zz 107? m = 10-5cm 


which is indeed in the ultraviolet region. One can eliminate o, from Eqs. 
(6.4-14) and (6.4-15) to obtain 


*Data corresponds to 0*C and 76 cm of Hg[see, for example, Sommerfeld (1964)]. 
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= 
me, 2.721 x 2.721 x 10-8 
4eégNe[me  2.11x10 
or 
NEU 0 m-2 
quiim toe, m (6.4-17) 


Now at NTP, 22400 cc of H, contains 6 x 10% molecules; thus 


6x 10*8 
N=2X 55400 x 1078 


SX 105m 


where the factor 2 arises from the fact that a hydrogen molecule consists 
of two electrons.* Hence 


Né 5x 1055 x (1.6x 10-1)? 
"eden ^ Ax 0x9 x 1015x8:85x 10-2x 9. 1 x 10-51 
= 4 X 10 (6.4-18) 


which qualitatively agrees with Eq. (6.4-17). 

It is of interest to mention that for a gas of free electrons (as we have 
in the upper atmosphere) there is no restoring force and we must set o0. 
Thus the expression for the refractive index becomes 


Ne 


n-1———i 
mo! 


(6.4-19) 


which shows that the refractive index is less than unity.** Indeed the 
above equation gives the correct dependence of the refractive index of the 
stratosphere for radiowaves.*** In Eq. (6.4-19), N represents the density of 
free electrons. d 

Returning to Eq. (6.4-10), we note that as w-+0 , the refractive index 
tends to oo. This is due to the fact that we have neglected the presence 
of damping forces in our treatment. If we do take into account the 
damping forces, Eq. (6.4-4) would modify to (see Eq. 6.2-1) 


2 
mE T x = eE, cos (kz—wt) (6.4-20) 


*See footnote (**) on p. 112. 


**This does not, however, imply that one can send signals faster than the speed of 
light in free space (see Chapter 7). 
***[n plasma physics books, Eq. (6.4-19) is written in the form 


Erbe (=) 
o 
Ne? 


12 
where apz- me) is known as the plasma frequency, Notice that for o < op, the 


refractive index is pure imaginary which gives rise to attenuation. 
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In order to derive an expression for the refractive index, it is more 
convenient to rewrite Eq. (6.4-20) in the form 


TEHKE t aby = SER eiiean (6.4-21) 


where the solution of Eq. (6.4-20) will be the real part of the solution of 
Eq. (6.4-21). The solution of the homogeneous equation will give the 
transient behaviour which will die out as 1—oo (see Sec..6.2); the steady 
state solution will correspond to frequency o. Thus, if we substitute a 
solution of the type 

x(t)=4e (6.4-22) 


in Eq. (6.4-21), we would obtain 


(—o?—2iKo- 05) auth 
or* 
eE 
= —; À— —. 6.4-23 
m [o9—6* —2iKc] ( ) 
Thus, we get 


Ne 
= ————— — E 4. 
a m [oo— o* —2iKo] 428) 


The electric susceptibility would therefore be given by 


x= Ne? 
m(o$—o*—2iKo) 
Thus 
Muta] te 
fo fo 


- Ne (6.4-25) 


(me [o$—o*—2iKo] 


Notice that the refractive index is complex, which implies absorption of 
the propagating electromagnetic wave. Indeed, if we write 


nz-ix (6.4-26) 
where *j and « are rcal numbers, then the wave number k, which equals no/c, 
would be given by 

k=(n+ix) =: (6.4-27) 
*Notice that A is complex; however, if we substitute the expression for A from 


Eq. (6-4-23) in Eq. (6. 4-22) and take the real part we would get the same expression 
for x(t) as we had obtained in Sec. 6.2. 
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If we consider a plane electromagnetic wave propagating in the +z 
direction, then its z and t dependence would be of the form exp [i (kz—ot)]; 
consequently 

E-E,e(27on 


=E, ex[ ido + ix) $2] 
=E,exp| io (-2-2] (6.4-28) 


€ 
which shows an exponential attenuation of the amplitude. This should 
not be unexpected because damping causes a loss of energy. 
In order to obtain expressions for n and x, we substitute the expression 
for n from Eq. (6.4-26) in Eq. (6.4-25) to obtain 


Ne? (oi — o2 Ko) 
mt (05 —ot—2iKw) (9$—o--2iKo) 


(Aix =1+ 


or 
wet at E —NeM(wp—ot) c (6.4-29) 
mé, [(o9—6?)*4- 4K*o*] 
and 
EMIL lhe N — 30 
me (ai a+ 4K Pu 
The above equations can be rewritten in the form 


tee Term «Q- i 
TT OFT) -- 
and 
agu/1 +0 


27 i OED) (6.4-32) 


where we have introduced the following dimensionless parameters : 


and 


The qualitative variations of 1?— x? and 2nx with Q are shown in Fig. 6.6. 
It can easily be shown that atQ — —8 and atQ= + B, the function 
(7? — x?) attains its maximum and minimum values respectively. 

It should be pointed out that, in general, an atom can execute 
oscillations corresponding to: different resonant frequencies and we have 
to take into account the various contributions, If o @,,... represent the 
resonant frequencies and if f, Tepresents the fractional number of 
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62-2) or 27X 


f - L == al 
72.0 0 2.0 
Loi 
n (2.252% ) 
es 


Fig. 6.6 Qualitative variation of (4? — x2) and 2x with Q. 


electrons per unit volume whose resonant frequency is cy, then 
Eq. (6.4-25) would get modified to the following expression :* 


gus 6 Ne eto UH e 
TN P. [oi —o* —2iKju] (6:4:33) 


where K; represents the damping constant corresponding to the resonant 
frequency wj. Indeed, Eq. (6.4-33) describes correctly the variation of 
refractive index for most gases. Fig. 6.7 shows the dependence of the 
refractive index of sodium vapour around ^, = 5890 A. Since D, and D, 
lines occur at 5890 A and 5896 A, one should expect resonant oscillations 
around these frequencies. This is indeed borne out by the data shown in 
Fig.6.7. The variation of the refractive index can be accurately fitted 
with the formula 


A? B 
n=1+ er dg ry (6.4-34) 


where we have neglected the presence of damping forces which is justified 
except when one is very close to the resonance. 

It may be worthwhile mentioning that in a liquid the molecules are 
very close to one another and the dipoles interact between themselves. 
If we take this interaction into account, we would get** 


*Quantum mechanics also gives a similar result (see, for example, R. Loudon 
The Quantum Theory of Light, Clarendon Press, Oxford, 1973). 

**See, for example, Bottcher (1952). Notice that when n is very close to unity 
(i.e, for a dilute fluid), Eq. (6.4-35) reduces to Eq. (6.4-33). 
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Fig. 6.7 
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The measured variation of refractive index of sodium with frequency around 
the D, and Dg lines. The measurements are of Roschdestwensky; the 
figure has been adapted from Bottcher (1952). 


m—1 Ne fi 


AED D dis (6.4-35) 
j 


where we have neglected the presence of damping. For liquids, whose 


molecul 
Eq. (6. 


les do not have a permanent dipole moment (e.g. H,, Op, etc.) 
4-35) gives a fairly accurate description. However, liquids whose : 


moleculés possess permanent dipole moments (e.g. H, O) one has to carry 
out a different analysis. 


1. @ 


(b) 


© 


PROBLEMS 


In a metal, the electrons can be assumed to be essentially free. Show that 
the drift velocity of the electron satisfies the following equation 


mo 4 my =F= — eE tnt 


where v represents the collision frequency. Show that the above equation 
implies the randomization of the momentum after each collision. 

Calculate the steady state current density (J = — Nev) and show that the 
conductivity is given by 


Ne 1 


¢(o) = — —— 
m v—io 
Ifr represents the displacement of the electron, show that 
pri a Ne? 
a ET 
which represents the polarization, Using the above equation show that 
Net 
Sey mo (93 + fav) 


which represents the dielectric constant variation for a free electron gas. 
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Assuming that each atom of copper contributes one free electron and that the low 
frequency conductivity a is about 6 x 107 mhos/meter, show that v243 x 1018 
sec-l, Using this value of v, show that the conductivity is almost real for 
os 1011 sec-1, For o = 108 sec“! calculate the complex dielectric constant and 


compare its value with the one obtained for infra-red frequencies. 
It may be noted that for small frequencies, only one of the electrons of a copper 
atom can be considered to be free. On the other hand, for X-ray frequencies all 
the clectrons may be assumed to be free (see Problems 3, 4 and 5). Discuss the 
validity of the above argument. 
Show that for high frequencies (o >> v) the dielectric constant (as derived in 
Problem 1) is essentially real with frequency dependence of the form 

E 


"he: 


c? 
Nayu? . 

where wp| = Ne) is known as the plasma frequency. The above dielectric 
constant variation is indeed valid for X-ray wavelengths in many metals. Assum- 
ing that at such frequencies all the electrons can be assumed to be free, calculate 
the constant wp for copper for which the atomic number is 29, mass number is 63 
and density is 9 g/cm’. (Ans: ~ 3 x 1015 sec-!) 

Obtain an approximate value for the refractive index of metallic sodium corres- 
ponding to à = 1 À. Assume all the electrons of sodium to be free. 

Problem 3 tells us that for o2» 6p, the refractive index is real. Indeed in 1933, 
Wood discovered that alkali metals are transparent to ultraviolet light. Assum- 
ing that the refractive index is primarily due to the free electrons (and that there 


is one free electron per atom) show that the values of the wave length Ap (- ze) 


for Li, Na, K; Rb are 1551 A, 2093 A, 2884 À and 3214 A respectively;* the 
atomic weights of Li, Na, K, Rb, are 6.94, 22.99, 39.10 and 85,48 respectively; 
the densities are 0,534, 0.9712, 0,870 and 1.532 g/cm*; m 9,109 x 10-?! kg, 
e= 1.602 x 10-1? C and € = 8.854 x 10-12 C/N-m*. 
In an ionic crystal (like NaCl, CaF, etc.) one has to take into account infra-red 
resonance oscillations of the ions, Show that Eq. (6.4-10) modifies to 

M wig Ne? p Ne? 
« meg (oi — 0%) Mto (od — o?) 
where M represents the reduced mass of the two ions and p represents the valence 
of the ion (p= 1 for Nat, Cl, p = 2 for Catt, Fy). Show that the above 
equation can be written in the form 


rte rt + ua 
where 


The refractive index variation for CaF (in the visible region of the spectrum) can 
be written in the form** 


6.12 x 10715 5.10 x 109 
n = 6,09 + 3 ggg x 10-16 T 31— 1.26 x 105 


where à is in meters. 


*The corresponding experimental values are 1550 À, 2100 A, 3150 Å and 3400 A. 
**Quoted from Sommerfeld (1964); measurements are of Paschen, 
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(a) Plot the-variation of n? with 2 in the visible region, 

(b) From the values of 4; and Ag show that m/M = 2.07 x 10-5 and compare 
this with the exact value, 

(c) Show that the value of ne obtained by using the constants Ay, Ag, dy and Ag 
agrees reasonably well with the experimental value. 

(a) The refractive index of a plasma (neglecting the collisions) is approximately 
given by (see Sec. 6:4) 


Liste as 


vey" 2456,414 N12 secs 

nito, 
is known as the plasma frequency, In the ionosphere the maximum value of 
No is ~ 10! — 1012 clectrons/m3, Calculate the plasma frequency. Notice 
that at high frequencies n? ~ 1; thus high frequency waves (like the one used 
in TV) are not reflected by the ionosphere. On the other hand, for low 
frequencies, the refractive index is imaginary (like in a conductor—see Sec. 
20.3) and the beam gets reflected. This fact is used in long distance radio 
communications. i 

(b) Assume that for xœ 200 km, N = 1012 electrons/m3 and that the electron 
density increases to 2 x 1012 electrons/m3 at x 2«300 km. For x 2 300 km, 


the electron density decreases, Assuming a parabolic variation of N, plot 

the corresponding refractive index variation. 
In the low frequency region, the refractive index of water decreases from about 
9.0 at room temperature to about 7.5 near the boiling point of water. On the 
other hand, in the optical region, the refractive index is about 1,33 and changes 
by about 1% in the above temperature range. Explain this behaviour qualita- 
tively. (Hint: Water molecules have a Permanent dipole moment which are 
randomly oriented in the absence of an electric field). 


where 


op= 
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SHAKESPEARE 


7| Fourier Analysis 


According to Fourier's theorem any periodic vibration can be expressed 
as a sum of sine and cosine functions whose frequencies increase in the 
ratio of natural numbers, Thus, a periodic function with period T, i.e. 


S(t4+nT) =f (thi n=0, 41,4 2,55 (7.1-1) 


can be expanded* in the form: 


S(t) = bo + Senco e: 1) + XT (F 1) 


n=l n=l 
= ja + a, Cos (not) + > basin (not) (7.1-2) 
where o= 2 (7.1-3) 


* Actually, for the expansion to be possible, the function f(t) must satisfy certain 
conditions. The conditions are that the function f(t) in one period (i.e. in the 
interval tg (& t+ T) must be (i) single valued, (ii) piecewise continuous (i.e. it can 
have at most a finite number of finite discontinuities) and (iii) can have only a finite 
number of maxima and minima. These conditions are known as Dirichlet's 
conditions and are almost always satisfied in all problems that one encounters in 
physics. 
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represents the fundamental frequency. 
The coefficients a, and b, can easily be determined by using the 
following properties of the trigonometric functions: 


m 0 ifmzn 

| c0s nor oneri - | (7.1-4) 
k T/2 if m=n 

CEA 0 ifmzn 

| sin not sin mot dt = (7.1-5) 
i T/2 if m=n 

toT 

| sinnot cos mot dt — 0. (7.1-6) 


fo 
The above equations can easily be derived. For example, for m — 


fot T fotT 
Í cos not cos mot dt = | cos? not dt 
to 
totT 
=} Í [1 + cos 2n or] dt 


fo 


=} [7+ gis, (sin Qno, + Anz) 


—sin Qnon) ] 
za 
7 
Similarly, for m Æ n 
fotT 
Cos not cos mot dt 
io 


totT 
=} | eae a ees + m) or] dt 


fo 
1 1 ^ T T 
- dos mein (n —m)ot + Game T»  sin(n + m) at |" 
=0. 


In order to determine the coefficients a, and 5, we first multiply Eq. 
(7.1-2) by dt and integrate from t to t + T: 
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tT totT - toT 


S(t) dt = 4a, fat 3 cos not dt 
e 7 to nel h 
- fotT 
i > fi sin nardt 


n=l fe 


P 
=7% 


where we have used Eqs. (7.1-4) and (7.1-6) for m = 0. Thus 
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tT 
2 
=> fro dt (1-7) 


Next, if we multiply Eq. (7.1-2) by cos (mer) dt and integrate from 


ty to to + T, we would obtain 


tot? fot T 
| S(t) cos (mor) dt = fa, Í cos (mot) dt 
to fo 


- tT 
+ X An fo (mor) cos (nor) dt 
n=l lo 
dT 


+ >» cos (mor) sin (net) dt 


= ia. 


where we have used Eqs. (7.1-4) and (7.1-6). We may combine the 


above equation with Eq. (7.1-7) to write 


T 
a=b o n-90,52,3,.... (7.18) 
fe 


Similarly 


T 
bod [7O sanar T ye (19) 
to 


It should be pointed out that the value of 7, is quite arbitrary. In some 


problems it is convenient to choose 


f, —— 7/2 
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then 
TA 


f(t) cosnotdt; n=0,1,2... 


and 
+T 


b J S(sinnotdt; n—0,1,2... 
“Tit 


Such a choice is particularly convenient when the function is even (i.e, 
f()-f(—1)) or odd (ie. f(r) - —/(—1)). In the former case 5, —0 
whereas in the latter case a» =0. Often it is convenient to choose tg — 0. 


Example 7.1 Consider a periodic function of the form 
= fe - t 

ft or T7«t« 4t } (7.1-10) 
S(t t 2n) — f (0) 


(see Fig. 7.1). Such a function is referred to asa saw tooth function. 
Expand the above function in a Fourier series. 


Fig. 7-1 The saw tooth function. Sy, Sa and Sy represent the partial sums 
corresponding to the saw tooth function. 


Solution. Since f (t) is an odd function of t, a, — 0 and 


277 
b. Í SO sin (not) dt 
EC 
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7 z 
=- 2 [ rsin not dt 
TE 
9 


Notice that the periodicity is 2+ and, therefore, o = I Carrying out the 


integration we obtain 


2 t WS fal eet 
bn =;[- no 095 not 4- wo (agit vo T 


= ede MI C pm 2 
nt n 


f => = sin net 


n=], 2... 


ef 15 dre 
-— sin or — 3sin2or-- sinat — ... ] (7.1-12) 


(7.1-11) 
Thus 


In Fig. 7.1 we have also plotted the partial sums which are given by 


S= > sin ot; $,— EE ot —jsin 2a | 


$,— EE ot — ; sin 2ot + sin ser] 


It can be seen from the figure that as m increases the sum S, approaches 
the function f(t). 


. Example 7.2 Fourier expand the function defined by the following 
equations 


f()--—4A for —f<t<0 


=+A for IEEE (7.1-13) 


and 


fü t T) =f 


Solution. The function is plotted in Fig. 7.2. Once again the function is 
an odd function, consequently a, — 0 and 


Tia 
2 441 rh 
bem 2 Í Asin (nat) dr = 54 L [- cos nor | 
0 
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Fig. 7.2 A plot of the periodic function defined by Eq. (7.1-13). S}, Sẹ and Ss 
represent the corresponding partir, sums. 


Thus 
1 - 
fü) 24 uL alla D']sin ner 
nm), 2, 8, 00 
4A. ve M 
=F [ sin O3 Sin3or-F; sin5ot--.. J 
‘The partial sums 


s,=“4 sin ot, s= (sin ord sin 3er) 


4A. et IM 
$-—— sin ot-F5sin3or--- sin sot] 
are also plotted in Fig. 7.2. 


7.2 Transverse Vibrations of a Plucked String 


An interesting application of the Fourier series lies in studying the 
transverse vibrations of a plucked string. 

Let us consider a stretched string, fixed at the two ends. One of the 
ends (A) is chosen as the origin. In the equilibrium position of the string, 
it is assumed to lie along the x-axis (see Fig. 7.3). A point of the string 
is moved upwards by a distance d; the corresponding shape of the string 
is shown as dashed line in Fig. 7.3. If the displacement occurs at a 
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distance a from the origin, the equation of the string (in its displaced 
position) would be given by the following equation: 


y=fx for 0<x<a 
d (7.2-1) 
—-f-40-—9» for a<x<L 


Fig. 7.3 The plucked string; AB represents the equilibrium position. The 
dashed lines show the displaced position at 10. 


where L represents the length of the string. Now, if the string is 
released from this position at 1 — 0, we would like to determine the shape 
of the string at any subsequent time. 
We will show in Sec. 8.6 that the displacement y (x, t) satisfies the 
following wave equation 
ay  l90!y 
Bd gi (7.2-2) 
where v (= 4/T/c) represents the speed of the transverse waves, T being 
the tension in the string and e, the mass per unit length. We would like 
to solve Eq. (7.2-2) subject to the following boundary conditions: 


(i) y=O at x=0 and x= L for all values of ¢ (7.2-3) 
(ii) At t=0 
(a) Yo for all values of x (7.2-4) 
d 
(b) y% t=0)=7* for0<x<a 
d 
m ERR (L—x) fora<x<L (7.2-5) 


Assuming* a time dependence of the form cos wf (or sin wf): 


*Rigorously we should proceed by using the method of separation of variables; 
thus we assume 
»yG, n2 XQ) TD 
(Contd.) 
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y (X, t) =X (x) cos ot (7.246) 
we obtain 
dx e 
ae ~~ Xe) 
or, 
dx 
da t BX) =O. (7.27) 
where 
[^] 
k=> (7.2-8) 
The solution of Eq. (7.2-7) is simple: 
X (x) = A sin kx + B cos kx (7.2-9) 
Thus 
y(x, t) — (A sin kx + B cos kx) (C cos ot + D sin er) — (7.2-10) 
Now 
y(x,)|x-o—0 forall values of t 
Thus 
B=0 
Hence 
y (x, t) =sin kx [C sin wf + D sin o1] (7.2-11) 


where we have absorbed A in C and D. Since 


Y(X, f)|x=L=0 (for all values of t) 
we must have 


sin kL= 0 
or, 


kLem; n=1, 2, 3,... (7.2-12) 


where X (x) is a function of x alone and T (r) is a function of ¢ alone. Substituting 
in Eq. (7.2-2) we get 


BE Ps as 
X@) da vi TH ae ~~ 
1 dX. T n 
Since the term x ox is a function of x alone and the term ar is a function 


eA t alone, each term must be equal to a constant which we have put equal to—k*. 
Ius. 


ar 
"ua eT (0-0 
and 
2 
fa + XC) e 
where 


a= kv 
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Thus, only discrete values of k (and hence of o) are permissible; these are 
given by 


Le hd 3 

Kn D" a Perg (7.2-13) 
and 

uy eS ned, Boe (7.2-14) 


Eq. (7.2-14) gives the frequencies of the various modes ofthe system. 
The mode corresponding to the lowest frequency (n = 1) is known as the 
fundamental mode. 

Thus the solution of Eq. (7.2-2) satisfying the boundary condition 
given by Eq. (7.2-3) would be given by: 


yœ% n- sin kax [Cn cos ont + Da sin wnt) (7.2-15) 
n=l, 2, 3, vee 


Differentiating partially with respect to / we get 


bl D) sta iy [7c sin Opt + o»D, cos wa]. 


tle 
=i X oD, sin kax (1.216) 
Since 
AR 0 forall values of x 
at lues 
we must have 
D,*0 foralln 
Thus 
ys) py Ca sin kn cos ot (7.2-17) 
ro 
or, 
¥(x,0)= S Cysin( x) (7.218) 


In order to det:rmine Cm we employ a method similar to that used in 
Fourier series. We multiply both sides of Eq. (7.2-18) by sin (z x) dx 
and integrate from 0 to L: 


Cut Í y(x, 0) sin e » dx (7.2-19) 
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where we have used the relation 


QOHTX . MEX 
[sin sin —— dx= 


b 0  ifmzn 1331 
i T { (7.2-20) 


L/2 ifm=n 


[cf. Eq. (7.1-5)]. Substituting the expression for y (x, 0) from Eq. (7.2-5), 


we obtain 
: 2pa f he [iex y 
SEHE sin (55) dx 


4 i je om (Fx) dx | 


2dL? E (= ) 
sin| ~a 


=a (L— a) ztn? L 


On substitution in Eq. (7.2-17), we finally obtain 
y% Da S. sin (Za) sin (z x) eos (“7 2 (7.2-21) 
ne123,... 


The above equation can be used to determine the shape of the string at an 
arbitrary time ¢. If the string is plucked at the center (ie. a = 1/2), terms 
corresponding to n=2, 4, 6....are absent (ie. the even harmonics are 
absent) and Eq. (7.2-21) simplifies to 


yŒ, => (im x = sin Cnr Det ogg Qm Devo 2.22) 


The longitudinal vibrations of a rod are discussed in Problem 5. 


7.3. Application of Fourier Series in Forced Vibrations 


Let us consider the forced vibrations of a damped oscillator. The 
equation of motion would be 


2 
m di tT yer) (7.3-1) 


where I’ represents the damping constant (see Sec. 6.1) and F represents 
the external force. It has been shown in Chapter 6 that if 0 and 
F (t) — Fs cos (pt--) (7.3-2) 


then the steady state solution of Eg. (7.3-1) is a simple harmonic motion 
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with the frequency of the external force. If F(t) is not a'sine or cosine 
function, a general solution of Eq. (7.3-1) is difficult to obtain} however, 
if F (ë) is periodic then we can apply Fouriers theorem to obtain a 
solution of Eq. (7.3-i). For example, let 


F(t)=at for—t<t<t (7.3-3) 
and 
F (t+2nt) = F(t); n=1,.2,.... 


The Fourier expansion of such a function was discussed in Example 7.1 
and is of the form: 


F= zye sin not ] (7.3-4) 


nel 2 


We next consider the solution of the differentia! equation 


d*y, d) 5 
m E +r +k F, sin net 
or ;- h 
y, ly, t 
um tK gr eo An sin not (1.3-5) 
where 
KZ E A E 
m m 
and , 
SE UE EE ; 
Artis n «m 52) 


The steady state solution of Eq. (7.3-5) will be of the form 
Ya=Cn sin not-- D, cos not (7.3-7) 


and the solution of Eq. (7.3-1) will be of the: form 


Y» (1.3-8) 


In order to determine C, and D, we substitute the above solution in 
Eq. (7.3-5) to obtain 
—n*o? [C, sin not-- D, cos not] 
-FnoK [Cs cos not —D, sin not] 
+o? [Cy sin not2- D, cos ner] A» sin not 
Thus 
(wa— fo?) C, —noK Dr=An 
and (7.3-9) 
(c5 —n*e*) D;3-noK C,—0 
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Solving the above equations we get 


tua noK 
Di — Goa 40 
and 


6 — ne? 


On = (o=o no K? An 


Thus the steady state solution can be written in the form 
y -5 Gn sin (not+0,) (7.3-10) 
a 
where the amplitude G, is given by 


An 
Gn = (C;--D2)/* = (Foye (7-3-11) 


74 The Fourier Integral 


In Sec. 7.1 we had shown that a periodic function can be expanded in 
the form 


fO= das: > [an cos not + by sin nor] (74-1) 
n=l 
where 
2 fo+T 
n=} Í Kt) cos not dt (7.4-2) 
0 4 
fo+T 
bn = T f S(t) sin nor dt (7.4-3) 
to 
and 
2n 
T== (7.4-4) 
On substituting the above expressions for a, and b, in Eq. (7.4-1) we 
get 
LU ^ Eo 47/2 
A= T | Sit’) dt’ DE cos nat | St’) cos nest’ di! 
~The n=l 


-Tn 
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2 Tr 
+psin nor f Re’) sin nat’ ar) (1.4-5) 
-T/2 
or 
TAS 


S@= x As J S(t) dc 
-*l^S 
- TAS 
dE Í fü) cos [nds (—r)dr — (7.4) 
n=l -*ÍAS 


where 


We let T— œ so that* As» 0, Thus, if the integral 


t. 


[ meyer 


exists (i.e. if it has a finite value) then the first term on the R.H.S. of 
Eq. (7.4-6) would go to zero. Further, since 


| Fis) ds= lim a F(nhs) As (7.47) 
we have 
“ah +e 
ro) - f [ [reote mae Je (7.48) 
Pc 


Eq. (7.4-8) is known as the Fourier integral. Since the cosine function 
inside the integral is an even function of s, we may write 


wom 5 [ ji KE) cos [st—1')] dt" ] ds (1.4.9) 


Further, since sin [s(1—1')] is an odd function of s 
te +e 
zÍ [ J fit’) sin s(t’) dr | ds=0 (7.410) 


*When T+ e, the function is no more periodic. 
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Adding Eqs. (7.4-9) and (7.4-10) we get 3 
fo-3 Í f Ke) e dt! ds (7.410) 
Thus, if ru 
rn 1 
Fo)= 7m | fit!) e^ det (7.4612) | 

then 

+a 

f)- vx f F(o)etot do (7.4:13)) 


where we have replaced s by. The function F(o) is known as the 
Fourier transform of f(/) [see also Problem 7.9]. 


7.5 Group Velocity of a Wave Packet 


The displacement corresponding to a one dimensional plane wave p 
propagating in the +x direction can be written in the form b 


W(x, = Aelia) (7.5. 


where A represents the amplitude* of the wave and other symbols have 3 
their usual meaning. However, the plane wave represented by Eq. (7.5-1) 
is a practical impossibility because at an arbitrary value of /, the displace- 
ment is finite for all values of x; for example, 


HCRTHORP T (7.52) 


which corresponds to a sinusoidal variation for —oo <x < oo. In practice, 
the displacement is finite only over a certain region of space; for example, 
we may have , 


W(x, t=0)=ael** |xj<4L 
=0 |x| 2 iL (7.5-3) 


Such a wave is known as a wave packet and we will, in this section, study 
the propagation of such a wave packet. 


*In general, A may be complex and if we write 
A=] A | el? 
then Eq. (7.5-1) becomes 
W=| A| cikx—at+9) 
The actual displacement is the real part of ¥ and is, therefore, given by 
| A | cos (kx=ot+9) 
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A wave packet can always be expressed as à superposition of plane 
WAVES : 
+e 
N'(x, n-[ A( e 799 die (1.544) 


where A(k) represents the amplitude of the plane wave corresponding to 
the wave vector k. At £—0 we have 


+o 
¥(x, t=0)= | A(K)e** dk (1.5-5) 


Thus W(x, '=0) is the Fourier transform of A(&) and inverting the trans- 
form, we obtain 
+e 
AQ = 3 | Pix, 1-0) ct dx (7.5-6) 


In general, for most cases the function A(K) is very sharply peaked around 
a certain wave vector ky. For example, for the wav packet represented 
by Eq. (7.5-3) 
1 ALIS 
A(0— az | a, 799. dx 
-L/2 
. asin [(c— ko) L/2] 
TN a) 
a sin((K—1)«l (1.51) 


nk, (K—1) 
k Lk, ; i : ` 
where K = TT anda = ae In Fig. 7.4 we have plotted this function for 
0 


a=10. One can see that the function is sharply peaked around K=1 (i.e. 
around k=k,) and the width 


A eel 
ak( 74); (1.5-8) 
Thus k 
akg (1.5-9) 


It may be noted that for a1 nanosecond optical pulse (i.e. for te 10"? sec. 
A~6 x 10-5 cm) 
ko~10" cm~ 


and 
L=cr~ 30cm, 
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sinkki] 


(K-1) 


mde 
ae sin (K—1)a ; 
Fig. 7.4 The variation of PED as a function of K for «=10. 


or 
a= fal 1.5108 


Hence even for such a short pulse, the value of « is very large and the 
Corresponding spread oe is extremely small. 
s / 


Returning to Eq. (7.5-4), we note that since A (k) is sharply peaked 
around k=k,, we may make a Taylor expansion* of € (k) around k=ky: 


e (mak kk) Ze]. tot hae 0:549 


We assume that the second and higher order terms could be neglected and 
hence Eq. (7.5-4) could be written in the form 


Y (x1) «fa (E) exp [itr i-i (&) ) ] di 
m kako 


+o 
— I A (K) exp (k—ko)(x—vgt)] dk (1.5-11) 
where te 


y= (7.5-12) 


*The dependence of o (k) on k for optical beams is discussed in Chapter 6. 
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It should be noted that in the integral appearing on the RHS of 
Eq. (7.5-11), x and t do not appear independently but only as (x—vgf). 
Thus, if 

Y (x, t=0)=elko*F (x) (7.513) 


then 
V (x, t)=el(kox—#ol) F (x—Vst) (7,5-14) 


The function F (x—vgt) represents the envelope of the wave packet and 
moves with velocity vg, and therefore v, is known as the group velocity 
of the wave packet. For example, corresponding to Eq. (7.5-3), we 
have 


F(x)=a Ixl<5 
=0 lxi» z (7.515) 


The propagation of such a wave packet is shown in Fig. 7.5 and as is 
obvious, the packet has moved through a distance Vgfy in a time fy. 


Re[ V (x, t] 


*0 tate 


[pn wto —— 4 


Fig. 7.5 The propagation of a wave packet when second (and higher) order 
terms are neglected in the expansion of w(k) around k=kg. Notice 
that there is no distortion. 

We should however make the following observations; 
(i) The quantity 


wer (7.5-16) 


is known as the phase velocity and has no physical significance when we 
consider the propagation in a dispersive medium. We may mention 
here that for a non-dispersive medium 


wok or w=ck 


where c denotes the speed of propagation of the wave. For such a case, 
both the group velocity and the phase velocity are equal to c. However, 
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for a dispersive medium, @ is not linearly related to k (sec Chapter 6) 
and it is the group velocity which is of importance. 
(ii) As long as we can neglect the second and higher order 


d'w 

"d sk etc.), 
the packet travels without any distortion (See Fig. 7.5). However, if we 
do take into account these terms, the envelope of the wave packet will 


change in shape. In fact, it can be shown that the wave packet remains 
undistorted for t€, where 


derivatives (i.e. if we can neglect the term proportional to 


di cem 


with Prime Thus, the time in which a wave packet spreads 


iderably depends on ^9 
considera. y pe E E 


Example 7.3 The dispersion relation for a transverse wave in a rigid bar 
is given by the following equation* 


oak (7.5-18) 
If we substitute this in Eq. (7.5-4), we obtain 
A 
Y (x, )= [40e ma (7.5-19) 
Let 22 
Y (x, t=0)=C exp [- | eher (7.5-20) 


which represents a Gaussian wave packet. Thus 
M x 
A= ; Í Cexp [ote dx (7.521 
Carrying out the integration, we obtain 
[cM Rc —k. y 
A ()— 3 VIA yz exp [2] (7.522) 


"This follows from the fact that in a rigid bar, the displacement of a transverse 
wave satisfies the following equation 
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which shows that A (k) is peaked around k=k, with Ake. Thus 


+2 
Y (x, o | op [- SE o casis dk 


Co z k,ot-- xy 22 
AU ay" 2 (tn s A] (7.523) 
ia T! 
2 2 ) 


If we simplify the above expression and take its real part (see Problem 10) 
we will see that the wave packet remains Gaussian whose. width increases 
with time. Indeed, the width doubles itself in times of the order of c*/a 
which is consistent with Eq. (7.5-17)—see Fig. 7.6. 


Example 7.4 In Chapter 6 we have shown that the dependence of the 
refractive index of a dielectric on frequency is of the form: 


n*(o)—1 que f (7.5-24) 


2 
ML. Qj—o* 


where the symbols have been defined in Chapter 6. 


Thus 
dn _ Ne N^(—20)f) 
2n dei É (iw) (7. 5-25) 
Now 
c 
ne (7.5-26) 
Consequently 
dn ck , c dk 
ie t de (7.5-27) 
or 
do c 
LP (7.5-28) 
a nyo% 
Substituting for from Eq. (7.5-25), we get the group velocity. For 
93»0j (i.e. for high frequencies) 


[i-a 
c|! 


Vr m n ( E (è )] 


z [i Ne A (1-5-29) 


2m e, * 
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XgI-s'L)'bg Aq posrisjoereuo tunrpotu oAisiodstp v ur asind uerssner) v Jo Suruopeoiq ou] 9'L Bur 


IRI PITE —7 10 .— 1 2 8 
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Similarly, one can calculate v, for o € oj ...* 


Example 7.5 For an electron wave one has 


p 
E= E (7.5-30) 


where E represents the energy, p the momentum of the electron and m the 
mass of the electron. If we now use the relation (see Chapter 21) 


E-—ho (7.5-31) 
and 
p-tk (7.5-32) 


one obtains the dispersion relation 


hs 
Der (7.5-33) 
Thus 
do fh 
dám (7.5-34) 


For an electron mœ10-* g and one has 
a = | em'/sec 


Thus, if an electron is localised within a distance L~10-*cm (i.e. Ak 
= 10* cm-!), then 
ty = 1071* sec 


where we have used Eq. (7.5-17). Thus the wave packet associated with 
an electron spreads considerably with time. On the other hand, for a dust 
particle with m e 10-^g and L~10-* cm one gets 


fy = 2 X 10 sec ~ 10° years 


^ 
which shows that a classical description is adequate. 


*For e close to the resonant frequency, the present analysis is not applicable 
because the attenuation can not be neglected—and k will become complex (see 
Chapter 6) 
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7. 


Vibrations and Waves 
PROBLEMS 


Consider a periodic force of the form: 
F(t)-Fosiner for 0<¢<T/2 


=0 for T/2<t<T 
and F(t- T)- F(t); 
where 
@=2n/T 
Show that 


F(t)=} Fo+} Fo sin et—2/s Fo (1/3 cos 2wt+1/15 cos 4ot-F ...) 
One obtains a periodic voltage of the above form in a half wave rectifier, What 
will be the Fourier expansion corresponding to full wave rectification? 
For the periodic force discussed in Problem 1, solve Eq. (7.3-1) and obtain the 
steady state solution. 
Consider a time dependent electric field of the form 
E(t)=Egetoot —T<t<t 
=0 It» 
Obtain its Fourier transform and interpret the result physically for oo: 1. 
Consider an electric field with Gaussian envelope: 


E (t) Ep exp [-5 ] exp (agr) 


Show that its Fourier transform is also Gaussian. Interpret the result physically 
for og:» 1. 

Consider longitudinal waves propagating in a rod (of length L) whose one end is 
fixed and the other end is free. Show that the displacement would be given by 


Gun i^ sin (S8 x ) cos coste 


(2n- 1) nc 
Neu 


where op= , € being the speed of the longitudinal waves and A, are 


constants. 


(Hint: Assume the fixed end to be x=0. The other end being free implies that 
L4 


n at x=L is zero at all times; physically, this is because of the fact that there 


ig no stress at x=L and the stress is proportional to #). 


If v, and vp represent the group and phase velocities, show that they are related 
through the following equation 


d 
vy ear 


The deep water waves are characterized by the following dispersion relation 


Hu o= k 
Show that the group velocity is half of the phase velocity. 
If we consider the propagation of transverse elastic waves in a rod, the phase 
velocity can be shown to be proportional to the wave vector. For such a case 
show that the group velocity is twice of the phase velocity. Show also that one 
obtains the same dispersion relation for the deBroglie waves associated with a 
free electron. 


(a) The Dirac delta function, 8(x—a), is defined through the following 
equations: 
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è (x—a)-0 for xa 
and 

ata 

[ 1956-276 

a-a 
where « is an arbitrary positive quantity and f(x) is a ‘well-behaved’ function, 
There are many possible representations of the delta function. Show that 

Lt sin g (x—x’) 


gx. "(x—x) c oaa) 
(b) Since 
sin g(x—x’) Tat: 
g(x—x). " 
TUE Í etk (2-2 dk, 


-8 
one obtains another representation of the delta function 
a d 
i eik (22^) dk —8 (x—x') 
Using the above representation prove Eqs. (.4-11)—(7. 4-13), 
10. In Example 7.3 show that 


c zG- * (26—77) +E? 
Re[® (x, TE exp [-28:3] cos [TOR aii] 
Pri 


where 
S=kox, n=kos and t—2 Kd at. 
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8 Wave Propagation and 
the Wave Equation 


Ten thousand saw I at a glance, 

Tossing their heads in sprightly dance 
The waves beside them danced; but they 
out-did the sparkling waves in glee: 

I gazed and gazed but little thought 

What wealth the show to me had brought. 


WORDSWORTH 


8.1 Introduction 


In this chapter we will discuss the phenomenon of waves. A wave is 
propagation of a disturbance. For example, when we drop a small stone 
in a calm pool of water, a circular pattern spreads out from the point of 
impact. The impact of the stone creates a disturbance which propagates 
outwards. In this propagation, the water molecules do not move outward 
with the wave; instead they move in nearly circular orbits aboutan equili- 
brium position (see Sec. 8.3), Once the disturbance has passed a certain 
region, every drop of water is left at its original position. This fact can 
easily be verified by placing a small piece of wood on the surface of 
water. As the wave passes, the piece of wood makes oscillations and 
once the disturbance has passed, the wood comes back to its original 
position. Further, with time the circular ripples spread out, ie. the 
disturbance (which is confined to particular regionat a given time) produces 
a similar disturbance at a neighbouring point at a slightly later time with 
the pattern of disturbance roughly remaining the same. Such propagation 
of disturbances (without any translation of the medium in the direction 
of propagation) is termed as a wave. It is also seen that the wave carries 
energy; in this case the energy is in the form of kinetic energy of water 
molecules. 

We will first consider the simplest example of wave propagation, viz. 
the propagation of a *; «nsverse waveon a string, Consider yourself holding 
one end of a string, the oticr end being, held tightly by another person so 
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that the string does not sag. If you move the end of the string up and 
down a few times then a disturbance is created which propagates towards 
the other end of the string. Thus, if we take a snapshot of the string at 
t=0 and at a slightly later time At, then the snapshots will roughly* look 
like the ones shown in Figs. 8.1(a) and (b). The figures show that the 
disturbances have identical shapes except fór the fact that one is displaced 
from the other by a distance vA/ where v represents the speed of the 
disturbance. Such a propagation of a disturbance without its change in 


—v 


Fig. 8.1 A transverse wave is propagating along the +.x-axis on a string; 
(a) and (b) show the displacements at ¢ = 0 and ¢=Ar respectively. 


form is characteristic of a wave. The following points may, however, be 

noted: 

(i) A certain amount of work is done when the wave is generated and as 
the wave propagates through the string, it carries with it a certain 
amount of energy which is felt by the person holding the other end of 
the string. 

(ii) The wave is transverse, i.e. the displacement of the particles of the 
string is at right angles to the direction of propagation of the wave, 
Referring back to Figs. 8.1(a) and (b), we note that the shape of the 

string at the instant Aż is similar to its shape at /—0, except for the fact 

that the whole disturbance has travelled through a certain distance. If v 

represents the speed of the wave then this distance is simply våt. Conse- 

quently, if the equation describing the rope at =0 is y(x) then at a later 
instant z, the equation of the curve would be y (x—v/) which simply implies 

a shift of the origin by a distance rt. Similarly, for a disturbance propaga- 

ting in the — x direction, if the equation describing the rope at t=0 is y (x) 

then at a later instant r the equation of the curve would be y (x--vr). 

Example 8.1 Study the propagation of a semicircular pulse in the +x 

direction whose displacement at t=0 is given by the following equations: 


* We are assuming here that as the disturbance propagates through the string, there 
is negligible attenuation and also no change in the shape ef the disturbance. 
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s(x, t= 0) = [RI]? |x| sR (8.1-1 
=0 Jx|=R ) 
Solution. For a wave’ propagating in the +x direction the dependence 
of y(x, t) on x and? should be through the function (x—1t). Consequently, 


yx, = HR—(x— vr? |x—vt | S R (8.1-2) 
=0 |x—vt| ZR i 


The shape of the pulse at /=0 and at a later time f, is shown in Fig 8.2. 


Eq. (8.1-2) immediately follows from the fact that y(x, r) has to be of the 
form y(x—vt) and at t=0, y(x, t) must be given by Eq. (8. 1-1). 


=a 


ta) 


(bl 


Fig. 8.2 The propagation of a semicircular pulse along the 4- x-axis; (a) and 
(b) show the shape of the pulse at =O and at a later time to 
respectively. 


Example 8.2 Consider a pulse propagating in the minus x direction with 
speed v. The shape of the pulse at t=t is given by 


bp 


YX, t= h) = dX 


(8.1-3) 


(Such a pulse is known as a Lorentzian pulse). Determine the shape of the 
pulse at an arbitrary time 7. 

Solution. The shape of the pulse at t=f is shown in Fig. 8.3 (a). The 
maximum of the displacement occurs at X—x, Since the pulse is propa- 
Bating in the —x direction, at a later time t, the maximum will occur at 


Xxy—v(t— o). Consequently, the shape of the pulse at an arbitrary time t 
would be given by 


b: 


E EE, 


(8.1-4) 
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t= fe 


"n —OnnQ sem a 


1b) 
Fig. 8.3 The propagation of a Lorentzian pulse along the minus x-axis; (a) and 
(b) show the shape of the pulse at =0 and at a later instant fg 
respectively. 


Eq. (8.1-4) could have been written down. directly from Eq. (8.1-3) by 
replacing x by x4-Y(t—1,). 


8.2 Sinusoidal Waves : Concept of Frequency and Wavelength 


Till now we have been considering the propagation of a pulse which 
lasts for a finite amount of time. We will now consider a periodic wave in 
which the displacement y(x, f) has the form 


y(x, t) =a cos k (xFvi+9) (8.2-1) 


where the upper and lower signs correspond to waves propagating in the 
4x and —x directions respectively. Such a displacement is indeed 
produced in a long stretched string at the end of which a conti- 
nuously vibrating tuning fork is placed. The quantity 9 is known as the 
phase of the wave (see Chapter 5). We may, withcut loss of generality, 
assume ọ=0. Thus for a wave propagating in the +x direction 


y(x, t) =acos k (x— vt) (8.2-2) 


In Fig. 8.4 we have plotted the dependence of the displacement y on X 
at t=Oandat t— Af. These are given by 


y(x) = acos kx at t=9 


and (8 2-3 


y(x) =a cos k (x—vAt) at t=At 
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The two curves are the snapshots of the string at the two instants, It 
can be seen from the figure that, ata particular instant, any two points 
Separated by a distance 


A= 2n/k (8.2-4) 
have identical displacements. This distance is known as the wavelength. 


yin 


Fig. 8.4 The curves represent the displacement of a string at t= 0 and at 
t = At respectively when a sinusoidal wave is propagating in the 
+ x-direction. 


Further, the displaced curve (which Corresponds to the instant /=Ar) can 
be obtained by displacing the curve corresponding to ;—0- bya distance 
vAt ; this shows that the wave is Propagating in the +x direction with 
speed v. It can also be seen that the maximum displacement of the particle 
(from its equilibrium position) is.a, which is known as the amplitude of 
the wave. 
In Fig. 8.5 we have plotted the time dependence of the displacement 
of the points characterised by x =Oand x= Ax. These are given by 
V(t) — a cos ot atx=0 
and } (8.2-5) 
H(t) =a cos (wt—-kAx) at x = Ax 
where 
o=ky (8.2-6) 


yen 


.2" 
Hoc. 


2 


Fig. 8:5 The curves Tepresent the time variation of the displacement at 


*=0 and at x= Ax respectively when a sinusoidal wave is 
propagating in the +x-direction. 
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The curves correspond to the time variation of the displacement of the two 
points. It can be seen that, corresponding to a particular point, the 
displacement repeats itself after a time 


T=2n/o (8.2-7) 
which is known as the time period of the wave. The quantity 
v=1/T (8.2-8) 


is known as the frequency of the wave and represents the number of 
oscillations that a particle carries out in one second. Itcan be seen from 
the two curves in Fig. 8.5, that the two points x=0 and x=Ax execute 
exactly similar vibrations except fora phase difference of kAx. In fact 
anytwo points on the string execute simple harmonic motions with the 
same amplitude and same frequency but with a phase difference of kx, 
where x, represents the distance between the two points. Clearly if this 
distance is a multiple of the wavelength, i.e. 
Xp =m, m= 1,2, ... 
then 
kx, = = m^ = mr 


which implies that two points separated by a distance which is a multiple 
of the wavelength vibrate with the same phase. Similarly, two points 
separated by a distance $A, $A... vibrate in opposite phase. In general, 


a path difference of x, corresponds to a phase difference of cid Xo‘ 


Using Eqs. (8.2-6)-(8.2-8) we get 
Vu LIRE kv -v 
amanda A 


yaya (8.2-9) 


or 


Notice the similarity in the variation of the displacement with respect to 
x (at a given value of time) and with respect to t (at a given value of x); 
see Figs. 8.4 and 8.5. The similarity can be expressed by writing Eq. 
(8.2-2) in the form 


2n 27 
y(x, t) = a cos (F x—m ‘) (8. 2-10) 


which shows that the wavelength A in Fig. 8.4 plays the same role as the 
time period T in Fig. 8.5. Eq.(8.2-10) is often written in the form 
y(x, t) = a cos (kx—of) (8 2-11) 


Tt should be pointed out that the entire discussion given above would 
remain valid for an arbitrary value of the phase factor 9. 
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8.3 Types of Waves 


As mentioned earlier, when a wave is propagating through a string the 
displacement is at right angles to the direction of propagation. Sucha 
wave is known as atransverse wave.* Similarly, when a sound wave propa- 
gates through air the displacement of the air molecules are along the direc- 
tion of propagation of the wave;such waves are known as longitudinal 
waves. However, there are waves which are neither longitudinal nor trans- 
verse in character; for example, when a wave propagates through the surface 
of water, the water molecules move approximately in a circular orbit, 


8.4 Energy Transport in Wave Motion 


A wave carries energy; for example, when a transverse wave propagates 
through a string, the particles execute simple harmonic motions about their 
equilibrium position and associated with this motion is a certain amount 
of energy. As the wave propagates through, the energy gets transported 
from one end of the string to the other. We consider the time variation of 
the displacement of a particle which can be written as 


y = a cos (ot-4-g) (8.4-1)- 


The instantaneous velocity of the particle would be 
v= 2 = —aw sin (ot+ọ) (8.4-2) 


Thus, the kinetic energy (T) would be given by 


"eie 
=$ mao? sin? (otọ) (8.4-3) 


The total energy (E) will be the maximum value of T 


E= (T)max 
= bma*o? [sin? (ot-+o)]max 
=} mao? (8.4-4) 
For a sound wave propagating through a gas, the energy per unit volume, 
€, would be given by 
€ = $} mnao? 
=teatot 
= 2n2par2 (8.4-5) 
“Electromagnetic waves are also transverse in character. However, it should be 


mentioned that the electromagnetic waves have also a longitudi 
i ? ngitudinal com; t the 
source which dies off rapidly at large distances (see Sec. 19. 4). DOHSNHDEAT 
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where n represents the number of molecules per unit volume and e(=nm) 
the density of the gas. With such a wave, we can associate the intensity 
which is defined as the energy flow per unit time across a unit area perpen- 
dicular to the direction of propagation. Since the speed of propagation 
of the wave is v, the intensity (I) would be given by* 


I = 2n%pva* (8.4-6) 


Thus the intensity is proportional to the square of the amplitude and square 
of the frequency. 

Let us consider a wave emanating from a point source in a uniform 
isotropic** medium. We will assume that there is no absorption and that 
the source is emitting W joules per second (W represents the power of the 
source). Consider a sphere of radius r whose centre is at the point source. 
Clearly, W joules per second will cross the spherical surface whose area is 
4nr*, Thus, the intensity (7) would be given by 


pall, (8.47) 


which is nothing but the inverse square law. Using Eqs. (8.4-6) and 
(8.4-7) we obtain 

Ww 

anna = antera? 


or 
Ww "1 
Le [es a r (8.4.8) 


showing that the amplitude falls off as : Indeed, for a spherical wave*** 


emanating from a point source, the displacement is given by 
-* sin (kr— ot) 


where a, represents the amplitude of the wave at an unit distance from the 
source. 


*This can be easily understood from the fact that if we have N particles per unit 
volume each moving with the same velocity v then the number of particles crossing an 
unit area (normal to v) per unit time would be Nv. 

**Isotropic substances are the ones in which physical properties (like velocity of 
propagation of a particular wave) are the same in all directions. In chapter 18 we 
will consider anisotropic substances. 

***When waves emanate from a point source in an isotropic medium, all the points 
on the surface of a sphere (whose centre is at the point source) have the same ampli- 
tude and the same phase; in other words, the locus of points which have the same 
amplitude and the same phase isa sphere. Such waves are known as spherical waves. 
Far away from the source, over à small area, the spherical waves are essentially plane 


waves. 
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Example 8.3 A source of sound is vibrating with a frequency of 256 


vibrations per second in air and propagating energy uniformly in all. 


directions at the rate of 5 joules per second. Calculate the intensity and 
the amplitude of the wave at a distance of 25 m from the source. Assume 
that there is no absorption [speed of sound waves in air=330 m/sec; 
density of air 1:29 kg/m’). 

Solution. 


` — 5 joules/sec | | Come 
Intensity das: 3-17 T: adii dec m 


5 Uus] 
ions Aen [gs X129 x330x 256 x z] 25 


£z 3x107* m. 


Example 8.4 Show that when a transverse wave propagates through a 
string. the energy transmitted per unit time is 4 pm*a*y where p is the mass 
per unit length, a the amplitude of the wave and v the speed of propaga- 
tion of the wave. 

Solution. The energy associated per unit length of the string is 1 po*a* 
since the speed of the wave is v the result follows. 


8,5 The One-Dimensional Wave Equation 


In Sec. 8.1 we had shown that the displacement of a one-dimensional 
wave is always of the form 


p mf(x—vt)-g cv) (8.5-1) 


where the first term on the RHS of the above equation represents a 
disturbance propagating in the +x direction with speed v and similarly, 
the second term represents a disturbance propagating in the —x direction 
with speed v. The question now arises as to how can we predict the 
existence of waves and what would be the velocity of propagation of these 


waves? The answer to this question is as follows: If we can derive an 
equation of the form 


Ie wot (8.5-2) 


from physical considerations then we can be sure that waves will result and 
Y will represent the displacement associated with the wave. This follows 
from the fact that the general solution of Eq. (8.5-2) is of the form 


p — f(x—vt-Eg (x+y) (8.5-3) 


where f and g are arbitrary functions of their argument. Although the 
general solution of Eq. (8.5-2) will be derived in Sec. 8.9, we will show 
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here that the solution expressed by Eq. (8. 5-3) indeed satisfies Eq. (8.5-2). 
We rewrite Eq. (8.5-3) in the form 


y=f 6+8 0) (8.5-4) 
where 
= x—vt (8.5-52) 
and 
n=x+vt (8.5-5b) 
Thus 


ay prey Rega 
Hare ete OR, 
where primes denote differentiation with respect to the argument, i.e. 


fo- 2. etc. 


r Oe ae an d A 

Since ax -1- ax [see Eq. (8.5 5)], we obtain 
oy pr , 
ax =f’ (+8 @) 

Differentiating once more, we get 


ay pn 2a dus ANC 
Ret (Bax 8 (mac 


=" 6 +g" (8.5-6) 

Similarly, " n h 

a =f'® a+ OEN 

=v- 6+ zg MI 

and 

y =v O +g" @l (8.5-7) 

Thus ia i 
LM 2f'àvso -A (8.5-8) 


which proves that the solution expressed by Eq. (8.5-3) indeed satisfies 
Eq. (8.5-2). Consequently, if we ever obtain an equation of the form of 
Eq. (8.5-2) from physical considerations, we can predict the existence of 
waves, the speed of which would be v. 

We must mention that the simplest particular solutions of the wave 
equation correspond to sinusoidal variation: 


y= Asin [k (x + VI) + gl (8.5-9a) 
4 — Acos [k(x + vt) + el. (8.5-9b) 


or 
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As shown in Sec. 8.2 
k-2n[A and kv—o-2n 


where A is the wavelength and y the frequency of the wave. Instead of 
sinusoidal variation it is often more convenient to write the solution in the 
form 

y = A exp[i(kx + of + 9)], (8.5-10) 


where, as before, A and o represent the amplitude and phase of the wave, 
In writing Eq. (8.5-10), it is implied that the actual displacement is just 
the real part of.) which is 


A cos (kx4-ot4 o). 


In the next three sections we will derive the wave equation for some 
simhle cases.* In Sec. 8.9 we will discuss the general solution of the 
wave equation. 


8.6 Transverse Vibrations of a Stretched String 


Let us consider a stretched string having a tension T. In its equilibrium 
position the string is assumed to lie on the x-axis, If the string is pulled 
in the y-direction then forces wll act on the string which will tend to bring 
it back to its equilibrium Position. Let us consider a small length AB of 
the string and calculate the net force acting on it in the y-direction. Due 
to the tension T, the end points A and B experience force in the direction 
of the arrows shown in Fig. 8.6. The force at A in the upward direction 
is 


— Tsin 0,=—T tan 0, = — r2" 


Ox |x 


en 
Xedx x 


Fig. 8.6 Transverse vibrations of a stretched string. 


Similarly, the force at Bin the upward direction is 
Tsin 0, = T tan 6 -| 
27 2 x [ua 


Where we have assumed 9, and 6, to be small. Thus the net force acting 
on AB in the y-direction is 


“In Chapter 19 we willderive the wave equation from Maxwell's equations and 
thereby obtain an expression for the Speed of electromagnetic waves, 
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Or 


LT ds, (8.6-1) 


where we have used the Taylor series expansion of (2) about the 


x4dx 
ay oy ð (ay 
(2)..- i: Al + ne 4 | a 


and have neglected higher order terms because dx is infinitesimal. The 
equation of motion is therefore 


point x: 


ay 
Am Fa <ra Z dx 

where Am is the mass of the element AB. If g is the mass per unit length 
then 

Am = pdx 
and we get 

y 1 ey 

jà = Tp ar (8.6-2) 


which is the one-dimensional wave equation. Thus we may conclude that 
transverse waves can propagate through a stretched string and if we 
compare the above equation with Eq. (8.5-2) we obtain the following 
expression for the speed of the transverse waves: 


v=vT]p. (8.6-3) 


The vibrations of a clamped string will be discussed in Sec 10,2. It should 
be mentioned that in an actual string, the displacement is not rigorously 
of the form given by Eq. (8.5-1); there is, in general, an attenuation of 
the wave and also the shape does not remain unaltered. This is a conse- 
quence of the various approximations made in the derivation of the wave 
equation. 


8.7 Longitudinal Sound Waves in a Solid 


In this section we will derive an expression .for the velocity of longitu- 
dinal sound waves propagating in an elastic solid. Let us consider a 
solid cylindrical rod of cross-sectional area A. Let PQ and RS be two 
transverse sections of the rod at distances x and x+ Ax from a fixed 
point O, where we have chosen the x-axis to be along the length of the 
rod (see Fig. 8.7). 
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Fig. 8.7 Propagation of longitudinal sound waves through a cylindrical rod. 

Let the longitudinal displacement of a plane be denoted by E(x). Thus 
the displacements of the planes PQ and RS would be E(x) and E(x+-Ax) 
respectively. In the displaced position, the distance between the planes 
P'Q' and R'S' would be 

E(x+Ax)—E (x) Ax 


=E) Av EQ) 
=Ax-- Bax 


The elongation of the element would be £ Ax and, therefore, the longitu- 
dinal strain would be 


Increase in length _ ex ROK 8.7-1 
Original length ^ Ax ^ 8x Gp 


Since the Young's modulus (Y) is defined as the ratio of the longitudinal 
Stress to the longitudinal strain, we have 


Longitudinal stress 7 — Y x Strain 


Enc (877-2) 


ez 
F(x)— YA x (8.7-3) 
and, therefore, 
eF et 


àx 2x (8.7-4) 
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Now, if we consider the volume P'Q'S'R' then a force F is acting on the 
element P'Q' in the negative x-direction and a force F(x4-Ax) is acting on 
the plane R’S’ along the positive x-direction. Thus the resultant force 
acting on the element P'Q'S'R' will be 


Fix+Ay)—F(x) = A Ax 
—YA95 ax (8.7-5) 
$ xt ^ 


If p represents the density, then the mass of the element would be pA Ax. 
Thus the equation of motion will be 


eo et 
ed Ax 53 = YA AN Fa 
or 
Ore 1 et 
moe oe (8.7-6) 
where 
vias] E (8.7-7) 


represents the velocity of the waves and the subscript l refers to the fact 
that we are considering longitudinal waves.* 

The above derivation is valid when the transverse dimension of the rod 
is small compared with the wavelength of the disturbance so that one may 
assume that the longitudinal displacement at all points on any transverse 
section (like PQ) are the same. In general, if one carries out a rigorous 
analysis of the vibrations of an extended isotropic elastic solid, one can 
show that the velocities of the longitudinal and transverse waves will be 
given by** 


ze" ALUD Sf se 8.7-8 
Map PURE (ANANA Nae 
= /Y thon 8.7-9 
yj J Te) Ne s 


where o, n and K represent the Poisson ratio, modulus of rigidity and: 
bulk modulus respectively. We must mention that the transverse wave 


*In a similar manner one can consider transverse waves propagating through an 
elastic solid, the velocity of which would be given by [see, for example, Slater and 
Frank (1933)], 

MIS 
where , represents the modulus of rigidity, 

**Soe, for example, Joos (1955). 
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[whose velocity is given by Eq. (8.7-9)] is due to the restoring forces 
arising because of the elastic properties of the material, whereas corres- 
ponding to the transverse waves discussed in Sec. 8.6, the string moved 
as a whole and the restoring forcé was due to the externally applied 
tension. H 


8.8 Longitudinal Waves in a Gas 


In order to determine the speed of. propagation of longitudinal sound 
waves in a gas, we consider a column PQSR as shown in Fig. 8.8 (a). 


| Pi år R 
ES E —« 


[] x Q g 


Tito 
Fig. 8.8 Propagation of longitudinal sound waves through air. 


Once again, because of a longitudinal displacement, the plane PQ gets 
displaced by E(x) and the plane RS gets displaced by a distance 
E(x-FAx) (see Fig. 8.8). Let the pressure of the gas in the absence 
of any disturbance be P, Let Po+AP(x). and Py+AP(x+ Ax) denote 
the pressures at the planes P'Q' and R'S' respectively. Now, if we consider 
_the column P'Q'S'R' then the pressure P,--AP(x) on the face P'Q' acts 
in the +x direction whereas the pressure P+ AP(x+Ax) on the face R'S" 
iii d —x direction. Thos the force acting on the column P'Q'S'R' 
woul ^ 


[A P(x)—AP(x-+Ax)] A 
=- Š (AP) Ax A (8.81) 


where A represents the cross-sectional area. Consequently, the equation 
of motion for the column P'Q'S'R'would be 


ð LE 
—g (AP) A Ax = pA Ax DS 


where p represents the density of the gas. Thus 


mo LIE (8.8-2) 
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Now, a change-in pressure gives rise to a change in volume, and if the 
frequency of the wave is large (> 20Hz), the pressure fluctuations will be 
rapid and one may assume the process to be adiabatic. Thus, we may 


write 
PV? = constant (8.8-3) 


where y— C5/C, represents the ratio of the two specific heats. If we diffe- 
rentiate the above expression, we get 


AP V*+yV"> P-AV =0 
or 
AP-— y AV (8.8-4Y 


The change in the length of the column PQSR is 


[Ex -Ax) - E) Ax] —Ax 
aé 

= ox Ax 

Thus, the change in the volume 


2&8 
AV = 5 A Ax 


The origina! volume V of the element is 4Ax. Thus 


aro (8.8-5) 


or 
a TEE: 
ax AP) = -yR AS (8.8-6) 


Using Eqs. (8.8-2) and (8.8-6) we obtain 
OE lot t 
A =o (8.8-7) 
where 
ve 8.8-8) 
45 


represents the velocity of propagation of longitudinal sound waves in à gas. 
For air, if we assume y=1.40, P—1,01x 10* dynes/cm* and o—1.3 x10- 
g/cm?, then we obtain 

N Fe 330 m/sec 
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It is of interest to mention that the adiabatic compressibility of a gas is 
given by 


1 (av 1 
«- - v2), - (8.8.9) 


where the subscript s refers to the adiabatic condition (constant entropy). 
The bulk modulus (K) of a gas is the inverse of xs: 


Kop (8.8-10) 


and if we substitute this expression for K in Eq. (8.7-8), we obtain 


Eq. (8.8-8) where we have used the fact that the modulus of rigidity (1) 
for a gas is zero. 


8.9. The General Solution of the One Dimensional Wave 
Equation* 


In order to obtain a general solution of the equation 


12 
m im (8.9-1) 


we introduce two new variables 
E£-—x—vt (8.9-2) 
N=x-+vI (8.9-3) 


and write Eq. (8.9-1) in terms of these variables. Now, 


ay ay ae ay an 
ax 7 BE Ox am Ox (8.9.4) 
or 
à 
ae (8.9-5) 


where we have used the fact that 


B-A 


*May be skipped in the first reading. 
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_ 8 (Bs, 2 (ap) an 
az (ae) an oat) as 


+a ntn) 


or 
gy p,a ay , ay 
ai= set wm t o GRD 
Similarly 
ay _ aya , apan 
ar ^ E art an oF 
ap , . oy 
ATENY 
and 
ay [e(a 2an 
on ^ [alata PFA 
ó (OyV0E , 2 [09 Von 
[a (a) at ala) or 
or 


(a PEA pa o 99, OY (8.9-7) 


oi pon ane t ow. 


Substituting the expressions for hyJ0x* and a Y/di* from Eqs. (8.9-6) and 
(8.9-7) in Eq. (8.9-1) we obtain 


ay, EN ON oO S oy OO 
EDIT t amt amt? ance E 

ay 
a (2) =0 (8.9-8) 


Thus ap/a% has to be independent of ; however, it can be an arbitrary 
function of £: 


or 


oy 
#7 F (6) (8.9-9) 


or 
L] =Í F(E) d& + constant of integration. 


The constant of integration can be an arbitrary function of * and since the 
integral of an arbitrary function is again an arbitrary function, we obtain 
the following general solution of the wave equation 


yf (rg 0) 
=f (x—vt)+s (x+y!) (8.9-10) 


where f and g are arbitrary functions of their argument. The function 
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Ax—vi0 represents a disturbance propagating in the +x direction with 
speed v and the function g (x +-vf) represents a disturbance propagating in 
the —x direction. 


Example 8.5- Solve the one-dimensional wave equation [Eq. (8.5-2)] by 
thc method of separation of variables* and show that the solution. can 
indeed be expressed in the form given by Eqs. (8.5-9) and (8.5-10). 
Solution. In the method of separation of variables, we try a solution of 
the wave equation 


y 1909 T 
aa toe (8.9-11) 
of the form 
VG, =X (X T(t) (8.9-12) 


where X (x) is a function of x alone and T'(f) is a function of r alone. 
Substituting in Eq. (8.9-11), we get : 


ËT 


dX 1 
aX) Fe 


T() Ta =y 


or** 


1 dX lL. dT 
¥@ de? ^ WT () a (8.9-13) 


The LHS is a function of x alone and the RHS is a function of t 
alone. This implies that a function of one independent variable x is equal 
to a function of another independent variable t for all values of x and t. 
This is possible only when each side is equal to a constant; we set this 
constant equal to —X?, thus A 


lode! di dT 
X()dx =ar a= (8.9-14) 
or 
dë 
E TEX(x)20 (8.9-15) 
and 
dT 
agp - e T(n-0 (8.9-16) 
where 
a ky = 2r (8.9-17) 


_ “The method of separation of variables is a powerful method for solving certain 
kinds of partial differential equations. According to this method the scfution is 


assumed to be a product of functions, each functi i 

a : unction depending only on one 

eae breed cR On substituting this solution, if the variables 
ie mei is said t ion is a li 

of all pamiblo EXERCERE o work and the general solution is a linear sum 


he variables do not 
other method to solve the equation. COS did e 


**Notice that partial derivatives have heen replaced by total derivatives. 
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represents. the angular frequency of the wave. The solutions of Eqs. 
(8.9-15) and (8.9-16) can easily be written down: ^ 


X (x) = (A cos kx+B sin kx) i (8.9-18) 
and 
T (t) = (Ccosot4-Dsin or) 
Thus t 1 
(x, t) = (A cos kx-+Bsin kx)(Ccos ot+Dsin of) 


Suitable choice of the constants A, B. C and D would give 


U(x, t) = acos(kx—ol+9) 
or 
(x, t) =a cos (kx+ot+9) 


representing waves propagating in the +x and —x directions respectively. 
One can also have 
U(x, 1) =aexpl + i(kx + ot + 9)] 

as a solution. ie 

In general, all values of the frequencies are possible, but the frequency 
and wavelength have to be related through Eq. (8.9-16). However, there 
are systems (like a string under tension and fixed at both ends) where only 
certain values of frequencies are possible (see Sec, 7.2). 
Example 8.6 Till now we have confined our discussion to waves in one- 
dimension. The three-dimensional wave equation is of the form 


1 ey 
(ALE clas h 
vy PI (8.9-19) 
where 
ap Ley UN y 0N 
VY = 5a t Hat Ge (8.9-20) 


„Solve the three:dimensional wave equation by the method of separation 
of variables and interpret the solution physically. 
Solution. Using the method of separation of variables, we write 


bos y 2 08 X6) 10) Ze) TOY ^ (8.920 


where X (x) is a function of x alone, etc. Substituting in Eq. (8.9-19) we 
obtain 
1 eT 


Laut 
+XYT a TAA Zde 


BX diy 
YZT ga V XZT Ga 


or dividing through by 4 


1 dX EEY 1 DA pr dT 
Sor: ie E at VEA a 8.9- 
X ix | d dy* ] «[2 t] x BE di? (8:9-22) 
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Since the first term on the LHS is a function of x alone, the second term is 

a Function of y alone, ete, each term must be set equal to a constant. We 
write 

UC ER 

cer. ps 

Ady? 


1 dY 2 .9-23 
p=- (8.9-23) 


1 &Z 


2 
ZA S, 


where A3, ky and A? are constants, Thus 


alr = (EH 


or 
oT + wT()- 0 (8.9-24) 
wiere 
as t= ky (8.9-25) 
and 


Moki 4k 4k 


The solutions of Eqs. (8.9-23) and (8.924) could be written in terms of 
sine and cosine functions; however. it is more convenient to write them in 
terms of the exponentials: 


Y = Aexp[i (kx x thyytkhrtott *)] 
= Aexp[itk.r + ot 4 9) (8.9-26) 


where the vector k is defined such that its x, v and z-components are kx, ky 
and ky respectively. One could have also written 


Vo Acos (ker — or + 9) (8.9-27) 


Consider a vector r which is normal tok; thus k 
given time the phase of the disturbance is constant on a plane normal to k. 
The direction of Propagation of the disturbance is along k and the phase 


known as plane waves (see 
he frequency, the value of k? 
we can have waves propagating in 
on the values of Ks ky and ks. For 


r—0; consequently at a 


is fixed (see Eq. 8.9.25); however, 
different directions depending 
example, if 


kx=k and k= k:=0 (8.9-28n) 
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we have a wave propagating along the x-axis, the phase fronts are parallel 
to the y-z plane. Similarly, for 


k k 
kee e, Kom -—, k = 0 8.9-28b 
Lj y2 » V2 a ( ) 
the waves are propagating in a direction which makes equal angles with 
x and y-axes, etc. (see Fig. 8.9). 


LI 
Fig. 8.9 Propagation of a plane wave along the direction k. 
k 
(em So) 


Example 8.7 For a spherical wave the displacement Q'depends only on r 
and t where r is the magnitude of the distance from a fixed point. Obtain 
a general solution of the wave equation for a spherical wave. 

Solution. We will first show that for a spherical wave 


vue a 209p. 10 (P2) (8.9-29) 


art tror a! r 
Now* 
ay aber 
x = Or x (8 .9-30) 
Since 
rE yt 4 yf 2? (8.9-31) 
therefore, 
er 
2r rdum 2x 
or 
or x 
eX ut 


In general » is a function of the three spherical polar coordinates r, and ẹ and 
ay ayer aya ETE 
ax rax BAK ^ Ap 8x 
However, for a spherical wave t is a function of r alone and the last two terms vanish, 
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Thus 
ap x0) 
Ox ~ rar 
and 
ay lay, ê iy ar 
xi = 7 ar He 
219. HE ley Lay 
rh ror rir 
or t 
Py 180 Qx09 99» 
ax? rr riori. rar 
Similarly 
y lap ay stay 
DS rrt pr rar 
and 
Sb 10 ZU zo) 
as rar Tt art ar 


Adding, we get 


3 ay ,0V 160p 
vy rar! art r r 
where we have used Eq. (8.9-31). Thus 
2828 12 (10b ps: 
v ait pop asle =) CHE SEM 


Thus, the wave equation for a spherical wave simplifies to 


12[.80 128 i 
wW=agl” s)- BEL >) 
If we make the substitution 


pated) « 
r 


then 
Sa (Sei) 
r? ôr 9r] rar’ a 
.l18u 
~ rr 
Thus Eq. (8.9-33) becomes 
lu 1 18u 


ré — yp 
or’ 
Ou 1 ey 
Bri = viu : (8.9-34) 
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which is of the same form _as the one dimensional wave equation. The 
general solution of Eq. (8.9-34) is therefore given by 


fiv) , glr-+vt) 
v= LIGA aa (8.9-35) 
the first and the second terms (on the RHS) representing an outgoing spheri- 


cal wave and anjncoming spherical wave respectively. For time dependence 
of the form exp (+ iat) one obtains , 


Th 


d exp [i (kr + 9t] ` (8.9-36) 


Notice that the factor 1 term implies that the amplitude of a spherical wave 
decreases inversely with r, and therefore, the intensity will fall off as 1/r?. 
Example 8.8 As mentioned earlier, the solution obtained by the method 


of separation.of variables represents the general solution. Show that a 
pulse of the form 


(x, t) =A exp ( ex) (8.9-37) 


can be expressed as à superposition of the solutionsobtained by the method 


of separation of variables. 
Solution. An arbitrary disturbance propagating in the + x direction can ` 


be written as a superposition of the functions E 


cos k(x—vt) and sin k(x—vr) 
Thus 


"eS [atoeosk e vod +f b (k) sin k(x — vt) dk (8.9-38) 


where the functions a (K) and b(k) are to be determined from the form of 
(x, t=0). Now, 


40) = f a(k) cos kx dk + | b (X) sin kx dk (8.939) 


If (3; 0) is an even function of x, b(k)=0 and if }(x,0)is an odd function . 
ofa, a(k)=0. (If (x, 0) is neither even nor odd, both a (k) and b (k) will 


be finite.) In the present case M 
2 
(50) e Aexp (- z) (8.9.40) 


which is an even function of x. Thus 


Vx, 0) = Aep(- 2) = f a(k)coskxdk — (8.9-41) 
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Using the Fourier cosine transform 


A" -i| d (x, 0) cos kx dx 


eal pii ia en 
=74 fæl- 2) cos kx dx 
LI 


c kta? 
Ez Aexp (- e) 
fpes [ m ()- BA eus (- ES cos (kx— oi) dk — (8.9-42) 
g' 
9 


PROBLEMS 


1. The displacement associated with a wave is given by 
(i) Y (x, t) = 0.1 cos (0.2x — 21) 
(ii) Y x, 1) = 0,2 sin (0.5x + 37) 
(ili) Y (5, t)= 0.5 sin 27 (0.1x — 1) 
where in each case x and y are measured in centimeters and 7 in seconds, Calcu- 
late the wavelength, amplitude, frequency and the velocity in each case. 

2. A transverse wave () = 15 cm, v —200 sec™1) is propagating on a stretched string 
in the + x-direction with an amplitude of 0.5 cm. At 1 = 0 the point x = 0 is at 
its equilibrium position moving in the upward direction. Write the equation 
describing the wave and if p = 0.1 g/cm, calculate the energy associated with the 
wave per unit length of the wire. 

3, Assuming that the human car can hear in the frequency range 20« v« 20,000 Hz, 
what will be the corresponding wavelength range? 

4. Calculate the speed of longitudinal waves at NTP in 
(b) Hydrogen (y = 1.66). (Ans: 380 m/sec. 169 m/sec) 

5. Consider a wave propagating in the --x-direction with speed 100 cm/sec, The 
displacement at x =10 cm is given by the following equation 


(a) argon. (y = 1.33) 


x-direction whose frequency is 100 sec-!, 
equation: ted with the wave is given by the following 


»Q t= 5) m 0.5 cos (0.1 x) 
Mich x y y ph measured in centimeters and r in seconds. Obtain the 
splacement (as a function of x) at £ = 10 sec, What is th h and th 
velocity associated with the wave? BREE Sethe 
7, Repeat the above problem Corresponding to 


C5 t= 5) = 0.5 cos (0.1 x) +0.4 sin (0.1 x+ 7/3) 
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8. A Gaussian pulse is propagating in the --x-direction and t = to the displacement 


is given by 
ES 
y(x, t = to) = a exp [- (eee 
Find y (x, t). 


9. A sonometer wire is stretched with a tension of 1 N. Calculate the velocity of 
transverse waves if p —0.2 g/cm. 
10. The displacement associated with a three-dimensional wave is given by 


$65 z, I) = a cos [ii - er] 


Show that the wave propagates along a direction making an angle 30* with the 
x-axis. 
11. Obtain the unit vector along the direction of propagation for a wave, the 
displacement of which is given by 
¥ Gs V, =, 1) = a cos [2x + 3y + 4z — 51) 
where x, y and z are measured in centimeters and z in seconds. What will be the 
wavelength and the frequency of the wave? 


12. Att=0, a wave packet is described by the following displacement 
2 
p(x, f = 0) = aexp (-3) cos kx 


Express the above displacement as a superposition of plane waves and interpret 
it physically if kc > 1. 

13. Calculate the velocity of longitudinal elastic waves in aluminium ( Y 0.70 x 101 
N/cm®, p = 2.7 g/cm*). Compare this value of velocity with the speed of sound 
in air. 

14. Show that in a perfect gas, the velocity of sound increases as the square root of 
the absolute temperature. 
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9 Huygens’ Principle and 
Its Applications 


And could such spacious virtue find a grave, 
Beneath the imposthumed bubble of a wave ! 


LAMP 


9.1. Introduction 


The wave theory of light was first put forward by Christian Huygens in 
1678. During that period, everyone believed in Newton's corpyscular theory, 
which had satisfactorily explained the phenomena, of reflection, refraction, 
thé rectilinear propagation of light and the fact that light could propagate 
through vacuum. So empowering was Newton’s authority that the 
scientists around Newton believed in the corpuscular theory much more 
than Newton himself; as such, when Huygens put forward his wave-theory, 
no one really believed him. On the basis of his wave theory, Huygens 
explained satisfactorily the phenomenon of reflection, refraction and total 
internal reflection and also provided a simple explanation of the then 
recently discovered birefringence (see Ch. 18), As we will see later, 
Huygens’ theory predicted that the velocity of light in a medium (like water 
shall be less than the velocity of light in free Space, which is just the 


converse of the prediction made from Newton’s corpuscular theory (see 
Sec. 1.2). 1 : 
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also how they propagate through vacuum. It was only in the later part 
of the nineteenth century, when Maxwell propounded his famous electro- 
magnetic theory, could the nature of light waves be understood properly. 


9.2, Huygens’ Theory 


Huygens’ theory is essentially based on a geometrical construction 
which allows us to determine the shape of the wave front at any time, if 
the shape of the wavefront at an earlier time is known. A wavefront is 
the locus of the points which are in the same phase; for example, if we 
drop a small stone in a calm pool of water, circular ripples spread out 
from the point of impaet, each point on the circumference of the circle 
(whose centre is at the point of impact) oscillates with the same amplitude 
and same phase and thus we have a circular wavefront. On the other 
hand,. if we have a point source emanating waves in an uniform isotropic 
medium, the locus of points which have the same amplitude and are in the 
same phase are spheres. In this case we have spherical wavefronts as 
shown in Fig. 9.1(a). At large distances from the source, a small portion 
of the sphere can be considered as a plane and we have, what is known as 
a plane wave [see Fig. 9.1(b)]. 


H l 
1 I 
1 I 
1 l 
[ i 
1 1 
i [ 
1 L 


(b) 


Fig.9.1 (a) A point source emitting spherical waves. 
(b) At large distances, a small portion of the "spherical wavefront ^ 
can be approximated to a plane wavefront thus resulting in 
- ` plane waves. 


. Now, according to Huygens” principle, each point of a wavefront'is a 
source of secondary disturbance and the wavelets emanating from these 
points spread out in all.directions with the speed of the wave. The 
envelope of these wavelets give the shape of the new wavefront. In 
Fig. 9.2 S, and S; represent the shape of the wavefront (emanating from 
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the point O) at a particular time which we denote as t=0. The medium 
is assumed to be homogeneous and isotropic, i.e. the medium is 
characterized by the same property at all points and the speed of 


ô 


Fig. 9.2 Huygens’ construction for the determination of the shape of the 
wavefront, given the shape of the wavefront at an earlier time. 
18, is a spherical wavefront centered at O at any time, say t=0. 
ss! corresponds to the state of the wave frontat a time Af, 
which is again spherical centered at O. The dashed curve repre- 
sents the backwave. 


propagation of the wave is the same in all directions. Let us suppose we 
want to determine the shape of the wavefront after a time interval of Af. 
Then, with each point on the wavefront as centre, we draw spheres of 
radius vAt, where v is the speed of the wave in that medium. If we 
draw a common tangent to all these spheres, then we obtain the envelope 
which is again a sphere centred at 0. Thus the shape of the wavefront 
at a later time At is the sphere 515;. 

There is, however, one drawback with the above model, because we 
also obtain a backwave which is not present in practice. This backwave 
is shown as SjS; in Fig.9.2. In Huygens’ theory, the presence of the 
backwave is avoided by assuming that the amplitude of the secondary 
wavelets is not uniform in all directions; it is maximum in the forward 
direction and zero in the backward direction.* The absence of the 
backwave is really justified through the more rigorous wave theory. 

In the next section we will discuss the original argument of Huygens 
to explain the rectilinear propagation of light. In Sec. 9.4 we will derive 
the laws of refraction and reflection by using Huygens’ principle. Finally, 


in Sec. 9.5 we will show how Huygens’ principle can be used in 
inhomogeneous media. 


*Indeed it can be shown from rigorous diffraction theory that one does obtain 
(under certain approximations) an obliquity factor, which is of the form 3 (14-cos 6) 
where 6 is the angle between the normal to the wavefront and the direction under 
consideration. Clearly when 6=0, the obliquity factor is 1 (thereby giving rise to 
maximum amplitude in the forward direction) and when 6=7, the obliquity factor 
is zero (thereby giving rise to zero amplitude in the backward direction), 


Plate 4 Diffraction of straight water waves when it passes through an opening. 
(Alter PSSC, Physics, D.C. Heath & Co., Boston, Mass., 1965; used with permission.) 
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9.3, Rectilinear Propagation 


Let us consider spherical waves emanating from the point source O and 


` striking the obstacle A (see Fig. 9.3) According to the rectilinear 


Fig. 9.3 Rectilinear propagation of light. O is a point source emitting spherical 
waves and A is an obstacle which forms a shadow in the region PQ of 
the screen. 


propagation of light (which is also predicted by corpuscular theory) one 
should obtain a shadow in the region PQ of the screen. As we will see in 
a later chapter, this is not rigorously true and one does obtain a finite 
intensity in the region of the geometrical shadow. However, at the time 
of Huygens, light was known to travel in straight lines and Huygens 
explained this by assuming that the secondary wavelets do not have any 
amplitude at any point not enveloped by the wavefront. Thus, referring 
back to Fig. 9.2, the secondary wavelets emanating from a. typical point 
B will give rise to a finite amplitude at B' only and not at any other 
point. 

The above explanation of the rectilinear propagation of light is indeed 
unsatisfactory and is incorrect. Further, as pointed out earlier, one does 
observe a finite intensity of light in the geometrical shadow. A satisfactory 
explanation was put forward by Fresnel who postulated that the 
secondary wavelets mutually interfere. The Huygens" principle along with 
the fact that the secondary wavelets mutually interfere, is known as the 
Huygens-Fresnel principle. It may be mentioned that ifa plane wave is 
allowed to fall on a tiny hole,* then the hole approximately acts as a 
point source and spherical waves emanate from it (see Fig. 9.4 and 
Plate 4). This fact is in direct contradiction to the original proposition 
of Huygens** according to which the secondary wavelets do not have 


, "By a tiny hole we imply that the diameter (of the hole) should be of the order of 


0.1mm or less. 
**Use of the Huygens’ principle in determining the shape of the wavefront in 


anisotropic media will be discussed in chapter 18. 
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any amplitude at any point not enveloped by the wavefront; however, as 
we will see in the chapter on diffraction, it can be explained satisfactorily 
on the basis of Huygens-Fresnel principle. 


D 


Fig.9.4 A plane wavefront is incident on a pin hole. If the diameter of the 


pinhole is small (compared to the wavelength) the entire screen SS’ will 
be illuminated. 


9.4. Application of Huygens’ Principle to Study Refraction and 
Reflection 


(i) Refraction of a Plane Wave at a Plane Interface 


We will first derive the laws of refraction. Let S,S, be a surface 
Separating two media with different «peeds of propagation of light v, and v, 
as shown in Fig. 9.5. Let 4,8, ud a plane wavefront incident on the 


Fig. 9.5 Refraction of a plane wavefront 4;B, by a plane interface 183 separating 
two media with different velocities of propagation of light vı and vs(& v4); 
iand r are the angles of incidence and refraction respectively. ACB 


Corresponds to the shape of the wavefront at an intermediate time 73. 
Notice that r <i. 


surface at an angle i; A,B, represents the Position of the wavefront at an 
instant t=0. Let be the time taken for the wavefront to travel the 
distance BB Then B,Bs=v,t. In the same time the light would have 
travelled a distance 4345 V;* in the second medium. (Note that the lines 
Aiás, BB, etc. are always normal to the wavefront; these represent rays 
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in isotropic media (see Chapter 2). It can easily be seen that the incident 
and refracted rays make angles i andr with the normal. In order to 
determine the shape of the wavefront at the instant (—7 we consider an 
arbitrary point C, on the wavefront. Let the time taken for the 
disturbance to travel the distance C,C, be t,. Thus C; C4—v;7; From 
the point C, we draw a secondary wavelet of radius v; (t—*,). Similarly 
from the point A, we draw a secondary wavelet of radius ver. The 
envelope of these secondary wavelets is shown as A,C,B;. The shape of 
the wavefront at the intermediate time +, is shown as A;C;B, and clearly 
B,B,—-C,C,—v,5 and 4,4,—vg5. In the right angled triangles B,C,B, 
and C,C,B, 2B,C,B,=i (the angle of incidence) and Z C,B,C,—r (the 
angle of refraction). Clearly, 


sin i B,BJC,B, _ BaBa Vi (t=) vi (9.41) 


which is known as the Snell’s law. Itis observed that when light travels 
from a rarer to a denser medium, the angle of incidence is greater than the 
angle of refraction and consequently 


sini 
L— >l 
sinr 


which implies v; 7 vs; thus, Huygens’ theory predicts that the speed of light 
in a rarer medium is greater than the speed of light in a denser medium. 
This prediction is contradictory to that made by Newton’s corpuscular 
theory (see Sec. 1.2) and as later experiments showed, the prediction of 


the wave theory was indeed correct. 
If c represents the speed of light in free space then the ratio E (where v 


represents the speed of light in the particular medium) is called the 


refractive index n of the medium. Thus ifn (=<) and n(= £) are the 


refractive indices of the two media, then Snell’s law can also be written as 
n, sini =n, sinr (9.4-2) 


Let 4,C,By, A,C,B,, AsCaBy and A,C,B, denote the successive positions 
of crests. If A, and Ay denote the wavelength of light in medium 1 and 
medium 2 respectively then, the distance B,B, (8,8, — C1 C3) will be equal 
to Ay and the distance Ay As (— 43437 Ca Cs) will be equal to Ay. From 
Fig. 9.5 it is obvious that 

A, sini (9.4-3) 


or 
(9.4-4) 
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Thus, when a wave gets refracted into a denser medium (v, > v,) the wave- 
length and the speed of propagation decrease but the frequency (=v/A) 
remains the same; when refracted into a rarer medium the wavelength and 
the speed of propagation will increase. In Table 9.1 we have given 
the indices of refraction of several materials with respect to vacuum. In 
Table 9.2, the wavelength dependence cf the refractive index for crown 


Taste 9.1 


REFRACTIVE INDICES OF VARIOUS MATERIALS 
RELATIVE TO VACUUM 


(For light of wave length 425.890 x 10-5 cm)* 


Material n Material n 
Vacuum 1.0000 Quartz (fused) 1.46 
Air 1,0003 Rock salt 1.54 
Water 1.33 Glass (ordinary crown) 1.52 
Quartz (crystalline) 1.54 Glass (dense flint) 1.66 
*After Arons (1963). 
TABLE 9.2* 


REFRACTIVE INDICES OF TELESCOPE CROWN GLASS AND 
VITREOUS QUARTZ FOR VARIOUS WAVELENGTHS 


a ee 


Wavelength Telescope Vitreous 
Crown Quartz 

1, 6.562816 10-5 cm 1.52441 1.45640 
2, 5,889953x10-5 cm 1.52704 1.45845 
3. 4.861327x10-5 cm 1.53303 1.46318 


NOTE: The eee corresponding to serial numbers 1, 2 and 3 correspond 
rough ly to the red, yellow and blue colours, The table shows the accuracy 
with which the wavelengths and refractive indices can be measured, 


* Adapted from F.A. Jenkins and H.E 
Meciaw Alt 94) 0 A - White, 3rd Edn., Fundamentals of Optics, 
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glass and vitreous quartz are given. The three wavelengths correspond 
roughly to the red, yellow and blue colours. Notice the accuracy with 
which the wavelength and the refractive index can be measured. 


(ii) Total Internal Reflection 


In Fig. 9.5 the angle of incidence has been shown to be greater than 
the angle of refraction. This corresponds to the case when v, < v;, i.e., the 
light wave is incident on a denser medium. However, if the second medium 
is a rarer medium (i.e. v, < v;) then the angle of refraction will be greater 
than the angle of incidence, and a typical refracted wavefront would be 
of the form as shown in Fig. 9.6 where B,B,=yv,t and 4,4, v,7. Clearly, 


Fig.9.6 Refraction of a plane wavefront incident on a rarer medium (i.e. v4» vj), 
Notice that the angle of refraction r is greater than the angle of incidence /, 
The value of i, when r is equal to 7/2, gives the critical angle, 


if the angle of incidence is such that vjr is greater than A,B, icon the 
refracted wavefront will be absent and we will have, what is known as, total 
internal reflection. The critical angle will correspond to 


AB, V. 
Thus 5 
Sind um i ee Ep (9.4-5) 


where i, denotes the critical angle and m represents the refractive index of 
the second medium with respect to the first. For all angles of incidence 
greater than 4, we will have total internal reflection. 


(lll) Reflection of a Plane Wave by a Plane Surface 

Let us consider a plane wave AB incident at an angle i on a plane 
mirror as shown in Fig. 9.7. We consider the reflection ofthe plane wave 
and try to obtain the shape of the reflected wavefront. Let the position 
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of the wavefront at =0 be AB. If the mirror was not present, then at a 
later time the position of the wavefront would have been CB’, where 
BB’ =PP'=AC=vr and v is the speed of propagation: of the wave. In 


Fig. 9.7 Reflection of a plane wavefront AB incident on a plane mirror. A’B’ is 
the reflected wavefront; i and r correspond to angles of incidence and 
feflection respectively. 


order to determine the shape of the reflected wavefront at the instant t=7, 
we consider an arbitrary point P on the wavefront AB and let 7, be the time 
taken by a disturbance to reach the point P, from P. From the point P,, 
we draw a sphere of radius v(t—z,). We draw a tangent plane on this 
sphere from the point B’. Since BB, — PP, v («—«,), the distance B, B' will 
be equal to PPa [—v(*—7:)) If we consider triangles P,P,B' and B,P,B’ 
then the side P,B' is common to both and since P,P,— P'B,. and since both 
the triangles are right angled triangles, / P,B'P,— / B,P,B'. The former 
is the angle of reflection and the latter is the angle of incidence. Thus, we 
have the law of reflection; when a plane wavefront gets reflected from a 
plane mirror, the angle of reflection is equal to the angle of incidence and 
the reflected wave is a plane wave. 


(iv) Diffuse Reflection 


In the above we have considered the reflection of light from a smooth 
surface. This is known as specular reflection. If the surface is irregular 
(as shown in Fig. 9.8) we have, what is known as, diffuse reflection. The 


aula en TUNE: 


6 


Fig. 9.8 Diffuse reflection of a plane wavefront from a rough surface. It is 
evident that one does not have a well-defined reflected beam. 


secondary wavelets emanating from the irregular surface travel in many 


directions and we do nothave a well defined reflected wave. Indeed, it 


can be shown that if the irregularity in the surface is considerably greater 


than the wavelength, we will have diffuse reflection. 
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(v) Reflection of Light from a Point Source Near a Mirror 


Let us consider spherical waves (emanating from a point source P) inci- 
dent on a plane mirror MM", as shown in Fig. 9.9. Let ABC denote the 


Fig. 9.9 Pisa point source placed in front of a plane mirror MM’, ABC is the 
incident wavefront (which is spherical and centred at P) and ABC; is 
the corresponding reflected wavefront (which is spherical and centred 
at P^. P” is the virtual image of P. 


shape of the wavefront at time t=0. Inthe absence of the mirror, the 
shape of the wavefront ata later time * would have been A,B,C, where 
AA, =00,=BB,=CC,=vt, Q being an arbitrary point on the wavefront. 
If the time taken for the disturbance to traverse the distance QQ’ be 7, then, 
in order to determine the shape of the reflected wavefront, we draw a 
sphere of radius v(r—7,) whose centre is at the point Q'. In a similar 
manner we can draw the secondary wavelets emanating from other points 
onthe mirror and, in particular, from the point B we have to draw a 
sphere of radius vt. The shape of the reflected wavefront is obtained by 
drawing a common tangent plane to all these spheres, which is shown as 
A,B,C, in the figure. It can immediately be seen that A,B,C; will have 
an exactly similar shape as A,B,C; except that 4, B,'C, will have its centre 
of curvature at the point P’ where PB-BP'. Thus the reflected waves 
will appear to emanate from the point P’ which will be the virtual image 
of the point P. 


(vi) Refraction of a Spherical Wave by à Spherical Surface 

Let us consider spherical waves (emanating from the point P) incident 
on the curved spherical surface SBS’. Let the shape of the wavefront at 
the time t=0 be ABC [see Fig. 9. 10 (a)}. Let the refractive indices on the 
left and on the right of the spherical surface be n, and n; respectively. In 
the absence of the spherical surface, the shape of the wavefront at a later 
time « would have been A,B,C, where 44,—BB,— CC,—v,v.. We consider 
an arbitrary point Q on the wavefront ABC and let 7, be the time taken for 
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the disturbance to reach the point Q' (on the surface of the spherical wave); 
thus QQ'—v,s,. In order to determine the shape of the refracted wavefront 


(b) The diameter B'OB intersects the chord 4,GC, normally, 


at a later time c, we draw a sphere 


We may draw similar spheres from other points on the Spherical surface; in 
particular, the radius of the spherical wa 


f However, a small portion 
be considered as a sphere and in this approxi- 


whose centre of curvature is 


led wavefront is not 
are known as, aberrations, Ont is not, in general, a sphere leads to, what 
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atthe point M. The spherical wavefront will, therefore, converge towards 
the point M and hence the point M represents the real image of the point P. 
We adopt a sign convention in which all distances, measured to the left 
of the point B are negative and all distances measured to the right of the 
point B are positive.. Thus 
PB=—u 


where u itself is a negative quantity. Further, since the point M lies on 
the right of B, we have 

BM=y 
and similarly, 

BO=R 


where O represents’ the centre of curvature of the spherical surface. 
In order to derive a relation between u, v and R we use a theorem in 
geometry, according to which, 


(4,G} = GBX(2R—GB) (9.4-6) 


where G is the foot of the perpendicular on the axis PM [See Fig. 9.10(b)]. 
In Fig. 9.10(b) the diameter B'OB intersects the chord 4,GC, normally. If 


GB & R, then 
(AG)? ~ 2R(GB) 


Consider the spherical surface SBS’ [Fig. 9.10 (a)] whose radius is R. 
Clearly, 
(4,G)} = (2R—GB) GB 
= 2R(GB) (9.4-7) 


where we have assumed GB < R. Similarly by considering the spherica! 
surface A,B,C, (whose centre is at the point M) we obtain 


(4,Gy e 2v (GB) (9.4-8) 
where ve BMc«B,M. Ina similar manner, 
(4,6) e 2(—u) GB, (9.4-9 
Since u is a negative quantity, (A,G)? is positive. Now 


BB,=v,t and BB,=V,t 


Therefore, 
BB, ww " 
BB, Yi 
BB, vw n 
or 
n,BB, = ",BB, 
or 


n, (BG-+ GB) = m (BG— GB.) 


182 Vibrations and Waves 


or ‘ 
(A,G)? — (4G)? = Ce - e] 

EE Ree Te a Rag aM 

where we have used Eqs. (9.4-7), (9.4-8) and (9.4-9). Thus 


wn a (9.4-10) 


Ta Ih em, 9.4-11 
Y u "a R ( ) 
Thus, if 
Hol mn 
u| 3 R 
or 
Rn, 
Ju S BUR 


we will obtain a virtual image. 
second medium is a denser medium, 
have a virtual image.) 


lt may be pointed out that a converging spheiical wavefront will 


Propagate in a manner shown in Fig. 9.11. Beyond the focal point it will 
Start diverging as shown in the figure.* 


(We are of course assuming that the 
le. m>n; if n<n, we will-always 


from a surface SBS’ shown in Fig. 9,12 (mm). Here the centre of 
Curvature will also lie on the left of the poi 
negative quantities. Thus no matter 


Y Will be negative and we will obtain a 
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Fig, 9.12. Refraction of a spherical wave by a concave surface separating media 
of refractive indices n and ug (> m). P' is the virtual image of P. 


Using Eq. (9.4-10) we can easily derive the thin lens formula. We 
assume a thin lens made of a material of refractive index n to be placed in 
a medium of refractive index n, (See Fig. 9.13). Let the radii of curvatures 


Fig, 9,13 A thin lens made of a medium of refractive index 1g placed in a medium 
of refractive index m. The radii of curvatures of the two surfaces are 
Ry and Ra. P’ is the image (ai a distance v from the point O) of the point 
object P (ata distance —u from the point O). 


of the first and the second surface be R, and R; respectively. Let »' be 
the distance of the image of the object P if the second surface were not 
present. Then 


Hy Hy MoM 
pee (9.4-12) 


(Since the lens is assumed to be thin, all the distances are measured from 
the point O.) This image now acts as an object to the spherical surface 
R, on the left cf which is the medium of refractive index mg and on the right 


of which is the medium cf refractive index n. Thus, if v is the distance of 
the final image point from O, then 


id pedis: pee LL 
" (9.4-13) 
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Adding Eqs. (9.4-12) and (9.4-13) we obtain 


BSN et x-x) i; 
tT (ny ZI x (9. 4-14) 
or, 
id vod 
sa} (9.415) 
where 
z= "5" (7-2) 9.4-16) 
Jy St Ri R, $ 


Notice that we do not have to worry whether »' is positive or negative; it 
is automatically taken care of through the sign convention. Further, the 
relation derived is valid for any lens; forexample, for a double convex lens, 
Ri is positive and R, is negative and for a double concave lens, R, is 
negative and R, is positive. Similarly it follows for other types of lenses 
(see Fig. 3.6). 


Example 9.1. Consider a vibrating source moving through a medium with 
a speed V, Let the speed of Propagation of the wave in the medium be v. 
Show that if V>v then a conical wavefront is set up whose half-angle is 
given by 


O=sin-*(5) (9.4-17) 


Solution. Let at t=0, the source be at the point P, moving with a speed 
V in the x-direction (see Fig. 9.14), We wish to find out the wavefront at 


Fig. 9.14 Production of a Shock wavefront by avibrating particle P, 


r moving 
with a speed V, in a medium in which the velocit. f ETE 
of the wave is v (€ V). oe 


a later time +. „The disturbance emanating from the point P, traverses a 
distance vr in time c, Thus from the point P, we draw a sphere of radius 
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vr. We next consider the waves emanating from the source at a time 
*(«*) At timez let the source be at the position P,; consequently 


P,P, = Vs, 


In order to determine the shape of the wavefront at t, we draw a sphere of 
radius v (tr—t,) centred at P,. Let the source be at the position Q at the 
instant t. Then 

P,Q = Vr 


We draw a tangent plane from the point Q, on the sphere whose origin 
is the point P,. Since 


P\L=v(t—1,) and P,Qe V (1—7) 


. PL v, 
sin6 = P.O Y (independent of 7) 


Since is independent of tı all the spheres drawn from any point on the 
line P,Q will have a common tangent plane. This plane, is known as the 
shock wavefront and propagates with a speed v. 

It is interesting to point out that even when the source is not vibrating, 
if its speed is greater than the speed of sound waves, a shock wavefront is 
always set up. A similar phenomenon also occurs when a charged particle 
(like an electron) moves in a medium with a speed greater than the speed 
of light in that medium.* The emitted light is known as Cerenkov 
radiation. If you ever see a swimming pool type reactor, you will find a 
blue glow coming out from it; this is because of the Cerenkov radiation 
emitted by the fast moving electrons. 


9.5 Huygens’ Principle in Inhomogeneous Media 


Huygens’ principle can also be used to study the propagation of a 
wavefront in an inhomogeneous medium. For definiteness, we consider 
a medium whose refractive index decreases continuously from a given axis, 
which we define as the z-axis; x-and y-axes being the transverse axes. A 
simple example is a Selfoc fibre,** whose refractive index variation is of 
the form 


n(x, y) = mn, (x8 - »*) (9.5-1) 


"This does not contradict the theory of relativity according to which no particle 
can have a speed greater than the speed of light in free space (273x109 m/sec). The 
speed of light in a medium will be equal to c/n, where n represents the refractive 
index, For example in water, the speed of light will be about 2:25x109 m/sec and 
the speed of the electron could. be greater than this value. 

**Sce Example 2.4. 
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where m, is the refractive index on the z-axis. Let the plane wavefront 
be incident along the z-axis as shown in Fig. 9.15. Since the refractive 


x x 


Fig.9.15 The focusing of an incident plane wavefront in an inhomogeneous 
medium characterized by a refractive index variation given by 
Eq. (9.5-1). 


index decreases as x and y increase, the speed of the secondary wavelets 
emanating from portions of the incident wavefront will increase as we 
move away from the axis. Let us try to determine the Shape of the 
wavefront at a time At; given that the wavefront at (—0 is a plane 
wavefront A,B, (see Fig. 9.15). We will have to draw spheres of radius 
V (x, y) At, centered at (x, y), where v (x, y) is the velocity of the wave 
at the point (x, y), which increases as x and y increase. Thus the radii 
of the spheres increase as we move away from the axis and if we draw a 
„common tangent to all these spheres then the resulting wavefront is shown 
in Fig. 9.15 as A,B, It is at once evident that the wavefront which was 
initially plane has now become curved. If we again use the same 
procedure, then the shape of the wavefront at time 2A? (say) is shown as 
AB, Thus it is evident that in the Present case the wavefront is getting 
focussed. It should be borne in mind that since we are considering an 
inhomogeneous medium, the refractive index varies continuously with 
position. For the above construction to be valid, At should be small so 
that during this short interval the secondary wavelets may be assumed to 
be spherical; this treatment will be rigorously valid in the limit of At-»0. 


PROBLEMS 


1. Use Huygens’ principle to study the reflectio; 
from a point on the axis) at a concave mirror 
the mirror equation 


n of a spherical wave (emanating 
of radius of curvature R and obtain 


> 
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TERM: 

ut*v^R 

2. Consider a plane wave incident obliquely on the face of a prism. Using Huygens’ 
principle, construct the transmitted wavefront and show that the deviation 
produced by the prism is given by 

8=i+1t-A 
where A is the angle of the prism, i and ¢ are the angles of incidence and 
transmittance. 

3. In an anisotropic medium (like calcite) the velocity of the extraordinary wave is 
different in different directions (sec Sec. 2.4 and 18.5); indeed, one can show that 
the angular variation of velocity is given by the following equation 

ENEIS C M 

V1) visins0 " vicostü 
where v, and v; are constants and the angle 0 is measured with respect to a fixed 
direction which is kàown as the optic axis. Show that the wavefronts emanating 
from a point source will be ellipsoids of revolution. 


! 4, A plane wave is incident normally on an anisotropic medium like calcite (sce 


previous problem). Show that the refracted waves ure also plane waves propa- 
gating in the same direction but the ray direction is, in general, not normal to the 
wavefronts. (The ray is along the line joining the source of secondary wavelet 
to the point of contact of the secondary wavelet with the envelope). 

5, In tho above problem discuss the formation of the refracted wave for a plane 
wave incident obliquely on an anisotropic media whose optic axis lies in the 
plane of incidence. 

6. Ina medium characterized by the following refractive index variation 

n(x) = mm [1—-e™* 
[see Eq. (2.3-12)]; discuss using Huygens’ principle the bending of the beam 
around the point B in Fig. 2.9; this point is known as the turning point. 
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PART Ill 


Interference 


10 Superposition of Waves 


‘If you are dropping pebbles into a pond and do not 
watch the spreading rings, your occupation should be 
considered as useless’, said the fictional Russian 
philosopher, Kuzma Prutkoff. And, indeed we can learn 
much by observing these graceful circles spreading 

out from the punctured surface of calm water. 


GAMOW AND CLEVELAND 


10.1 Introduction 


In this chapter we will discuss the applications of the principle of super- 
position of waves according to which the resultant displacement (at a 
particular point) produced by a number of waves is the vector sum of the 
displacements produced by each one of the disturbances. As a simple 
example, we consider a long stretched string AB (see Fig, 10.1). From the 


(b) x 
A ANS B 
te) T 
N 
i— M— umi 
x 


(e 
Fig.10.1 The propagation in opposite directions of two triangular pulses in a 
stretched string. The solid line gives the actual shape of the string; 
(a), (b), (c), (d) and (e) correspond to different instants of time. 
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end A, a triangular pulse is generated which propagates to the right with 
a certain speed v. In the absence of any other disturbance, this pulse would 
have propagated in the -- x-direction without any change in shape; we are, 
of course, neglecting any attenuation or distortion of the pulse. We next 
assume that from the end B an identical pulse is generated which starts 
moving to the left with the same speed v. (As has been shown in Sec. 8.6 
the speed of the wave is determined by the ratio of the tension in the string 
to its mass per unit length). At (—0, the snapshot of the string is shown 
in Fig. 10.1 (a). Ata little later time each pulse moves close to the other 
as shown in Fig. 10.1 (b); without any interference. Fig. 10.1 (c) repre- 
sents a snapshot at an instant when the two pulses interfere; the dashed 
curves represent the profile of the string if each of the impulse was moving 
all by itself, whereas the solid curve shows the resultant displacement 
obtained by algebraic addition of each displacement. Shortly later [Fig. 
10.1 (d)] the two pulses exactly overlap each other and the resultant dis- 
placement is. zero everywhere (where has the energy gone?) Ata much 
later time the impulses sort of cross each other [Fig. 10.1 (e)] and move as 
if nothing had happened. This isa characteristic feature of superposition 
of waves. 

The phenomenon of interference contains no more physics than 
embodied in the above example. In the following sections we will consider 
some more examples. 


10.2 ‘Stationary Waves on a String 


Consider a string which is fixed at the point A (see Fig. 10.2). A transverse 
sinusoidal wave is sent down the string along the —x-direction. The 
displacement at any point on the string due to this wave would be given by 


y=asin[ = eee] (10.2-1) 


where the subscript i refers to the fact that we are considering the incident 
wave. Without any loss of generality we can set ¢=0; thus we may write 


Ji 7 a sin E ev] 


zasin E G + »)] (10.22) 


Thus, because of the incident wave, the displacement at the point A would 
have been : 


yi = asin (27 vt) (10.2-3) 


x= 


where we have assumed the point A tocorrespond to x=0. Since the point 
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A is fixed, there must be a reflected wave such that the displacement due to 
this reflected wave (at the point A) is equal and opposite to yı : 


=—a sin (27 vf) (10,2-4) 


ix=0 


Yr 


where the subscript r refers to the fact that we are considering the reflected 
wave. Since the reflected wave propagates in the +x-direction we must 
have 

ye-ka sin 2r iu) (10.2-5) 


The resultant displacement would be given by 


yeyrty-a [sin 27 (ž+w)+sin 2r E - »)] 


= 2a sin?" x sin 2r vt (10:2-6) 


It should be seen that for values of x such that 


sinx =0 (10.2-7) 


the displacement y is zero at all times. Such points are known as nodes; 
the x-coordinates of the nodes are given by 


A, 3A 
=0, 5, ^, — 0.2-8 
x=0, » A, ye a ) 


and are marked as points A, P, Q and Rin Fig. 10.2. The nodes are 
separated by a distance A/2 and at the midpoint between two consecutive 


Fig. 10.2 Reflection of a wave at x=0. 


nodes (ie. atx = $ : Ey etc.) theamplitude of the vibration is maximum. 
The displacements at these points (which are known as antinodes) are given 
b 

(10.2-9) 


y= x: 2a sin 2 vt 


At the antinodes the kinetic energy density would be given by (see Sec, 
$3): 
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Kinetic energy/unit length = $9(2a)? w* cos? wt 
= 2o u? cos? ot (10.2-10) 


where w=2nv is the angular frequency ande the mass per unit length of 
the string. 

We can also carry out a. similar experiment for electromagnetic waves 
(Fig. 10.3). In Fig. 10.3, 7 represents a transmitter of electromagnetic 
waves (the wavelength of which may be of the order of few cm); R repre- 
sents a reflector which may be a highly polished metal surface and D 


Fig. 10.3 An arrangement for studying standing electromagnetic waves. 


represents the detector which can measure the variation of the intensity of 
the electromagnetic waves at different points, One may approximately 
assume plane waves to be incident on the reflector which get reflected; the 
incident and reflected waves interfere and produce nodes and anti-nodes. 
The result of a typical experiment is shown in Fig. 10.4. One can see the 


Intensity 
nN FD oc 


o 


10 20 30 40 50 60 70 80 
Distance from reflecting plane, cm 


Fig. 10.4 A typical variation of the intensit 
i y between the reflect. d th 
transmitter [adapted from Ditchburn (1963), p. 63. lector and the 


periodic variation of intensity. 


Two con: i i 
about 5,8 om: thus Ae secutive maxima are separated by 


11.6 cm. The corresponding frequency (zz2.6x 10° 
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fact that the incident wave is really not a plane wave* and that the reflec- 
tion is not really perfect. In fact, onecan introdvce a coefficient of reflection 
(r) which is defined as the ratio of the energy of the reflected beam to the 
energy of the incident beam. Thus the ratio of the amplitudes would be 
a/r and if the incident wave is given by 


Eiscideni = 4 Sin [(3)] (10.2-11) 
then the reflected field would be given by 
Erenectea= 24/7 sin [^ (- »] (10.2-12) 


where the plane x =0 corresponds to the plane of the reflector. Here E 
represents the electric field associated with the electromagnetic wave. Thus 
the resultant field would be given by : 


Enesuttant = Eincident + Erefiocted 


vid sin [2a(ž+w) | rav sin [ i-)] 
nvm Ess) [Go 
-Fa(1— yr) sin [5 (3+) | 


=2ayr sin (F x) cos 2x vt 


Ja —Vrysin [2=(5+) | (10.213) 


The first term represents the stationary component of the wave and the 
second term (which is small if r is close to unity) represents the progressive 
part of the beam. 


10.3 Stationary Waves in a String Whose Ends Are 
Fixed 


In Sec. 10.2, while discussing the stationary waves on a string we had 
assumed only one end of the string (x — 0) to be fixed; and the resultant 
displacement was shown to be given by [see Eq. (10.2-6)}: 


y — 2asin (Z x ) sin evt) (10.3-1) 


*A plane wave is obtained by a point source at a very large distance from the point 
of observation (see Chapter 8). 
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If the other end of the string (say at x=) is also fixed then we must have 
2a sin GE L) sin (2nvt)=0 (10.3-2) 


Eq. (10.32) is to be valid at all times, therefore. 


sin (Fe )=0= sin n (10. 3-3) 
or 
m=, ES (10.3-4) 
The corresponding frequencies are 
v v 
w= Tp Mah 2 3; 95 (10.3-5) 


Thus, if a string (of length L) is clamped at both ends (as in a sonometer 
wire) then it can only vibrate with certain well defined wavelengths. When 
A=2L (i.e. n=1) the string is said to vibrate in its fundamental mode 
[Fig. 10.5(2). Similarly when A=2L/2 and 2L/3 the string is said to 


Fig. 10.5 Standing waves on a stretched string clamped at both ends. 


vibrate in its first and second harmonic. In general, if the string is 
plucked and then made to vibrate then the displacement would be given by 


v(x, => ain (= x) Sin (27vnt+on) (10.3-6) 


n=l 
where the constants a, and Qn are determined by the values of y (x, t=0) 


ey}. T 
and Br bo" these are known as the initial conditions. A more detailed 


discussion on the vibration of stre 


tched stri; i i 
Chapter 7. rings has been given in 
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It should be seen that when a string is vibrating in a particular mode 
there is no net transference of energy although each element of the string 
is associated with a certain energy density (see Eq. 10.2-10). The energy 
density is maximum at the antinodes and minimum at nodes. The 
distances between two successive antinodes and successive nodes are A/2. 


10.4 Stationary Light Waves: Ives and Wiener's Experiments 


It is difficult to carry out experiments in which one obtains stationary 
light waves. This is because of the fact that light wavelengths are 
extremely small (zz5x10-cm). In the experimental arrangement of Ives, 
the emulsion side of a photographic plate was placed in contact with a film 
of mercury as shown in Fig. 10.6. A parallel beam of monochromatic 


Incident 
Light Beam 


[me] 


Fig.10.6 The experimental arrangement of Ives for studying 
stationary light waves. 


light was allowed to fall normally on the glass plate. The beam was 
reflected on the mercury surface and the incident wave interfered with the 
reflected. wave forming standing waves. A section of the photographic 
film was cut along a plane normal to the surface. The cut section was 
viewed under a microscope and biight and dark bands (separated by 
regular intervals) were observed. By measuring the distance between two 
consecutive dark bands (which is equal to 2/2) one can calculate the 
wavelength. 

Because of the small wavelength of light, the distance betwcen two 
consecutive dark (or bright) bands was extremely small and was, 
therefore, difficult to measure. Wiener overcame this difficulty by placing 
the photographic film at a small angle and thereby inc:2esing considerably 
the distance between the dark (or bright) bands (Fig. 19.7). 


Example 10.1 In a typical experimental arrangement of Wiener, the 
angle between the film and the mirror was about 107* radians. For 
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Azz5x 10-5 cm what would be the distance between two consecutive dark 
bands? 


Mirtor 


Fig.10.7 The experimental arrangement of Wiener for studying 
light waves. 


Solution. The required distance is 


x- 201 cm — 0.25 mm 


On the other hand, in the set up of Ives the distance would be 
2.510 mm. 
10.5 Superposition of two Sinusoidal Waves 


Let us consider the Superposition of two sinusoidal waves (having the 
Same frequency*) at a particular point. Let 


X, (1) = a, cos (of+6,) 
Xa (7) = a, cos (cot-+-6,) 


and (10. 5-1) 


represent the displacements Produced 
assuming that the displacements 


Principle the resultant displacement x (t) 
would be given by 
(0) e x, (+x, (1) 
= a cos (ot--0,)-- a, cos (cot --0,) (10, 5-2) 


. discussing Stationary waves on a String, we had, at 
a particular value of X, two sinusoidal Waves of the same frequency (but having 
different initial phases) Superposing on cach other, However, 
ka 2 


in general, one could 
ts which are in different i 
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which can be written in the form 


x (1) = a cos (wi+-0) (10, 5-3) 
where * 
a cos 9 = a, cos 9, +a, cos 0, (10. 5-4) 
and 
a sin 0 = a, sin 0, 4-a; sin0, (10,5-5) 


Thus the resultant disturbance is also simple harmonic in character 
having the same frequency but dillerent amplitude and different initial 
phase. If we square and add Eqs. (10.5-4) and (10.5-5), we would 
obtain 


12 
» -fa 4 di + 2aya, cos 0,-9)] (10.5-6) 
Further 
a, Sin 0, --a, sin 0, (10.5-7) 


be bn a, cos 0, +a, cos 0, 


It should be pointed out that® is not uniquely determined from 
Eq. (10.5-7); however, if we assume a to be always positive, then.cos 6 
and sin 0 can be determined from Eqs. (10. 5-4) and (10, 5-5) which will 
uniquely determine 0. 

From Eq. (10.5-6) we find that if 


0,~0, = 0, 2m, 4, ... (10.5-8) 


then 
a d, d, (10,5-9) 


Thus, if the two displacements are in phase, then the resultant amplitude 
will te the sum of the two amplitudes; this is known as constructive 


interference. Similarly, if 
0,~0, = m, 37, Sry... (10. 5-10) 


then 
à 9 dyn d, (10,5-11) 
and the resultant amplitude is the difference of the two amplifüdes. This 
is known as destructive interference. If we refer to Fig. 10.2, then we 
A 3A SA f 
can see that constructive interference occurs at Xe 2» Gres: (i.e. at 
the points P', Q', R’,...) and destructive interference occurs at x=0, 
2/2, A, 3/2... (ic. at points A, P,Q, R..-).* It may be mentioned that 
when constructive and destructive interferences occur, there is no violation of 
the principle of conservation of energy; there is merely redistribution of 
energy. 


*In the next chapter, we will study the interference pattern produced by the 
superpositon of spherical waves emanating from two point sources. 
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In general, if we have n displacements 


X, =a, cos (ot--0,) 


33-03 cos (ot 4-0,) (10.5-12) 
Xy = An COS (cot -+ 0n) 
then 
X= Xr+ X+. +X, = acos (wt+6) (10. 5-13) 
where 
acos0 = a, cos Q+- . Han COS On (10. 5-14) 
and 
asin0 =a,sin0,+...+a,sin9, (10. 5-15) 


10.6 The Graphical Method for Studying Superposition of Sinu- 
soidal Waves 


In this section we will discuss the graphical method for adding displace- 
ments of the same frequency. ' This method is particularly useful when we 
have a large number of superposing waves as it indeed happens when we 
consider the phenomenon of diffraction. 

Let us first try to obtain the resultant of the two displacements given 
by Eq. (10. 5-1) using the graphical method. We draw a circle of radius 
a, and let the point P on the circle be such that OP makes an angle 0, 


Fig. 10.8 The graphical method for determining the resultant of two simple 


harmonic motions along the same direction and having the same 
frequency. 
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with the x-axis* (see Fig. 10.8). We next draw a circle of radius a, and 
let the point Q on the circle be such that OQ makes an angle 0, with the 


x-axis. We use the law of parallelograms to find the resultant OR of the 


vectors OP and OQ. The length of the vector OR will represent the 
amplitude of the resultant displacement and if 0is the angle that OR makes 
with the x-axis, then the initial phase of the resultant will be 0. This can 
be easily seen by noting that 


OR cos 0=0P cos 0,4- PR cos 0, 
=a, COS 0, +a, cos 0, (10.6-1) 
Similarly 
ORsin0—a, sin 0,-+a sin 0; (10.6-2) 


P 

consistent with Eqs. (10.5-4) and (10.5-5). Further, as the vectors OP 
> 

and OQ rotate on the circumference of the circles of radii a, ana a, the 


fag 
vector OR rotates on the circumference of the circle of radius OR with the 
same frequency. 

Thus, if we wish to find the resultant of the two displacements given 


ag 
by Eq. (10.5-1) then we must first draw a vector (OP) of length a, making 
an angle 0, with the axis; from the tip of this vector we must draw another 


ae 
vector (PR) of length a, making an angle 6, with the axis. The length of 


KT 
the vector OR will represent the resultant amplitude and the angle that it 


makes with the axis will represent the initial phase of the resultant 
displacement, It can be easily seen that if we have a third displacement 


Xy = dy COS (et 4-0;) (10.6-3) 


then from the point R we must draw a vector RR of length a, which 


makes an angle 0, with the axis; the vector OR will represent the 
resultant of x,, x» and Xs. 

As an illustration of the above procedure we consider the resultant of 
N simple harmonic motions all having the same amplitude and with their 
phases increasing in arithmetic progression. Thus 


X, = a cos wt 

x, = acos [ot 4-0] 
i i (10.6-4) 
xy =a cos [ot--(N —1) 89] 


*Clearly, if we assume the vector OP to rotate (in the anticlockwise direction) 


. n - H 
with angular velocity o then the x-coordinate of the vector OP will be a, cos (wt+8) 
Where ¢=0 corresponds to the instant when the rotating vector is at the point P. 
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> > > 
In Fig. 10.9 the vectors OP,, P,P, PaPa, ... correspond to x,, x», Xe) 128 


Sn 
respectively. The resultant is denoted by the vector OPy. Let Q,L and 


Fig. 10.9 The graphical method for determining the resultant of N simple 
harmonic motions along the same direction and having the same 
frequency. 


QL be the perpendicular bisectors of OP, and P,P}. It is easy to prove 
that 
410,P,=A LQ;P, 


Thus LO—LP,—LP,. Therefore, the points O, P, Py, P4, ... Py will lie 
on the circumference of a circle whose centre is L and radius is LO. 


Further, Z LP,O = = and, therefore, Z OLP,—6,. Thus 


a/2 
d Tg sin 0/2 
an 


OPy — 20€ —2LOsin Ny 


2 
sin ^» 
y (10.6-5) 


sin * 
Further, the phase of the resultant displacement would be 
ZPyOX=}(N—1)6, 
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Thus 
a cos ot-F-a cos (ot-8)) - . . . Fa cos [ur--(N— 1) 8] 
=A cos (wt+0) (10.6-6) 


where 
asin ds 
A-——3 (10.6-7) 
sins’ 
and 
6=3(N—-1)% (10. 6-8) 


` 


We will use this resuit in Chapter 15. 


10.7 The Complex Representation 


Often it is more convenient to use the complex representation in which 
the displacement 

X, = a, cos (ot4-9,) (10. 7-1) 
is written as 

x, = aje (ette (10.7-2) 


where it is implied that the actual displacement is the real part of x,. 
Further, if 


= ottoa) 
then ban 
+x, = (qe 4r aselt*) giwt 
= gelten (10.7-3) 
where 
ae! = a,e^: - aseits (10.7-4) 


If we equate the real and imaginary parts of the above equation, we would 
obtain Eqs. (10.5-4) and (10. 5-5). 

An interesting illustration of the usefulness of this method is to consider 
the resultant of the N displacements described by Eq. (10.6-4), Thus we 
write 

x,-aelet, x, ael(ott 00, MA 
Hence 
x-xlTxec... 
= qelet [1 J-eits + eite 4- , , . -]-el072 60] 


SS Ie LU ML Ln d 
saeh ries OE ai dini ect 
asin NG 
a 2 exp | i ord (y) 9 (10.7 5) 
sin % 2 


2 
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which is consistent with Eq. (10.6-6). The complex representation is also. 
very useful in considering the spreading of a wave packet (see Sec. 7.5). 
It may be noted that whereas 


Re (xy) 3- Re (33) = Re (3, 4-x3) 
but 
(Re xj) (Rex) # Re (x3) 


where Re (. ..) denotes the “real part of" the quantity inside the brackets. 
Thus, one must be careful in calculating the intensity of a wave which is 
proportional to the square of the amplitude. While using the complex 
representation. one must calculate the amplitude. first and then the 
intensity, 


PROBLEMS, 


1, Standing wavesare formed on a stretched string under tension of 1 Newton. The 
length of the string is 30 cm and it vibrates in 3 loops. If the mass per unit 
length of the wire is 10 mg/cm, calculate the frequency of the vibrations. 

2. Inthe above problem, if the string is made to vibrate in its fundamental mode, 
what will be the frequency of vibration? 

3. dn the experimental arrangement of Wiener, what should be the angle between the 
film and the mirror if the distance between two consecutive dark bands is. 
7x10- cm. Assume 436% 10-5 cm. (Ans. ~ 1/49). 

4. Standing waves with five loops are produced on a stretched string under tension, ' 
The length of the string is 50 cm and the frequency of vibrations is 250 sec, 
Calculate the time variation of the displacement of the points which are at dis- 
tances of 2 cm, Sem, 15cm, 18cm, 20 cm, 35cm and 45 cm from one end of 
the string. 

5, The displacements associated with two waves (propagating in the same direction) 
NE same amplitude but slightly different frequencies can be written in the 
form 

acos2m (-1) and a Cos 2 p 

2 3 m | (45v) aay] 
(Such displacements are indeed obtained when we have two tuning forks with 
slightly different frequencies). Discuss the superposition of the displacements 
and show that at a particular value of x, the intensity will vary with time. 

6. In the above problem assume vm330 m/sec, v=256 sec-!, Av=2 sccm! and 


a=0.1cm, Plot the time variation of the intensity at x=0, * and x 


7, Use the complex representation to study the time variation of the resultant 
displacement at x=0 in Problems 5 and 6. 

8. Discuss the superposition of two plane waves (of the same frequency and propa- 
gating in the same direction) as a function of the phase difference between them. 
(Such a situation indeed arises when a plane wave gets reflected at the upper and 
lower surfaces of a glass slab; see Sec. 12.2). 

9. In Example 8.1 we had discussed the propagation of a semicircular pulse on a 
pig fe ond two semicircular pulses propagating in opposite directions. At 

=0, placement associated with the s ting i d in 
the —x directions are given by DRUG terr 
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[Rex and —[R?—(x—104)2]/2 
respectively, Plot the resultant disturbance at z= R/v, 2.5R/v, 5Rjv, 7.5R/v and 
10R/v; where v denotes the speed of propagation of the wave. 
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11 Two Beam Interference 
by Division of 
Wavefront 


Light-- Light does not always give more light, 
but may in certain circumstances give darkness. 


MAX BORN 


I1 | Introduction 


In the previous chapter, we had considered the superposition of one- 
dimensional waves propagating on a string and had shown that there is a 
variation of energy density along the length of the string due to the inter- 
ference of the two waves (see Fig. 10.5). In general, whenever two waves 
Superpose, one obtains an intensity distribution which is known as the 
interference pattern. — In this chapter, we will consider the interference 
pattern produced by waves emanating from two pointsources. It may be 
mentioned that with sound waves the interference pattern can be observed 
without much difficulty because the two interfering waves maintain a 
constant phase relationship; this is also the case for microwaves. However, 
for light waves, due to the very process of emission, one cannot observe 
interference between the waves from two independent sources,* although 
the interference does take place (see Sec. 11.4). Thus, one tries to derive 
the interfering waves from a single wave so that the phase relationship is 
maintained. The methods to achieve this can be classified under two broad 
categories. Under the first category, ina typical arrangement, a beam is 
allowed to fall on two closely spaced holes and the two beams emanating from 
the holes interfere. This method is known as division of wavefront and will be 
discussed in detail in this chapter. In the other method, known as division 
of amplitude, a beam is divided at two or more reflecting surfaces and the 


“It is difficult to observe the interference pattern even with two laser beams unless 
they are phase locked. 
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reflected beams interfere. This will be discussed in the next chapter. We 
must, however, emphasize that the present and the following chapters are 
based on one underlying principle, namely the superposition principle. 

It may be mentioned that it is also possible to observe interference using 
multiple beams; this is known as multiple beam interferometry and will be 
discussed in Chapter 13. It wili be shown there that multiple beam inter- 
ferometry offers some unique advantages over two beam interferometry. 


11.2 Interference Pattern Produced on the Surface of Water 


We consider surface waves emanating from two point sources in a 
water tank. We may have, forexample, two sharp needles vibrating up and 
down at the points S, and S, (see Fig. 11.1). Although water waves 


Fig. 11,1 Waves emanating from two point sources S, and Sy vibrating in 
phase. The solid and the dashed curves represent the positions of the 
crests and troughs respectively. 


are not really transverse (see Chapter 8) we will, for the sake of simplicity, 
assume water waves to produce displacements which are transverse to the 
direction of propagation. 

If there was only one needle (say at S,) vibrating with a certain frequency 
v then circular ripples would have spread out from the point Sj. The wave- 
length would have been v/v and the crests and troughs would have moved 
outwards. Similarly for the vibrating needle at S,. However, if both needles 
are vibrating, then waves emanating from S, will interfere with the waves 
emanating from S,. We assume thatthe needle at Sy vibrates in phase with 
the needle at S,; i.e., S, and Sẹ go up simultaneously, they also reach the 
lowest position at the same time. Thus, if at a certain instant, the distur- 
bance emanating from the source S, produces a crest at a distance p from S, 
then the disturbance from Sa would also produce a crest at a distance 
P from S, etc. This is explicitly shown in Fig. 11.1, where the 
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solid curves represent (at a particular instant) the positions of the 
crests due to disturbances emanating from S, and S, Similarly, the 
dashed curves represent (at the same instant) the positions of the 
troughs. Notice that at all points on the perpendicular bisector OY the 
disturbances reaching from S, and from S, will always be in phase. 
Consequently, at an arbitrary. point 4 (on the perpendicular bisector) we 
may write the resultant disturbance as 


y-— Yt 
— 2a cos of (11.2-1) 


where y, (=a cos wt) and y, (=a cos œt) represent the displacements at the 

point A due to S, and S, respectively. We see that the amplitude at A is 

twice the amplitude produced by each one of the source. It should be 
T 1 z 

noted that at t = i(= hie 

by each of the source would be zero and the resultant will also be zero. 

This is also obvious from Eq. (11.2-1). 

Neat, iet us consider a point B such that 


) the displacements produced at the point 4 


S,B—S,B—A2 (11.2-2) 


At such a point the disturbance reaching from the source S, will always be 
out of phase with the disturbance reaching from Sẹ. This follows from the 
fact that the disturbance reaching the point B from the source Są must have 
started half a period (— 7/2) earlier than the disturbance reaching B from S;. 
Consequently, if the displacement at B due to S, is given by 


yı=a cos wt 
then the displacement at B due to S, would be given by 
Ya=a cos (wt+7)=— acos et 


and the resultant y=y,+-y, is zero at all times. Such a point corresponds to 
destructive interference and is known as a node and corresponds to minimum 
intensity. It may be pointed out that the amplitudes of the two vibrations 
reaching the point B will not really be equal as it is at different distances 
from S, and S4... However, if the distances involved are large (in comparison 
to the wavelength), the two amplitudes will be very nearly equal and the 
resultant intensity will be very nearly zero. 
In a similar manner we mav consider a point. C such that 


S,C—S,C=1 


where the phase of the vibrations (reaching from S, and S,) are exactly the 


same as at the point A. Consequently we will again have constructive 
interference. 


Plate 5 The actual interfe; 
in phase ima ripple tank. ( 
1965; used with permission.) 


rence pattern produced from two point sources vibrating 


After PSSC, Physics, D.C. Heath & Co:, Boston, Mass., 
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In general, if a point P is such that 
S,P ~S,P=nd (maxima) (11.2-3) 


n — 0, 1, 2, ..., then the disturbances reaching the point P from the two 
sources will be in phase, the interference will beconstructive and the intensity 
will be maximum. On the other hand, if the point P is such that 


S,P ~ S,P—(nt3)^ (minima) (11.2-4) 


then the disturbances reaching the point P from the two sources will be out 
of phase, the interference will be destructive and the intensity will be 
minimum. The actual interference pattern produced from two point 
sources vibrating in phase in a ripple tank is shown in Plate 5. 

Example. 11.4 The intensity at the point which neither satisfies 
Eq. (11.2-3) nor Eq. (11.2-4) will neither be a maximum nor zero. 
Consider a point P such that S,P—S,P=A/3. Find the ratio of the 
intensity at the point P to that at a maximum. 

Solution. If the disturbance reaching the point P from S, is given by 


yı=a cos ot 


then the disturbance from S, would be given by 
2r 
Ya=a cos (or Ei 


because a path difference of A/3 corresponds to a phase difference of 


> Thus the resultant displacement would be 
yy 


2x 
= a[ cos of4-cos (or - 5J] 


= 2a cos (or — 3) cos 7/3 
= a cos (wt — 7/3) 


The intensity is therefore 1/4th of the intensity at the maxima. Ina 
similar manner one can calculate the intensity at any other point. 

Example 11.2 The locus of points which correspond to minima are 
known as nodal lines. Show that the equation of a nodal line is a 
hyperbola. Also obtain the locus of points which correspond to maxima. 
Solution. For the sake of generality we find the locus of the point P 
which satisfies the following equation 


S,P— SP =A (11.2-3) 
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Thus, if A — 41 we have a maximum and if A —(n--3)A we have a 
minimum. We choose the midpoint of 5,5, as the origin, with the x-axis 
along 5,9, and the y-axis perpendicular to it (sce Fig. 11.2). If the 


Fig. 11.2 The nodal curves, 


distance between 5,5, is d then the coordinates of the points S, and S, 


are (=$ 0) and (+3 0) respectively. Let the coordinates of the point 


P be (x, 3). Then 
eefe] 


and 
SP = [e-i els 
Therefore, 
4 . da In 2 1/2 
sP-s. rese) 4 »] -[(«-$) i | TN 
or 


(=+ ELTE ++ Aa [(s- 2) e] 
Ade = saff] 


On squaring we obtain 


4xtd® — dxd A At wf X xd t 5n »] 


or 
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Thus we obtain 

x yt 
iEn 
=A?  I(d— AS 
At qP—A 


=1 (11.2-6) 


which is the equation of a hyperbola. When A=(n+4)A the curves 
correspond to minima and when A—7 the curves correspond to maxima. 
For large values of x and y the curves asymptotically tend to the straight 
lines 


d? —RNi 
y=, = x (11.2-7) 


It may be pointed out that there is no point P for which S,Pe-S,P > d 
(S\P~S,P equals donthe x-axis only). Now, it appears from Eq. (11.2-6) 
that when A 2 d, the resulting equation is an ellipse which we know is 
impossible. The fallacy is a result of the fact that because of a few 
squaring operations, Eq. (11.2-6) also represents the locus of all those 
points for which S,P-++S,P=A and obviously in this case A can exceed d. 


Example 11.3 Consider a line parallel to the x-axis at a distance D from 
the origin (see Fig. 11.2). Assume D>>> A Find the points on this 
line where minimum intensity will occur. 

Solution. The equation of this line would be 


Jum (11.2-8) 


Further at large distances from the origin the equation of the nodal lines 
would be 


(11.2-9) 


where A,—(n-- 3) 4; —0, 1, 2,...Clearly the points at which minima will 
occur (on the line y=D) would be given by 


24-12 
ados (1-92) D 


eH (11.2-10) 


where we have assumed A,« d. . Thus the points corresponding to 
minima will be equally spaced with a spacing of AD/d. 

Example 11.4 Till now we have assumed the needles at S, and S, (see 
Fig. 11.1) to vibrate in phase. Assume now that the needles vibrate with 
a phase difference of and obtain the nodal lines. Generalize the result 
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for an arbitrary phase difference between the vibrations of the two needles. 
Solution. The two needles S, and S, vibrate out of phase. Thus if, at any 
instant, the needle at S, produces a crest at a distance R from it then the 
needle at S, would produce a trough at a distance R from S. Therefore, 
at all points on the perpendicular bisector O Y (see Fig. 11.3) the two 
vibrations will be always out of phase and we will have minimum. On the 
other hand, at the point B which satisfies the equation 


S,B—S,B—X2 
the two vibrations will be in phase and we will have maximum. Thus, 


Fig. 11.3 Waves emanating from two point sources Sı and Sy vibrating out of phase. 


because of the initial phase difference of z, the conditions for maxima and 
minima are reversed, i.e., when 


S,Pe-S,P-—(n|X)À (maxima) 
the interference will be constructive and we- will have maxima, and when 
minima 
S,P~S,P —nÀ (minima) 


the interference will be destructive and we will have minima. Notice that 


one again obtains a stationary interference pattern with nodal lines as 
hyperbolae. 


P The above analysis can easily be generalized for arbitrary phase 
difference between the two needles. Assume, for example, that there is a 
phase difference of 7/3, i.e., if there is a crest at a distance R from 5; then 
there is a crest at a distance R—À/6 from S,. Consequently, the condition 
ILAA A nO +1 
Hi ssitlus 2s. os 
will correspond to maxima. 


11.3. Coherence 


From the above examples we find that whenever the two needles 
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vibrate with a constant phase difference, a stationary interference pattern is 
produced. The positions of the maxima and minima will, however, 
depend on the phase difference in the vibration of two needles. Two 
sources which vibrate with a fixed phase difference between them are said 
to be coherent. 

Next, assume that the two needles are sometimes vibrating in phase, 
sometimes vibrating out of phase, sometimes vibrating with a phase 
difference of 7/3, etc. then the interference pattern will keep on changing. 
If the phase difference changes with such great rapidity that a stationary 

| interference cannot be observed then the sources are said to be incoherent. 

Let the displacement produced by the sources at S, and S, be given by 


y, =a cos ot 
went dii) 


then the resultant displacement would be 
y = yy Ja = 2a cos 9/2 cos (ot4-9/2) (11.3-2) 


The intensity (J) which is proportional to the square of the amplitude can 


be written in the form 
I = 4l, cos? 9/2 (11.3-3) 


where J, is the intensity produced by each one of the sources individually. 
Clearly if 9— 4-7, +37, ..., the resultant intensity will be zero and we will 
have minima. On the other hand, when 9—0, +27, +47, ... the intensity 
will be maximum (=4/,). However, if the phase difference between the 
sources S, and S; (i.e., 9) is changing with time, the observed intensity will 
be given by 

1=4I, «cos? » (11.3-4) 


where <... > denotes the time average of the quantity inside the angular 
brackets; the time average of a time dependent function is defined by the 
following relation: 
1 +l? 
«»-i | sO ae (1.355) 
7/2 
ch the averaging is carried out, For 
rmal eye this averaging 
th exposure time 0.001 


where + represents the time over whi 
example, if the interference pattern is viewed by a no 
will be over about 1/10th ofa second; for acamera wil : 
sec, * — 0.001 sec etc. Clearly, if 9 varies in a random manner in times 
which are small compared to + then cos? 9/2 will randomly vary between 0 


and 1 and <cos* i> would be 1/2. For such a case 
I=2h (11.3-6) 


214 Interference 


which implies that if the sources are incoherent then the resultant intensity 
is the sum of the two intensities and there is no variation of intensity ! Thus, 
if one (or both) of the two vibrating sources are turned on and off ina 
random manner (such that the phase difference between the vibrations of the 
two sources varies rapidly) then the interference phenomenon will not be 
observed. We will discuss this point again in Sec. 11. 6and also in Chapter 14. 


11.4 Interference of Light Waves 


Till now we have considered interference of waves produced on the 
surface of water. We will now discuss the interference pattern produced by 
light waves; however, for light waves it is difficult to observe a stationary 
interference pattern. For example, if we use two conventional light sources 
(like two sodium lamps) illuminating two pinholes (sce Fig. 11.4), we will 


SCREEN 


Fig. 11.4 If two sodium lamps illuminate two pinholes Sı and Se, no interference 
pattern will be observed on the screen, 


not observe any interference pattern on the screen. This can be understood 
from the following reasoning; In a convential light source, light comes 
from a large number of independent atoms; each atom emitting light for 
about 10-* sec, i.e. light emitted by an atom is essentially a pulse lasting for 
only 10-*sec.* Even if the atoms were emitting under similar conditions, 
waves from different atoms would differ in their initial phases. Conse- 
quently, light coming out from the holes S, and S, will have a fixed phase 
relationship for a period of about 10-* sec, hence the interference pattern 
will keep on changing every billionth of a second. The eye can notice 
intensity changes which last at least for a tenth of a second and hence we 
will observe a uniform intensity over the screen. However, if we have a 
camera whose time of shutter opening can be made less than 10-2 sec, then 
the film will record an interfererce pattern.** We summarize the above 


*Since the optical frequencies are of the order of 1019 sec-1, such a short pulse 
consists of about a million oscillations; thus it is almost monochromatic (sec 
Chapter 14), 

**This interference pattern will be a set of dark and bright bands only if the light 
waves have the same state of polarization. This can, however, be casily done by 
putting two polaroids in front of S, and S. We should mention here that by using 

(Contd.) 
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results by noting that light beams from two independent sources do not have 
any fixed relationship,* as such they do not produce any stationary inter- 
ference pattern 

Young in 1802 devised an ingenious but simple method to lock the 
phase relationship between the two sources. The trick lies in the division 
ofa single wavefront into two; these two split wavefronts act as if they 
emanated [rom two sources having a fixed phase relationship and, therefore, 
when these two waves were allowed to interfere, a stationary interference 
pattern was obtained. In the actual experiment a light source illuminates 
the pinhole S (see Fig. 11.5). Light diverging from this pinhole fell on a 
barrier which contained two pinholes S, and S, which were very close to 
one another and were located equidistant from S. Spherical waves emanating 


central 
maximum 


D 


7 
Fig. 11.6 Sections of the spherical wavefronts emanating from S, Sı and Sẹ. 
[Adapted from PSSC Physics (1965).] 
| E-— a 
F two independent laser beams it has been possible to record the interference (see 


Chapter 14). 
| *Such sources are termed as incoherent sources. 


216  laterference 


from S, and S, (see Fig. 11.6) were coherent and on the screen beautiful 
interference fringes were obtained. In order to show that this was indeed 
an interference effect, Youngshowed that the fringes on the screen disappear 
when S, (or S,) is covered up. Young explained the interference pattern 
by considering the principle of superposition, and by measuring the distance 
between the fringes he calculated the wavelength. Fig. 11.6 shows the 
section of the wavefront on the plane containing S, $, and Sọ. 


11.5 The Interference Pattern 


Let S, and S, represent the two pinholes of the Young's interference 
experiment. We would determine the positions of maxima and of minima 
on the line LL’ which is parallel to the y-axis and lies in the plane containing 
the points S, S, and S, (see Fig. 11.7). We will show that the 


Lai 


Fig. 11.7 Arrangement for producing Young's interference pattern. 


interference pattern (around the point O) consists of a series of dark and 
bright lines perpendicular to the plane of Fig. 11.7; O being the foot of the 
perpendicular from the point S on the screen. 


For an arbitrary point P (on the line LL’) to correspond to a maximum 
we must have 


S,P.— SP n; n — 0,1, 2,.., (11:5-1) 
Now, [ 
2 2 
Gres e [o yet 3) J- 6-2] 
= 2). 
where 
$,8,—4 and OP = y, 
Thus 
2rd 
SP- SP Ry (11.5-2) 


If yn, dD then negligible error will be introduced if S,P--S,P is replaced 
by 2D. For example, for d—0.02 cm, D=50 cm, OP=0.5cm (which 
corresponds to typical values for a light interference experiment) 
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S,P--S,P = [(50)* + (0. 519]? + [(50)* + (0.4997 
z:100.005 em. 


Thus if we replace S,P--S,P by 2D, the error involved is about 0.005%. 
In this approximation, Eq. (11.5-2) becomes 


S,P—S\P= D (1.5-3) 
Using Eq. (11.5-1) we obtain 
Yn= see (11. 5-4) 


Thus the dark and bright fringes are equally spaced and the distance between 
two consecutive dark (or bright) fringes is given by 


1)AD AD 
pies sur eee -F 
or, 
b= = (11.5-5) 


which is the expression for the fringe width. 
In order to determine the shape of the interference pattern we first note 
that the locus of the point P such that 


S,P-S,P—^ (11.5-6) 


is a hyperbola in any plane containing the points S; and S, (see Example 
11.2). Consequently, the locus is a hyperbola of reyolution obtained by 
rotating the hyperbola about the axis $,$,. In order to find the shape of 
the fringe on the screen we assume the origin to be at the point O and the 
z-axis to be perpendicular to the plane of the screen as shown in Fig. 11.5. 
The y-axis is assumed to be parallel to SSi. We consider an arbitrary 
point Q on the plane of the screen (i.e. z=0) (see Fig. 11.5). Let its 
coordinates be (x, y, 0). The coordinates of the points 5; and S, are 


(0.5 D) and (o. d p) respectively. Thus 


o 2 
sp-sp% +(y Jdyesy-[6 -5) +o] ! 
di =A (say) 
E H 5) -olfa Iz y- 3) or 
or 


PLAN EIAS 
[avd—atit = QA) [e Hp -5) +o] 
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Hence, 
Ax* (d — A?) — 4A)? = A? (4D* — A*) 


which is the equation of a hyperbola, Thus the shape of the fringes is 
hyperbolic. On rearranging we get 


far (4D*—A9 je 4e qr 
y -[ 4da [: Tapas] qu 


For values of x such that 


2 
Sce pio PE (11.5-8) 


the loci are straight lines parallel to the x-axis. Thus we obtain straight 
line fringes on the screen. It should be emphasized that the fringes are 
straight lines although the sources S, and S, are point sources. It is easy 
to see that if we had slits instead of the point Sources we would have 
obtained again straight line fringes with increased intensities. 

The fringes so produced are said to be non-localized; they can be 
photographed by just placing a film on the Screen; they can also be seen 
through an eyepiece. i 


11.6 The Intensity Distribution 


Let E, and E, be the electric fields produced at the point P by Sı and Sy 
respectively (see Fig. 11.7). The electric fields E, and E, will, in general, 
have different directions and different magnitudes. However, if the 
distances S,P and SP are very large in comparison to the distance S,$;, 
the two fields will almost be in the same direction. Thus, we may write 


E, —ÍE, cos E SiP—ot) 
and (11.6-1) 
E, = iE, cos (2% 5, 

2 = ME oe Cos | 57 ,P—ot 


^ 
where i represents the unit vector along the direction of either of the elec- 
tric fields. The resultant field will be given by 


E=-E,+E, 


2 2 
2 [En Eos (F SP wt) + Ea cos (F sr- ot) ] (11.62) 


The intensity (T) will be Proportional to the square of the electric field and 
will be given by 


I= KE! (11.6-3) 
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er I-K [za cost ( F SP or) + Ee cos? e S.P-ar) 


E {cos [5 (,P-s.n]- cos [29x (S,P4- sı» )}] 

(11.6-4) 
© where K is a proportionality constant.* For an optical beam the frequency 
is very large (221015 sec!) and all the terms depending on of will vary 
- with extreme rapidity (10% times in a second); consequently, any detector 
would record an average value of various quantities. Now 


+7 
cs 2(ot— 
cost (o1 —0)) = a- rera ao di 


-7 


=i ES 20|} 

a where T — a (~27x10-5sec for an optical beam). For any practical 
3 - detector** Ts « «1 and since the quantity between the curly brackets will 
` always be between —2 and +2 we may write 

«cos? (ot —0)) ~ à | (11.65) 


.. The factor cos 2of—9) will oscillate between +1 and —1 and its average 
. will be zero as can indeed be shown mathematically, Thus the intensity 
— that a detector will record will be given by 


i I=h+L+2Vh cos 8 (11.6-6) 
where 
=75(5,P-S,P) (1.6) 


= represents the phase difference between the displacements reaching the 
- point P from S, and S. Further : f : 


I=} KES 


t represents the intensity produced by the source S, if no light qos n 
allowed to fall on the screen; similarly /,—3 KEt represents the intensity 
- produced by the source S$, if no light from sS, is allowed to pui onte 


7 *Eq. (11.6-3) will be derived in Chapter 18. In free space the constant K will be 
- shown to be equal to eg? where € (8.854% 10-12 coul?/N-m?) represents, the 
Permittivity of free space and c, the speed of light in free space. 


**For a normal eye, t=0.1 sec thus Tjs2 6x 10714; even for a detector having 
In sec as the resolution time, T/«e6x 10-5. 
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From Eq. (11.6-6) we may deduce the following: 
(i) The maximum and minimum values of cos 8 are +1 and —1 
respectively; as such the maximum and minimum values of 7 are given by 


and 


Inx = (VI +V) | 
(11.6-8 


Lois = (V-V) 
The maximum iatensity cccurs when 
oin. Was On ld. 
or 
S,P~S,P — m, 
and the minimum intensity occurs when 
8=(2n+1)x; n=0,1,2,... 
or 
S,P~S,P = (n--1)^ 


Notice that when 7, —1,, the intensity minimum is zero. In general, 7,7:1; 
and the minimum intensity is not zero. 


(ii) Ifthe holes S, and S, are illuminated by different light sources ' 


(see Fig. 11.4), then the phase difference 3 will remain constant for about 
10-° sec (see discussion in Sec. 11.3) and thus è would also vary with time* 
ina random way. If we now carry out the averaging over time scales 
which are of the order of 10-*sec then 


<cos8>=0 
and we obtain 


T=14h 


Thus, for two incoherent sources, the resultant intensity is the sum of the 
intensities produced by each one of the sources independently and no 
interference pattern is observed. 

(iii) In the arrangement shown in Fig. 11.7, if the distances S,P and 
and SP are extremely large in comparison to d, then 


T, zl, = I (say) 
and 
I= 21,421) cos 8 
= 4I, cos? 3/2 (11.6-9) 


*Notice that this variation occurs in times of the order of 10-9 sec which is about 
a million times longer than the times for variation of the intensity due to the terms 


depending on wf, Thus we are justified in first carrying out the averaging which 
leads to Eq. (11.6-6). 


i] 


Plate 6 Interference fringes produced by two slits using 


monochromatic light. (Photograph courtesy Dr. R. S. 
Sirohi.) 
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The intensity distribution (which is often termed as the cos* pattern) is 
shown in Fig. 11.8. The acfual interference fringes are shown in 


Plate 6. 
4 
1/to 7 
dm eee dem 3m ST 


-ST" = 


—es 


Fig. 11.8 The variation of intensity with 3. 


Example 11.5 Consider two parallel slits S, and S; (perpendicular to the 
plane of the paper) illuminated by two distant incoherent sources S' and 
S' as shown in Fig. 11.9. The angles S'A4O' and S"AO’ are 10° each. 
Assuming that both the sources emit almost monochromatic light of the 
same wavelength A, determine the intensity pattern on the screen which is 
at a distance D from the slits (see Fig. 11.9). 


; 


i à 
s p 
oO A d 0 
3. | 
Sz 
0 


Fig. 11.9 Two distant incoherent sources S” and $” illuminate the slits S; and Ss. 


Solution. We will first calculate the intensity pattern produced by each 
source. Since-the two sources are incoherent, the resultant intensity pattern 
on the screen will be the sum of the intensities produced by each source on 
the screen. 
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Consider an arbitrary point P on the screen. Light from the source S’ 
will produce constructive interference at the point P if 


X S,-S,P—S,P = nd 


In the above equation we have assumed S’ to be far away from the slits so 
that S’S,—S’S,=XS,, where X is the foot of the perpendicular drawn 
from S, on S'S, Thus the intensity pattern on the screen due to S’ 
would be 


Ise =I, cos* 8/2 
where 
2x 
8 = XS, + S,P—S,P] 
But 
XS, = S,S, sin (XS,S,) = S,S, sin 10° 
Therefore 
T: e, cort E (SP- S.P) + 2* s, s,sin 10°] 
2n (xd at) 5E 
= I, cos? (= {F + dsin 10 1] 
Similarly 


ke 2[2rfxd_ ioo 
T es], cos [F T; — sin 10 
The resultant intensity would be given by 


I= Is-4 is 


The above example is of practical importance when distant stars (like 
Betelguse and Rigel) are viewed by means of an interference arrangement. 
A filter F is usually placed in front of the slits to make the light falling Qn 
the slits almost monochromatic, 


Example 11.6 In the Young’s double slit arrangement two half-wave 
plates* are placed in front of the slit (see Fig. 11. 10). The half-wave plate 
placed in front of the slit S, has its slow axis in the x-direction, whereas 
_the fast axis of the half-wave plate (placed in front of S) is along the 
x-axis. Determine the intensity distribution on the screen. Assume that 
the light coming from the source S is unpolarized. 
Solution. Let us first consider the case when E is along the y-axis; if the 
path through H, contains n wavelengths then the path through H, would 
contain n+} wavelengths. Thus there is an additional path of A/2 intro- 
duced in one of the beams «hd the entire fringe pattern shifts by half of a 
fringe; i.e., maxima and minima occur when S,P~S,P is (n--3)^ and m 
respectively. A similar fringe pattern is obtained when E is in the 


*Half-wave plates have been introduced in Chapter 18, 
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y-direction. Consequently, the entire fringe pattern would shift by half of 


a fringe. 
EX r 
$ 
Si 3| 
a 
S Hy 
M 
B 
E! š 
x H, 


Fig. 11.10 H and Hg are half-wave plates placed in front of the slits S, and Sy. 


11.7 Fresnel’s Two Mirror Arrangement 


After Young’s double hole interference experiment, Fresnel devised a series 
of arrangements to produce the interference pattern, One of the experi- 
mental arrangements, known as the Fresnel two-mirror arrangement is 
shown in Fig. 11.11; it consists of two plane mirrors which are inclined to 
each other at a small angle 6 and touching at the point M. S represents a 
harrow slit placed perpendicular to the plane of the paper. A portion of 
the wavefront from S gets reflected from M,M and illuminates the region 
AD of the screen. Another portion of the wavefront gets reflected from 
the mirror MM, and illuminates the region BC of the screen. Since these 
two wavefronts are derived from the same source they are coherent. Thus 
in the region BC, one observes interference fringes. The formation of the 
fringes can also be understood as being due to the interference of the wave- 
fronts from the virtual sources 5; and S, of S formed by the mirrors M, 
and M, respectively. From simple geometric considerations, it can be 
shown that the points S, S, and S, lie on a circle whose centre is at the 
point M. Further, if the angle between the mirrors is 0, then the angle 
S,SS, is also 9 and the angle S,MS, is 20. Thus S,S, is 2R0, where R is 
the radius of the circle. 


Fig. 11.11 Fresnel's two mirror arrangement. 


11.8 Fresnel Biprism 


Fresnel devised yet another simple arrangement for the production of 
interference pattern. He used a biprism, which was actually a simple 
prism, the base angles of which are extremely small (~}°). The base of 
the prism is shown in Fig. 11.12 and the prism is assumed to stand 
perpendicular to the plane of the paper. S represents the slit which is 
also placed perpendicular to the plane of the paper. Light from the slit 
S gets refracted by the prism and produces two virtual images S, and S, 
These images act as coherent sources and produce interference fringes on 
the right of the biprism. The fringes can be viewed through an eyepiece. 
If n represents the refractive index of the material of the biprism and « 
the base angle thén (n—1) a is approximately the angular deviation produced 
by the prism and, therefore, the distance S,S, is 2a(n—1)a, where a 
represents the distance from S to the base of the prism. Thus, for n—1.5, 
a= 3° z:5.8x 107 radians, a = 2cm, one gets d=0.012 cm. 

The biprism arrangement caif be used for the determination of wave- 
length of an almost monochromatic light like the one coming froma 
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sodium lamp. Light from the sodium lamp illuminates the slit S and inter- 
ference fringes can be easily viewed through the eyepiece, The fringe 


olco v 


l: l c 
D 


Fig.11.12 Fresnel's biprism arrangement. C represents the position of the cross- 
wires and L the eye piece. In order to determine d one introduces a 
lens between the biprism and the cross wires; Ly and Lg represent the 
two positions of the lens where the slits are clearly seen. 


width (8) can be determined by means of a micrometer attached to the 
eyepiece. Once B is known, A can be determined by using the following 
relation : 


-2 
ras (11.81) 


It may be mentioned that in order to determine d, one need not measure 
` the value of «. In fact the distances d and D can easily be determined by 
placing a convex lens between the biprism and the eyepiece. Fora fixed 
position of the eyepiece there will.be two positions of the lens (shown as L 
and L, in Fig. 11.12) where the images of S, and S, can be seen at the 
eyepiece.* Let d, be the distance between the two images when the lens 
is at the position L (at a distance 5, from the eyepiece). Let d, and b, be 
the corresponding distances when the lens isat L,. Then, it can easily be 
shown that 

= d, 

bud d= V did, 

D=h+b, 


Typically for d z 0.01 cm, A= 6x 10-5 cm, D= 50 cm, B. z:0.3cm. 
. It should be mentioned that we have considered here a slit instead of 
a point source. Since, each pair of points S, and 5, produce straight 
line fringes, the slit will also produce straight line fringes of increased 
intensity. 

*This method is similar.to the displacement method for the determination of 
the focal length of a convex lens, 
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11.9 interference with White Light 


We will now discuss the interference pattern when the slit is illumina- 
ted by white light. The wavelengths corresponding to the violet and red 
end of tle spectrum are about 4x 10-5 cm and 7x 1075 cm respectively. 
Clearly, thecentral fringe produced at the point O (Fig. 11.12) will be white 
because all wavelengths will constructively interfere here. Now, slightly 
below (or above) the point O the fringes will become coloured. For 
example, if the point P is such that 


S,P ~ S,P = 2x 1075 cm (==) 


then complete destructive interference will occur only for the violet colour. 
Partial destructive interference will occur for other wavelengths. Conse- 
quently we will have a line devoid of the violet colour and will appear 
reddish. The point Q which satisfies 

SO m~ $,Q —3.5x 10cm (="5) 
will be devoid of the redcolour. It will correspond to almost constructive 
interference for the violet colour. No other wavelength (in the visible region) 
will neither constructively nor destructively interfere. Thus following the 
white central fringe we will have coloured fringes; when the path difference 
is about 2x10-* cm the fringe will be red in colour, then the colour 
will gradually change to violet. The coloured fringes will soon disappear 
because at points far away from O there will be so many wavelengths (in 
the visible region) which will constructively interfere that we will observe 
uniform white illumination. For example, at a point R, such that 
S,R~ S,R=30 x 1075 cm wavelengths corresponding to 30x 10-5/n (n=1, 
2,...) will constructively interfere. In the visible region these wave- 
lengths will be 7.5x10-5 cm (red), 6x10-5 cm (yellow), 5x10- cm 
(greenish yellow) and 4.3x10-5 cm (violet). Further, wavelengths 
corresponding to 30x 10-*/(n-I-3) will destructively interfere; thus, in the 
visible region, the wavelengths 6.67x10-* cm (orange), 5.5x 10 cm 
(yellow), 4.6x 10-5 cm (indigo) will be absent. The colour of such light, 
as seen by the unaided eye, will be white. Thus, with white light one 
gets a white central fringe at the point of zero path difference along with 
yor coloured fringes on both the sides, the colour soon fading off to 
white. 

It should be noted that in the usual interference pattern with a nearly 
monochromatic source (like a sodium lamp) a large number of inter- 
ference fringes are obtained and it is extremely difficult to determine the 
position of the central fringe. In many interference experiments it is 
necessary to determine the position of the central fringe and, as has 


been discussed above, this can casily be done by using white light as a 
source, 
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11.10 Displacement of Fringes 


We will now discuss the change in the interference pattern produced by 
introducing a thin transparent plate in the path of one of the two inter- 
fering beams as shown in Fig. 11.13. Lett be the thickness of the plate 


[5 i 
[^ [od ptn -»t 
LL Sem 

d A o 


Fig. 11.13 If a thin transparent sheet (of thickness f) is introduced ın one of the 
beams, the fringe pattern gets shifted by a distance (n—1) ¢D/d. 


and let n be its refractive index. It is easily seen from the figure that 
light reaching the point P from S, has to traverse a distance 1 in the plate 
and a distance S,P—t inair. Thus the time required for the light to 


reach from S, to the point P is given by 
e. 
"c [S,P—t-- nt] 
da 
c 


= — [S,P + (n—1)) (11.10-1) 
where v (=<) represents the speed of light in the plate. Eq. (11, 10-1) 


shows that by introducing the thin plate the effective optical path 
increases by (n—1)t. Thus, when the thin plate is introduced the 
central fringe (which corresponds to equal optical path from Sı and 5,) 
is formed at the point O' where 


5,0 -(n—1) t= 5,0" 
Since [see Eq. (11.5-3)] 
$,0' — S0" wf 00' 
Therefore 
(MEAT $ 00! (11, 10-2) 
Thus the fringe pattern gets shifted by a distance A which is given by the 


following equation 
fy Dot (11.10-3) 
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The above principle enables us to determine the thickness of extremely 
thin transparent sheets (like that of mica) by measuring the displacement 
of the central fringe. Further, if white light is used as a source, the 
displacement of the central fringe is easy to measure. 


Example 11.7 Ina double slit interference arrangement one of the slits 
is covered by a thin mica sheet whose refractive index is 1.58. The 
distances S,S, and AO (see Fig. 11.13) are 0.1 cm and 50 cm respectively. 
Due to the introduction of the mica sheet the central fringe gets shifted by 
0.2cm. Determine the thickness of the mica sheet. 
Solution. 

A=0.2cm ; d=0.lem; D = 50 cm 
Hence 


Example 11.8 In an experimental arrangement similar to the one dis- 
cussed in the above example one finds that by introducing the mica sheet 
the central fringe occupies the position that was originally occupied by the 
eleventh bright fringe. If the source of light is a sodium lamp 
(455893 A) determine the thickness of the mica sheet. 

Solution. The point O' (see Fig. 11.13) corresponds to the eleventh bright 


fringe, thus 
S,0' — $,0' = 11A = (n—1) t= 0.581 


11.11 The Lloyd's Mirror Arrangement 


In this arrangement light from a slit S, is allowed to fall on a plane mirror 
at grazing incidence (see Fig. 11.14). The light directly coming from the 
slit S, interferes with the light reflected from the mirror forming an 


m 


Fig, 11.14 The Lloyd's mirror arrangement. 


i 
l 
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interference pattern in the region BC of the screen. One may thus consider the 
slit S, and its virtual image S; to form two coherent sources which produce 
the interference pattern. It should be noted that at grazing incidence one 
really need not have a mirror; even a dielectric surface has very high 
reflectivity (see Chapter 19). 

As can be seen from Fig. 11.14, the central fringe cannot be observed 
on the screen unless the latter is moved to the position Li Ly, where it 
touches the end of the reflector. Alternatively, one may introduce a thin 
mica sheet in the path of the direct beam so that the central fringe appears 
in the region BC. (This is discussed in detail in Problem 2). Indeed, 
if the central fringe is observed with white light, it is found to be dark. 
This implies that the reflected beam undergoes a sudden phase change of 
mon reflection, Consequently, when the point P on the screen is such 
that 


S,P—S,P =n, n=0, 12/3. 
we will get minima (i.e. destructive interference). On the other hand, if 
S,P—S,P = (n +-4)A 


we will get maxima. 

In the next section, using the principle of optical reversibility, we will 
show that if there is an abrupt phase change of 7 when light gets reflected 
by adenser medium, then no such abrupt phase change occurs when 
reflection takes place at a rarer medium. 


11.12 Phase Change on Reflection 


We will now investigate the reflection of light at an interface between two 
media using the principle of optical reversibility. According to this 
principle, in the absence of any absorption, a light ray that is reflected or 
refracted will retrace its original path if its direction is reversed." 

Consider a light ray incident on an interface of two media of refractive 
indices n, and n, as shown in Fig. 11.15 (a). Letthe amplitude reflection 
and transmission coefficients be r, and f, respectively. Thus, if the 
amplitude of the incident ray is a, then the amplitudes of the reflected and 
refracted beam would be ar, and at; respectively. 

We now reverse the rays and we consider a ray of amplitude af, 
incident.on medium 1 and a ray of amplitude ar, incident on medium 


*This principle is a consequence of time reversal invariance according to which 
processes can run either way in time. Physicists have yet to find a process which 
cannot run actually backwards in time if offered the proper circumstances [see, for 
example, A.Baker, Modern Physics and Anti Physics, Chapter 3, Addison Wesley 
(1970); R. P. Feynman, R. B. Leighton and M. Sands, The Feynman Lectures on 
Physics, Vol. 1. Chapter 52, Addison Wesley (1965)]- 
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2 as shown in Fig. 11.15 (b). The ray of amplitude af, will give rise to 
a reflected ray of amplitude at,r, and a transmitted ray of amplitude 


(a) (b) 


Fig. 11.15 (a) A ray travelling in a medium of refractive index n incident on & 
medium of refractive index mg. (b) Rays of amplitudes ar, and af; 
incident on a medium of refractive index n. 


at,t, where r, and t, are the amplitude reflection and transmission coeffi- 
cients when a ray is incident from medium 2 on medium 1. Similarly, 
the ray of amplitude ar, will give rise toa ray of amplitude arf and a 
refracted ray of amplitude ar,t,, According to the principle of optical 
reversibility the two rays of amplitudes ar? and at,t, must combine to 
give the incident ray of Fig. 11.15a; thus 


ari +- att =a 
or 


ff =1—r} 11.12-1) 
( 


Further, the two rays of amplitudes afr, and art, must cancel each 
other; i.e. 


ahr, + art, e 0 
or 


Ta —n (11.122) 


Since we know from the Lloyd's mirror experiment that an abrupt phase 
change of z occurs when light gets reflected by a den:er medium, we 
may infer from Eq. (11.12-2) that no such abrupt phase change occurs 
when light gets reflected by a rarer medium. This is indeed borne out 
by experiments. Eqs. (11.12-1) and (11.12-2) are known as Stokes’ 
relations. 

In Chapter 20, we will calculate the amplitude reflection and trans- 
mission coefficients for plane waves incident on a dielectric and also on a 
conductor. It will be shown that the coefficients satisfy Stokes' relations; 
the phase change on reflection will also be discussed there. 
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PROBLEMS 


In the Young's double-hole experiment (see Fig. 11.5), the distance between the 
two holes is 0,5 mm, àe5x10-5 cm and D=50cm. What will be the fringe 
width? 

Fig. 11 46. represents the layout of Lloyd's mirror experiment. S is a point 
source emitting waves of frequency 6X 1014 sec-1, A and B represent the two 


1 
Ss 
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Fig. 11.16 For Problem 2. 


ends of a mirror placed horizontally and LOM represents the screen. The distances 
SP, PA, AB and BO are 1 mm, 5cm, 5 cmand 190 cm respectively. (a) Determine 
the position of the region where the fringes will be visible and calculate the 
number of fringes. (b) Calculate the thickness ofa mica sheet (n—1.5) which 
should be introduced in the path of the direct ray so that the lowest fringe 
becomes the central fringe. The velocity of light is 3x 1016 cm/sec. 
[Ans. (a) 2cm, 40 fringes, (b) 38 um). 
(a) In the Fresnel's biprism arrangement, show that d=2(n—1) aa where a 
represents the distance from the source to the base of the prism (see Fig. 11.12), 
a is the angle of the biprism and n the refractive index of the material of 
the biprism. 
(b) In a typical biprism arrangement b/a=20, and for sodium light (4245893 A) 
one obtains a fringe width of 0.1 cm; here b is the distance between the biprism 
and the screen. Assuming »=1.5 calculate the angle a. 

(Ans. ~0.71°) 
In the Young’s double hole experiment a thin mica sheet (n=1.5) is introduced 
in the path of one oi the beams. If the central fringe gets shifted by 0.2 cm, 
calculate the thickness of the mica sheet. Assume d=0.1 cm, and D=50 cm. 
In order to determine the distance between the slits in the Fresnel biprism 
experiment, one puts à convex lens in between the biprism and the eye piece. 
Show that if D>4/f one will obtain two positions of the lens where the image of 
the slits will be formed at the eye piece; here f is the focal length of the convex 
lens and D isthe distance between the slitand the eye piece. 1f d; and d are 
the distances between the images (of the slits) as measured by the cyepiece, then 
show that d-4/dydy. What would happen if D<4f? 
In the Young's double hole experiment, interference fringes are formed using 
sodium light which predominantly comprises of two wavelength (5890 A and 5896 A). 


Obtain the regions on the screen where the fringe pattern will disappear. You 
may assume d=0.5 mm and D=100cm. 
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12. 


13. 


14. 


Interference 


If one carries out the Young's double hole interference experiment using micro- 
waves of wavelength 3 cm, discuss the nature of the fringe pattern if d=0.1 cm, 
1 cm, and 4 cm. You may assume D—100 cm. Can you use Eq. (11.5-5) for 
the fringe width? 

In the Fresnel's two mirror arrangement (see Fig. 11.11) show that the points 
S, S, and S, lie on a circle and 5,535250 where b— MS and 6 is the angle 
between the mirrors. 

In the double hole experiment using white light, consider two points on the 
Screen, one corresponding to a path difference of 5000 A and the other corres- 
ponding to a path difference of 40000 Á. Find the wavelengths (in the visible 
region) which correspond to constructive and destructive interference. What 
will be the colour of these points? 

Consider a plane which is normal to the line joining two point coherent sources 
Si and S; (see Fig. 11.17).* Show that the interference pattern produced on this 


Fig.11.17 For Problem 10. 


plane will consist of concentric circles and that the radius of the nth bright circle 
will be approximately vz- 2 D where we have assumed D> d, x; the 


distances d, D and x have been defined in Fig. 11.17. The first bright ring will 
correspond to the integer which is closest to and smaller than dj, and as we go 
outwards, the value of n would decrease. 

In the above problem assuming that d=0.5 mm, 1—5x 10-5 cm, D— 100 cm show 
that the central fringe is bright and corresponds to «1000. The first, second 
and third bright rings will correspond to n=999, 998 and 997 respectively. 
Calculate their radii. Also calculate the radii of the first three dark rings. 

Using the expressions for the amplitude reflection and transmission coefficients 
(derived in Chapter 20), show that they satisfy Stoke's relations. 

Assume a plane wave incident normally ona plane containing two holes separated 
oe Pria en xi we place a convex lens behind the slits, show that the fringe 
width, as observed on the focal plan i i 
Mire pi is plane of the lens will be f3/4 where f is the 
In the previous problem, show that if the plane (containing the holes) lies in the 
front focal plane of the lens, then the interference pattern will consist of exactly 
parallel straight lines. However, if the plane does not lie on the front focal 
plane, the fringe pattern will be hyperbolae as assumed in Sec. 11.5. 


*The arrangement is known as Pohl's interferometer and S; and S could be the 
virtual images of a point source placed in front of a thin mica sheet. 


Two Beam Interference by Division of Wavefront 233 


15. In the Young's double hole experiment calculate J/Imax where J represents the 
intensity at a point where the path difference is M5. 


REFERENCES AND SUGGESTED READING 


See at the end of Chapter 13 


12 Interference by Division 
of Amplitude 


The issue is now quite clear. It is between light 
and darkness, and everyone must choose his side. 


12.1 Introduction 


In the previous chapter we discussed the interference pattern produced 
by division of a wavefront; for example, light coming out of a pinhole was 
allowed to fall on two holes, and spherical waves emanating from these 
two holes produced the interference pattern. In this chapter we will 
consider the formation of interference pattern by division of amplitude; 
for example, if a plane wave falls on a thin film then the wave reflected 
from the upper surface interferes with the wave reflected from the lower 
surface. Such studies have many practical applications and also explain 
phenomena like the formation of beautiful colours produced by a soap 
film illuminated by white light. 


12[ Interference by a Plane Parallel Film When Illuminated 
by a Plane Wave 


If a plane wave is incident normally on a thin* film of uniform 
thickness 1 (see Fig. 12.1) then the waves reflected from the upper surface 
interfere with the waves reflected from the lower surface; in this section we 
will study this interference pattern. In order to observe the interference 
pattern without obstructing the incident beam, we use a partially reflecting 
plate G as shown in Fig. 12.1. Such an arrangement also enables us to 
eliminate the direct beam from reaching the photographic plate P (or the 


* Why the film should be thin is explained in Sec. i21 
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eye). The plane wave may be produced by placing an illuminated pin:ole 


at the focal point of a corrected lens; alternatively, it may just be a beam 
coming out of a laser. 


! 
t n 
D 


Fig.12.1 The normai incidence of a parallel beam of light on a thin film of 
refractive index m and thickness t, G denotes a partially reflecting 
plate and P represents a photographic plate. 


Let the solid and the dashed lines in Fig. 12.2 represent the positions 
of the crests* (at any particular instant of time) corresponding to the 
waves reflected from the upper and lower surfaces of the film 
Tespectively.** Clearly, the wave reflected from the lower surface of the 


Fig. 12.2 The solid and the dashed lines represent the crests of the waves reflected 
from the upper surface and from the lower surface of the thin film. 
Notice that the distance between the consecutive crests inside the film 
is less than the corresponding distance in medium I. 


*Notice that the distance between consecutive crests in the film is less than the 
corresponding distance in air. This is because of the fact that the effective 
Wavelength in a medium of refractive index mis 2/n- 

**In general, the wave reflected from the lower surface of the film will suffer 
iran leflections. The effect of such multiple reflection is neglected (see next 

apter), 
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film traverses an additional optical path of 2nt, where n represents the 
refractive index of the material -of the film. Further, if the film is placed 
in air then, the wave reflected from the upper surface of the film will 
undergo a sudden change in phase of x (see Sec. 11.12) and as such the 
conditions for destructive or constructive interference will be given by 


2nt = md destructive interference (12.2-1a) 
=(m+4)A constructive interference (12.2-1b) 
where 
m0, 1,2,... 


Thus, if we place a photographic plate at P (see Fig. 12.1), then the plate 
will receive uniform illumination; it will be dark when 2nt=ma and bright 
when 2nt—(m-4-3) ^; m=0, 1, 2,.... Instead of placing the photographic 
plate, if we try to view the film (from the top) with naked eye, then the 
film will appear to be uniformly illuminated. 

It may be noted that the amplitudes of the waves reflected from the 
upper and lower surfaces will, in general, be slightly different; and as such 
the interference will not be completely destructive. However with 
appropriate choice of the refractive indices of media II and III, the two 
amplitudes can be made very nearly equal (see Example 12.1). 

For an air film between two glass plates (see Fig. 12.3) no phase 
Change will occur on reflection at the glass-air interface, but a phase 


Fig.12.3 Thin film of air formed between two glass plates. 


change of x will occur on reflection at the air-glass interface and the 
conditions for maxima and minima will remain the same. On the other 
hand, if the I medium is crown glass (n—1.52), II medium is an oil of 
refractive index 1.60 and the III medium is flint glass (n—1.66) then a 
phase change of x-will occur at both the reflections and the conditions for 
maxima and minima would be 


2nt=(m+)A minima (12.222) 
= mA maxima (12.2-2b) 


In general, whenever the refractive index of the II medium lies in between 
the refractive indices of the I and the III media, then the conditions of 
maxima and minima would be given by Eq. (12.2-2). 

We next consider the oblique incidence of a plane wave on the thin 
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film (see Fig. 12.4). Once again; the wave reflected from the upper 
surface of the film interferes with the wave reflected from the lower 
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Fig.12.4 The oblique incidence of a plane wave on a thin film. The solid and 
dashed lines denote the boundary of the wave reflected from the 
upper surface and from the lower surface of the film. The eye E 
receives the light reflected from the region QR. 


surface of the film. The latter traverses an additional optical path A, 
which is given by (see Fig. 12.5): 
A =n, (BD--DF)—-mBC (12.2-3) 


where C is the foot of the perpendicular from the point F on BG. We 


Fig. 12.5 Calculation of the optical path difference between the waves reflected 
from the upper surface of the film and from the lower surface of the 
film. The solid and the dashed lines represent the corresponding 
positions of the crests. P denotes a photographic plate, 


will show in the next section that 


A = 2n cos 0^ (12.2-4) 
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where 6’ is the angle of refraction. 

For a film placed in air, a phase chang of 7 will occur when reflection 
takes place at the point B and as such, the conditions of destructive and 
constructive interference would be given by 


A = 2n, cos0' = mA minima (12.2-5a) 
=(m+4)A maxima (12.2-5b) 


If we place a photographic plate at P (see Fig. 12.5) it will receive 
uniform illumination; if we try to view the film with naked eye (at the 
position E-see Fig. 12-4) then only light rays reflected from a small 
position QR of the film will reach the eye. The image formed at the 
retina will be dark or bright depending on the value of A (see 
Eq. 12.2-5). 


12.3 The Cosine Law 


In this section we will show that the wave reflected from the lower surface 
of the film traverses an additional optical path which is given by the 
following expression: 


A [ =n, (BD+DF)—n,BC] = 2ngt cos 0" (12.3-]) 


Let 0 and 6’ denote the angles of incidence and refraction respectively. We 
drop a perpendicular BJ from the point B on the lower surface LL’ and 
extend BJ and FD to the point B' where they meet (see Fig. 12.5). 
Clearly, 

ZJBD = / BDN = / NDF—0' 


where N is the foot of the perpendicular drawn from the point D on BF. 
Now ZBDJ =5 —6'and 


y me Ro "un T n 
LBDI =n G v)+eto]-3-o 


Thus 
BD = BD' and BJ = JB’ = t 
or 
BD+DF=B' LB 
Hence "E B'D + DF =B'F 
Kon A = nB'F—n,BC (12.3-2) 
Thus ZCFB= / CBX —0 


wh PN E S AA 7 
BC = BPsin0 = ing sin = m KF (12.33) 


where K is the foot of the perpendicular from B on B'F, Substituting the 
above expression for BC in Eq. (12.3-2) we get 1 
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A = n B'F—n,KF = n,B'K 
or 
A = 2ist cos 0" (12.3-4) 


which is known as the cosine law. 


12.4 Non Reflecting Films 


One of the important applications of the thin film interference phenomenon 
discussed in Sec. 12.2 lies in reducing the reflectivity of lens surfaces; this 
we plan to discuss in this section. However, for a quantitative understanding 
of the phenomenon, we will have to assume that when a light beam 
(propagating in-a medium of refractive index /5) is incident normally on a 
dielectric of refractive index m, then the amplitudes of the reflected and the 
transmitted beams are related to that of the incident beam through the 
following relations* (see Fig. 12.6a): 


a, = ED di (12.4-1a) 
1 2 
[2 ms di (12.4-1b) 


where ai, a, and a; are the amplitudes of the incident beam, reflected beam 
and the transmitted beam respectively. Notice that when ng > /j, ar is 
negative showing that when a reflection occurs at a denser medium a phase 
change of x occurs. The amplitude reflection and transmission coefficients 
rand t are therefore, given by 


n 
; pe | oi ny 


(a) (5) 


Fig. 12.6 (a) If a plane wave of amplitude ai, propagating in a medium of 
refractive index m, is incident normally on a medium of refractive 
index ng then the amplitudes of the reflected and the transmitted 
beams area, and a; respectively. Similarly, (b) corresponds to the case 
when the beam (propagating in a medium of refractive index ng) is 
incident on a medium of refractive index sty. 


*These relations can be derived from clectromagnetic theory; see Chapter 20 
(Eqs. (20.2-69) and (20.2-72)]. 
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AEN, (12.4-2a) 
=- 
t= aTh (12.4-2b) 


It is interesting to point out that if r' and t' are the reflection and transmis- 
sion coefficients where light (propagating ina medium of refractive index 
na) is incident on a medium of refractive index n; [see Fig. 12.6 (b)] then 


DE inca GRE y 

r TTE r (12.4-3) 
2n 

tt 2.4-4 

Wok, a ) 
and 1 

Qno hic HV 8 ; 

12 (29) =r (12.4-5) 


Eqs. (12.4-4) and (12.4-5) represent the Stokes’ relations (see Sec. 11.12). 
We will now discuss the application of the thin film interference 
phenomenon in reducing the reflectivity of lens surfaces. We all know that 
in many optical instruments (like a telescope) there are many interfaces and 
the loss of intensity due to reflections can be severe. For example, for 
near normal incidence,* the reflectivity of crown glass surface (in air) is** 


i.e. 4°% of the incident light is reflected. Fora dense flint glass i = 1.67 
and about 6% of light is reflected. Thus, if we have a large number of 
surfaces, the losses at the interfaces can be considerable. In order to reduce 
these losses, lens surfaces are often coated with a A/4n thick “non-reflecting 
film" ; the refractive index of the film being less than that of the Jens. For 
example, glass (n—1.5) may be coated by a MgF, film (see Fig. 12.7) and 
the film thickness, t should be such that*** 


2n t= 
or n 
A 

Kan (12.4-6) 


*In all what follows in thiy section, we will assume near normal incidence. 
+ ectivity is ( "mL Y. 
The reflectivity is Gu 
***Since the refractive index of the non-reflecting film is greater than that of the 
air and less than that of the glass, abrupt phase change of x occurs at both the 
reflections. Consequently, when 2nmtcos8'—m there would be constructive 
interference and when 2r cos 0'— (m--3) there would be destructive interference. 
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Fig.12.7 If a film (having a thickness of Mán, and having refractive index 
less than that of the glass) is coated on glass, then waves reflected 
from the upper surface of the film destructively interfere with the 
waves reflected from the lower surface of the film. Such a film is 
known as a non-reflecting film. 


Where we have assumed near normal incidence (i.e. cos 0 2x1; see Eq. 
12.3-4) and n; represents tlie refractive index of the film; for Mg£F,, 
ng=1.38. Thus, if we assume A to be 5.0x 10-5 cm (which roughly corres- 
ponds to the centre of the visible spectrum) we will have 


5.0x10-cm _ 5 
rm edad dE zz 0.9x 1075 cm 


We would like to emphasize the following points: 

(i) Let na, n; and mg be the refractive indices of air, non-reflecting film 
and glass respectively. If a is the amplitude of the incident wave then the 
amplitudes of the reflected and refracted waves (the corresponding rays 
shown as (2) and (3) in Fig. 12.7) would be 


nf—na EL 
7npn, ^ g [Tau d 


respectively (we have assumed near normal incidence). The amplitudes of 
the waves corresponding to rays (4) and (5) would be 


2n, m,—n; 
7onpnangtnr 
and 


2n, ng—ng 2n; 
7 npetnangngntA-na 


Tespectively. Now, for complete destructive interference, the waves corres- 
Ponding to rays (2) and (5) should have the same amplitude, i.e. 


Ne uo Dna ng—np np 12.4- 
npn, 4— 7 np na ng tny np Fna a oni 
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or 
nf—Ha  !"g—hf 


12.4- 
nfdüa  ngnf (2,358) 


where we have used the fact that mp is very nearly equal to unity; 
for na — 1 and n; = 1.4, 
; 4nany 
£z 0:97 
(ng na 
On simplification we obtain 
nf = yag 


If the first medium is air then za = l and with ng—1. 66 (dense flint glass) 
nf should be 1.29 and when n,—1.5 (light crown glass) my should be 1.22. 
We note that the refractive indices of magnesium flouride and cryolite are 


1.38 and 1.36 respectively. Now for a = thick film, the reflectivity will 


be 
Ee Luza) 
ng+na — nghf. 

Thus, for na=1,nf=1.38 and ng=1.5 the reflectivity will be about 
1.394. In the absence of the film the reflectivity would have been about 
49/. The reduction of reflectivity is much more pronounced for the 
dense flint glass. This technique of reducing the reflectivity is known as 
blooming. 

(ii) The film is non-reflecting only for a particular value of A; in Eq. ( 12.4-6) 


A was assumed to he 5000 Å. Fora polychromatic light, the film's non- 
reflecting property will be falling off when A is greater or less than the above 
value. However, the effect is not serious. For example, for the MgF, 


film on crown glass at 5000 A, the reflectivity rises by about 0.5% as one 
goes either to the red or the violet end of the visible spectrum. This tells 
us why we should use ais thick film and not 2 or z thick film, although 
the latter will also give destructive interference for the chosen wavelength. 
Thus for t=2.7x10-5cm (which is three times the value given by Eq. 
12.4-6), reflected beams corresponding to 47500 A will constructively 
interfere. 

(iii) As in the case of Young's double slit experiment there is no loss of 
energy; there is merely a redistribution of energy. The energy appears 
mostly in the transmitted beam. 


12.5 High Reflectivity by Thin Film Deposition 


Another important application of the thin film interference phenomenon is 
the converse of the procedure just discussed, viz, the glass surface is coated 
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by a thin film of a suitable material to increase the reflectivity. The film 


š fy aA ANS 
thickness is again An where ny represents the refractive index of the film; 


however, the film is such that its refractive index is greater than that of the 
glass, consequently an abrupt phase change of = occurs only at the air- 
film interface and the beams reflected from the air-film interface and the 
film glass interface constructively interfere. For example, if we consider a 
film of refractive index 2.37 (zinc sulphide) then the reflectivity is 
(2.37—1)3/(2.37+1)%, ie. about 16%. In the presence of the glass surface 
of refractive index 1.5 (light crown glass) the reflectivity would become 


(see Eq. 12.4-10): 


2.37=1  4X1x2.37 | 2.37—1.5 
TEASTHERTAOQDC AFS, 


which gives over 30%. It should be noted that if the difference between 
the refractive indices of the film and the glass is increased the reflectivity 


would also increase. 


12.6 Interference by a Plane Parallel Film When Illuminated by a 
Point Source 
In Sec. 12.2 we had considered the incidence of a parallel beam of light on 
a thin film and had discussed the interference produced by the waves 
reflected from the upper and lower surfaces of the film. We will now 
consider the illumination of the film by a point source of light and, once 
again, in order to observe the film without obstructing the incident beam, 
we will use a partially reflecting plate G as shown in Fig. 12.8. However, 


Fig.12.8 Light emanating from a point source Sis allowed to fall on a thin 
film of thickness f. G is a partially reflecting plate and P represents 
the photographic plate. On the photographic plate circular fringes 
are obtained, 
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in order to study the interference pattern we may assume the point source 
S to be right above the film (see Fig. 12.8) such that the distance SK (in 
Fig. 12,9) is equal to S44-AK' (in Fig. 12.8); K'A (in Fig. 12.8) and KS (in 


Fig.12.9 1f light emanating from a point source S is incident on a thin film 
then the interference pattern produced in region J is approximately 
the same as would have been produced by two coherent point sources 


S and 5° separated by a distance 2) where f represents the thick- 


ness of the film and n represents the refractive index of the film. 


Fig. 12.9) teing normal to the film. Obviously, the waves reflected from the 
upper surface of the film will appear to emanate from the point S’ where 


KS' = KS (12 6-1) 


Further, simple geometrical considerations will show that the waves 
reflected from the lower surface will appear to emanate from the point S’, 
where 

KS* œ KS+2t/n (12.6-2) 


(see Fig. 12.9). Eq.(12.62) is valid only for near normal incidence." 
Thus, at least for near normal incidence, the interference pattern produced 
in region I (see Fig. 12.9) will be very nearly** the same as produced by two 


*This is a consequence of the fact that the image of a point source produced by a 
plane refracting surface is not perfect. 

**The fact that this is not identical to the Young's pattern is because of the fact 
that S” .is not a perfect image of the point $. For large angles of incidence, the 
waves reflected from the lower surface will appear to emanate from a point which 
will be displaced from S”, 
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point coherent sources S' and S’ (which is the double hole experiment of 

Young discussed in the previous chapter). Thus, if we put a photographic 

plate P (sce Fig. 12.8), we will in general, obtain interference fringes. The 

intensity of an arbitrary point Q will be determined by the following 
relations: 

A (mt^ Maxima (12.6-3a) 

= mÀ Minima (12.6-3b) 


where 
A = [n SF + m (FG + GH) + HQ] — pn (SA + AQ)) (12.6-4) 


represents the optical path difference and we have assumed that in one of 
the reflections, an abrupt phase change of 7 occurs; m and n are the 
refractive indices of media I and II respectively. The above conditions are 
rigorously correct; i.e. valid even for large angles of incidence. Further, 
it can be shown that for near normal incidence 


A cx 2n,t cos 0 (12.6-5) 


A more rigorous calculation shows 


as 
j m sin 0 cos 0 ( 0,—0 
A cx 2nyt cos 0 [seer (A )] (2.6.6) 


where the angles 0, 0, and 0' are defined in Fig. 12.9. 

Now, if we put a photographic plate (parallel to the surface of the 
film—see Fig. 12.8) we will obtain dark and bright concentric rings (see 
Problem 10 in Chapter 11).* On the other hand, if we view the film with 
naked eye then, for a given position of the eye, we will be able to seeonly a 
very small portion of the film; e.g. with eye at the position Æ and the point 
source at S only a portion of the film around the point B will be visible 
[see Fig. 12-10(a)}, and this point will appear to be dark or bright as 
the optical path difference, 

A =m SQ + m (QA + AB) — SB 


is mA or(m--3)^. Further, using a method similar to the one described 
in Sec. 12.3, we can obtain 
Ac 2m t cos 0" (12.6-7) 


Instead of looking at the film, if the eye is focussed at infinity then the 
interference is between the rays which are derived from a single incident 
ray by reflection from the upper and the lower surfaces of the film [see Fig.. 
12.10(b). For example, the rays PM and QA, which focus at the point O 


*Ifthe point source is taken far away then, it can easily be seen that the rings 
will spread out and in the limit of the point source being taken to infinity (i.e. 


incidence of a parallel beam), the photographic plate will be uniformly illuminated. 
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ofthe retina, are derived from the single ray SP, and the rays P'M* and 
Q'R', which focus at a different point O' on the retina, are derived from 
the ray SP’. Since the angles of refraction 6; and 9 (for these two sets of 
rays) will be different, the points O and O’ will, in general, not have the 
same intensity. 


Fig. 12.10 Light emanating from a point source S is incident on a thin film: 
(a) if the film is viewed by the naked eye E then the point B will 
appear to be dark if the optical path [{mSQ+ 12 (QA+AB)}—mSB] 
is m and bright if the optical path is (m-+4)r. (b) If the eye is 


We next consider the illumination by an extended. source of light S 
(see Fig. 12.11). Such an extended source may be produced by illumina- 
trng a ground glass plate by a sodium lamp. Each point on the extended 
saurce will produce its own interference pattern on the photographic 
plate P, these will be displaced with respect to one another; 


plate. However, if we view the film with our eye, rays from all 
points of the film will reach the eye. If the eye is focussed at infinity 
then parallel light coming in a particular direction reaching the 
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eye would have originated from nearby points of the extended source 
and the intensity produced on the retina would depend on the value 
of 2ntcos 0’ which is the same for all parallel rays like 5,0, S,Q', etc. (see 
Fig. 12.11) Rays emanating in a different direction (like S,R, S,R’ etc.) 


P 


Fig. 12.11 Light emanating from an extended source illuminates a thin film. 
G represents the partially reflecting plate and P represents the 
photographic plate. The eye E is focussed at infinity. 


would correspond to a different value of 0’ and would focus at a different 
point on the retina. Since 6’ is constant over the circumference of a cone 
(whose axis is normal to the film and whose vertex is at the eye), the eye 
will see dark and bright concentric rings, with the centre lying along the 
direction 0'—0. Such fringes, produced by a film of uniform thickness, 
are known as Haidinger fringes. They are also known as fringes of equal 
inclination because the changes inthe optical path are due to the changes in 
the direction of incidence and hence in the value of 9... In Sec. 12.10 we 
will discuss the Michelson interferometer where such fringes are observed. 


12.7 Interference by a Film with Two Non-Parallel Reflecting 
Surfaces 


Till now we have assumed the film to be of uniform thickness, We will 
now discuss the interference pattern produced by a films of varying 
thickness. Such a film may be produced by a wedge which consists of two 
non-parallel plane surfaces [see Fig. 12.12(a)]. 

We first consider a parallel beam of light incident normally on the upper 
surface of the film [see Fig. 12.12(3). In Fig. 12.12 (b) the successive 
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Fig.12.12 (a) A parallel beam of light incident on a wedge. (b) The solid and 
the dashed lines represent the positions of the crests (at a particular 
instant of time) corresponding to the waves reflected from the upper 
surface and from the lower surface respectively, The maxima will 
correspond to the intersection of the solid and dashed lines. The fringes 
will be perpendicular to the plane of the paper, 
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positions of the crests (at a particular instant of time) reflected from the 
upper surface and from the lower surface of the film are shown by solid 
and dashed lines respectively. Obviously, a photographic plate P will 
record straight line interference fringes which will be parallel to the edge of 
the wedge (the edge is the line passing through the point O and perpendi- 
cular to the plane of the paper). The dots in the figure indicate the 
positions of inaxima. In order to find the distance between two conse- 
cutive fringes on the film we note that for the point A to be bright* 


n(LM + MA) =(m+4)A; m=0,1,2,... (12.7-1) 


[see Fig. 12.12(a)]. However, when the wedge angle ¢ is very small (which 
is indeed the case for practical systems) 


LM + MA e 24A" 


where AA’ represents the thickness of the film at A. Thus the condition 
for the point A to be bright is 


2nAA' = (m^ (12.7-2) 


Similarly, the next bright fringe will occur at the point B where 


2nBB' zi (m 4- 8^ (12.7-3) 
Thus 
2n (BB' — AA') zz 
or 
XB’ zz: N[2n. (12.7-4) 
But 
XB' — (A'X) tano 
or 4 
"* X28 .T-5 
AX=$= TE (12.7-5) 


where 8 represents the fringe width and we have assumed 9 to be small. 
Such fringes are commonly referred to as fringes of equal thickness. 

On the other hand, for a point source, the fringe pattern will be similar 
to the parallel film case; i.e. for near normal incidence, the pattern will be 
very nearly the same as produced by two sources S' and S" (Fig. 12.13). 
(Notice that the point S” is not vertically below S’; this is a consequence 
of the fact that the two surfaces of the film are not parallel), The intensity 
of an arbitrary point Q will be determined by the following equations: 


[SA-++n(4B+BC)+CQ]—[SD+DQ] = (m--3) ^ Maxima 


=m Minima 


(12.7-6) 


*We are assuming here that the beam undergoes a sudden phase change of x when 
it gets reflected by the uppersurface. The expression for the fringe width (Eq. 12.7-5) 
is, however, independent of this condition. 
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If we view the film with naked eye (say at the position E— see Fig. 12.13) 
then only a small portion of the film (around the point R) would be visible 
and the point R will be bright or dark as the optical path difference 
[{SN--n (NL+LR)}—SR] is (m4- 3) 4 or mà respectively. One can similarly 
discuss the case when the cye is focussed for infinity. 


g. 


Fig. 12.13 Light from a point source illuminating a wedge. E represents the 
lens of the eye. 


N V cext consider the illumination by an extended source S as shown in 
Fig. 12.14. Since the extended source can be assumed to consist of a 


Fig. 12.14 Localized interference fringes produced by an extended source S. 


Mu ie be seen only when the eye is focussed on the upper surface 
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large number of independent point sources, each point source will produce 
its own pattern on a photographic plate P; consequently, no definite fringe 
pattern will be observed.* However, if we view the film with a camera (or 
with a naked eye) and if the camera is focussed on the upper surface of the 
film then a particular point on the film will appear dark or bright depend- 
ing on the fact that whether 2nt is mA or (m4-3)^ (see Fig. 12.14)—we are 
assuming near normal incidence. It may be seen in the figure that inter- 
ference at the point Q may occur due to light coming from different points 
on the extended source, but if the incidence is near normal then the 
intensity at the point Q will be determined entirely by the thickness of the 
film at that place. Similarly, the intensity at the point O' will be determined 
by the thickness of the film at Q’; however, the point Q’ will be focussed 
at a different point B’ on the retina of the eye. The fringes will be straight 
lines parallel to the edge of the film OO’ (Fig. 12.15). It should be 
emphasized that all along we are assuming near normal incidence and the 
fact that the wedge angle is extremely small. These assumptions are 
indeed valid for practical systems, 


Fig. 12.15 The fringes formed by a wedge will be parallel to the edge OO’. 


It is of interest to mention that if we focus the camera ona plane XX’, 
which is slightly above the film, then no definite interference pattern will 
be observed. This follows from the fact that the light waves reaching the 
point K from S; undergo reflection at the points D, and F, and the light 
waves reaching K from S, undergo reflection at the points D, and F;. 
Since the thickness of the film is not uniform, the waves reaching K from 
S, may produce brightness whereas, the waves reaching from S, may 
produce darkness. Thus, in order to view the fringes, one must focus the 
camera on the upper surface of the film, and in this sense, the fringes are 
said to be localized. It is left as an exercise for the reader to verify that if 
the camera is focussed for infinity, no definite interference pattern will be 
recorded. 

Till now we have assumed the film to be ‘thin’ the question now arises 
ás to how thin the film should be. In order to obtain an interference 


*There is, however, one exception to this, namely, when the extended source is 
taken to a very large distance, then the light rays reaching the plate G will be appro- 
ximately parallel and an interference pattern (of low contrast) will be formed on the 
plate P. The same phenomenon will also occur if instead of moving the extended 
Source we take the plate P far away from the wedge. 
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pattern there should be definite phase relationship between the waves 
reflected from the upper surface of the film and from the lower surface of 
the film. Thus the path difference A (—2nt cos 6’) should be small 
compared to the coherence length.* For example, if we are using the D, 
line of an ordinary sodium lamp (A=5.890 x 10-5 cm), the coherence length 
is of the order of 1 cm and for fringes to be visible A should be much less 
thanlcm. It should be pointed out that there is no particular value of A 
for which the fringes disappear; but as the value of A increases, the contrast 
of the fringes becomes poorer. A laser beam has a very high coherence 
length and fringes can be visible even for path differences much greater than 
lm. On the other hand, if we use a white light source no fringes will be 
visible for A > 2x 10-* cm (see Sec. 11.9). 

It should be pointed out that interference also occurs in region ILI (see 
Fig. 12.16) between the directly transmitted beam and the beam which 


Fig. 12.16 In general, whereas the amplitudes of (1) and (5) are nearly the 
same, the amplitudes of (2) and (6) are quite different. 


comes out of the film after suffering two reflections, first from the lowet 
surface and then from the upper surface of the film. However, the two 


amplitudes will be very different and the fringes will have very poor 
contrast (see Example 12.1). 


Example 12.1 Considera film of refractive index 1.36 in air. Assuming 
near normal incidence (0 = 0), show that whereas the amplitudes of the 
reflected rays (1) and (5) (Fig. 12.16) are nearly equal, the amplitudes of the 
transmitted rays (4) and (7) are quite different. (This is the reason why the 
fringes observed in transmission have very poor contrast). 

Solution. Let the amplitude of the incident ray be a and let the amplitudes 


of the rays (1), (2), (3),... be denoted b i 
» (2), (3. ... Y Gy, ap... etc. Using Eqs- 
(11.4-1a and 11.4-1b), we get "da ^ 


*Coherence length is defined in Sec. 14.1. If a source remains coherent for a time 


to then the coherence length (L) will be about cc, where c is the speed of light in free 
space. Thus for z,—:10-30 sec, L~3 cm. 


ate 7 A typical fringe pattern yproduced by an air-film 
med between two glass surfaces (which are not optically 
t) and placed in contact with each other. Whenever the 
kness of the air film is mal2, we obtain a dark fringe 
and when the thickness is (m--3) A/2, we obtain a bright 
fringe. Each fringe describes a. locus of equal thickness of 
the film. (Photograph courtesy Dr. R. S. Sirohi.) 


Interference by Division of Amplitude 253 


Ug cri 0.36 


a= ze 7733647 —0.1533a 
pue vcr YU 
sen 5 35 eee 
n—1 0.36 
ay = a, = 5-5gX0-84707~ 0.1294 
2n 2x1.36 
m= pis 3g X0.129a = 0.1490 
2n 2x1.36 
ay = y= ogg. X0.MTa ~ 0.9770 
= 2 
M Rip alee IE 023a 


=n ppl nfl  Q.36 


We first note that the sign of a, is opposite to that of a, which is a conse- 
quence of the fact that a sudden phase change of occurs when the ray 
gets reflected at the point B. Further the magnitude of a, is nearly equal 
to that ofa. On the other hand |a, |< |a|. This is the reason why 
the interference fringes formed in transmission have poor contrast. 


12.8 Colours of Thin Films 


We have seen in the previous section that if light from an extended mono- 
chromatic source (like a sodium lamp) is incident normally on a wedge,. 
then equally spaced dark and bright fringes will be observed. The distance 
between two consecutive bright (or dark) fringes is determined by the wedge 
angle, the wavelength of light and by the refractive index of the film. If 
we use a polychromatic source (like an incandescent lamp) we will observe 
coloured fringes. Further, if instead of a wedge we have a film of an 
arbitrarily varying thickness we will again observe fringes, eacn fringe 
representing the locus of constant film thickness (see Plate 7). This is 
indeed what we see when sunlight falls on a soap bubble. It should be 
mentioned that if the optical path difference between the waves reflected 
from the upper surface of the film and from the lower surface of the film 
exceeds a few wavelengths, the interference pattern will be washed out due 
to the overlapping of interference patterns of many colours and no fringes 
will be seen (see Sec. 11.9). Thus, in order to see the fringes with white 
light, the film should not be more than few wavelengths thick. 


12.9 Newton's Rings 


If we place a plano convex lens ona plane glass surface, a thin film 
of air is formed between the curved surface of the lens (4OB) 
and the plane glass plate (POQ)—see Fig. 12.17. The thickness of 
the air film is zero at the point of contact O and increases as 
one moves away from the point of contact. If we allow monochromatic 
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light (such asfrom a sodium lamp) to fall on the surface of the lens then 
the light reflected from the surface AOB interferes with the light reflected 
from the surface POQ. For near normal incidence (and considering points 


l. 


1 


ocu Us 
P 0 a 
Fig. 12.17 An arrangement for observing Newton's rings. Light from an extended 
source S is allowed to fall on a thin film formed between the plano 
convex lens AOB and the plane glass plate POQ. M represents à 
travelling microscope. 


very close to the point of contact) the optical path difference between the 
two waves is very nearly equal to 2nt, where nis the refractive index of the 
film and z the thickness of the film. Thus, whenever the thickness of the 
air film satisfies the condition 


2nt — (n 4- ) m 0,,2, ... (12.9-1) 
we will have maxima. Similarly the condition 
2nt = mÀ (12.9-2) 


will correspond to minima, Since the convex side of the lens is a spherical 
surface, the thickness of the air film will be constant over a circle (whose 
centre will be at O) and we will obtain concentric dark and bright rings. 
These rings are known as Newton's rings.* It should be pointed out that 
in order to observe the fringes, the microscope (or the eye) has to be focussed 
on the upper surface of the film (see the discussion in Sec. 12.7). 

The radii of various rings can easily be calculated. As mentioned earlier, 
the thickness of the air film will be constant over a circle whose centre is at 
the point of contact O. Let the radius ofthe m'è dark ring be rm and if t 
E. the thickness of the air film where the m'* dark ring appears to be formed 
then 


*Boyle and Hooke had independently observed the fringes earlier but Newton 
was the first to measure their radii and make an analysis, The proper explanation 
was given by Thomas Young. 


Plate 8 Newton's rings as observed in reflection, The rings 
Observed with transmitted light are of much poorer contrast. 
(Photograph courtesy Mr. G. Bose.) 
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ra=t (2R—t) (12.9-3) 


where R represents the radius of curvature of the convex surface of the 
lens (see Fig. 12.18). Now Rzz100cm and ! < 10-* cm, thus we may 
neglect ¢ in comparison to 2R to obtain 

Tap 2Rt 
or 


tm 
a (12.9-4) 


Substituting this in Eq. (12.9-2) we get 
r= mAR; m=0, 1, 2, (12.9-5) 


which implies that the radii of the rings varies as square root of natural 


AEP ME 


Klimt L 
Fig. 12.18 rm represents the radius of the mth dark ring; the thickness of the air 
film (where the mth dark ring is formed) is £. 


numbers. Thus the rings will become close to each other as the radius 
increases (see Plate 8). Between the two dark rings there will be a bright 
ring whose radius will be 4/m--3ÀR. 

Newton's rings can easily be observed in the laboratory by using an 
apparatus as shown in Fig. 12.17. Lightfrom an extended source (emitting 
almost monochromatic light, like a sodium lamp) is allowed to fall on a 
glass plate which partially reflects the beam. This reflected beam falls on 
the plano convex lens-glass plate arrangement and Newton’s rings can easily 
be observed by viewing directly or through a travelling microscope M. 
Actually, one really need not have a plano convex lens, the rings would 
be visible even when a biconvex lens is used. 

Typically for A=6 x 10-5cm and R—100cm 


Tm = 0.0774 /m cm (12.9-6) 
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Thus the radii of the first, second and third dark rings would be 
approximately 0.0774cm, 0.110cm and 0.134cm respectively. Notice 
that the spacing between the second and third dark ring is smaller than the 
spacing between the first and the second dark ring. 

Equation (12.9-2) predicts that the central spot should be dark. 
Normally, with the presence of minute dust particles the point of contact is 
really not perfect and the central spot may not be perfectly dark. Thus 
while carrying out the experiment one should measure the radii of the m-th 
and the (m--p)-th ring (pzz10) and take the difference in the squares of 
the radii (r,4.5—rm —pÀR) which is indeed independent of m. Usually, the 
diameter can be more accurately measured and in terms of the diameters 
the wavelength is given by the following expression: 


a Dio Dn (12.97) 
T 4pR 


The radius of curvature can be accurately measured with the help of a 
spherometer and therefore by carefully measuring the diameters of dark (or 
bright) rings one can experimentally determine the wavelength. 

It may be mentioned that if a liquid of refractive index n is introduced 
between the lens and the glass plate, the radii of the dark rings would be 


given by 
tm = (mM R[n)* (12 9-8) 


The above equation may be compared with Eq. (12.9-5). Further, if the 
refractive indices of the material of the lens and of the glass plate are 
different and if the refractive index of the liquid lies in between the two 
values, the central spot will be bright and Eq. (12.9-8) would give the 
radii of the bright rings. 

An important practical application of the principle involved in the 
Newton’s rings experiment lies in the determination of the optical flatness 
of a glass plate. Consider a glass surface placed on another surface whose 
flatness is known. If a monochromatic light beam is allowed to fall on 
this combination and the reflected light is viewed by a microscope then, in 
general, dark and bright patches will be seen (Plate 7). The space 
between the two glass surfaces forms an air film of varying thickness and 
whenever this thickness becomes mA/2, we see a dark spot and when this 
thickness becomes un--3) /2 we see a bright spot. Two consecutive dark 
fringes will be separated by the air film whose thickness will differ by 4/4. 
Consequently, by measuring the distance between consecutive dark and 
bright fringes one can calculate the optical flatness of a glass plate. 


Example 12.2 Consider the formation of Newton’s rings by monochromatic 
light of A=6.4x10-5cm. Assume the point of contact to be perfect. Now 
slowly raise the lens vertically above the plate. As the lens moves gradually 
away from the plate discuss-the ring pattern as seen through the microscope. 
Assume the radius of the convex surface to be 100 cm. 
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Solution. Since the point of contact is perfect the central spot will be 
dark, the first dark ring will format P where PA-—2 and the radius of this 
ring, OA, will be AR (—0.080 cm)—see Fig. 12.19(a). Similarly, the radius 


PA = M, 
88-2 
Lol RC 23M, 
(a) 
T0 Ny 
RA = M2 
QB = A 
RC = 3N2 
(b) 
P 0: M, 


0587.88,8B =A 


m R CR CjRC* 3M, 


o 8, C? 02 (c) 


Fig. 12.19 The rings collapse to the centre as the lens is moved away from the 
plate. 


of the second dark ring will be OB=/2AR (=0.113cm). If we now raise 
the lens by r (= 1.6x 10-5 cm) then 2t corresponding to the central spot 


would be 2/2 and instead of the dark spot at the centre we will now have a 
bright spot. The radii of the first and the second dark rings will be 


OA, = VIAR = 0.0566 cm 
and mie 
OB, = /TAR = 0.098 cm 


respectively [see Fig. 12.19(b)]. If the Jens is further moved by A/4 (see 
Fig. 12.19 (c)], then the first dark ring collapses to the centre and the 
central spot will be dark. The ring which was originally at Q now shifts 
to Q,; similarly the ring at R [Fig. 12.19 (a)] collapses to Ry [Fig. 12.19 (c)]. 

Thus, as the lens is moved upward the rings collapse to the centre. 
Hence if we can measure the distance by which the lens is moved upward 
and also count the number of dark spots that have collapsed to the centre, 
we can determine the wavelength. For example, in the present case, if the 
lens is moved by 6.4x 10? cm; 200 rings will collapse to the centre. If 
one carries out this experiment it will be observed that the 200th dark ring 
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will slowly converge to the centre and when the lens has moved exactly by 
6.4x10-?cm it has exactly come to the centre. 


Example 12.3 Consider the formation of Newton's rings when two 
closely spaced wavelengths are present; for example, the D, and D, lines 
of sodium (,—5890 A and A,—5896 A). What will be the effect of the 
presence of these two wavelengths as the lens is gradually moved away 
from the plate. 

What will happen if the sodium lamp is replaced by a white light 
source ? 
Solution. We will first assume that the lens is in contact with the plane 
glass plate [see Fig. 12.19(a)]. Since the two wavelengths are very close, 
the bright and dark rings of A, superpose on the bright and dark rings of 
A, respectively. This can easily be seen by calculating the radii of the 
ninth dark and bright ring for each wavelength: 
For A=5.890 x 10-5cm 


radius of the ninth bright ring = 4/(9--3) AR 
—4/9.5x5.890x 1075 x 100 
= 0.236548 cm 


radius of the ninth dark ring = VIAR 
= 0.230239 cm 


Similarly for A=5.896 x 10-5cm 


radius of the ninth bright ring = 4/9. 5.896 x 10-5 x 100 
= 0.23666 cm 
and 
radius of the ninth dark ring = 4/9 x 5.896 x 10? 
= 0.230356 cm 


Thus the rings almost exactly superpose on each other. However, for large 
values of m, the two ring patterns may produce uniform illumination. 
To be more specific, when the air film thickness t is such that 


2t = m^, = (m+4)A, 
or 


pel al i (12.9-9) 


then around that point the fringe system will completely disappear; i.c. 
the bright ring for the wavelength A,, will fall on the dark ring for the 
wayelength A, and conversely. Thus the contrast will be zero and no 
fringe pattern will be visible. Rewriting Eq. (12.9-9) we get 
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or 
Aika 1 (893 x 0-99 
U= AAT E 6x10 


=3x10%cm 


This will correspond to m~500. 

We shall see the effect of the same phenomenon if we slowly raise the 
convex lens in the upward direction as we had considered in Example 12.1. 
Let f) be the vertical distance through which the lens has been raised 
(see Fig. 12.20) and let ty be such that it satisfies the following equation 


2t 2to_ 
Ed 
or 
mS 
* 7 4(4—X) 


Thus, if the point J (see Fig. 12.20) corresponds to a dark spot for ^, then 
it will correspond to a bright spot for A, and conversely. Further, the 


0 
ifs 
dt "p 
ty: 2p 
pe) 


Fig. 12.20 In the Newton's ring experiment if the light consists of two closely 
spaced wavelengths 2, and 24 (like the D, and Dg lines of sodium) 
> 42). 
then, if the lens is separated by a distance fo (- eke interference 
fringes will be washed out. The fringes will reappear when the 
distance is 2fg. 


nearby dark rings for À, will almost fall at the same place as the bright 
rings for A, and the interference pattern will be washed out. Thus viewing 
from a microscope we will not be able to see any ring pattern. Now, if the 
lens is further moved upwards by a distance fy then we will have 


2h _ 2h 4 (12.9-10) 
^ ^h 
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where t—21,. Consequently, if the point J’ corresponds to a dark spot 
for A, then it will also correspond to a dark spot for àz. The fringe pattern 
will reappear but now with a slightly weaker contrast (why?). 

In this way if we continue to move the lens upwards the fringe system 


will reappear everytime the lens is moved up by a distance 2s (23 S). 


This principle is used in a Michelson interferometer to measure the small 
wavelength difference AA, between two closely spaced lines (like the D, and 
D, lines of sodium). 

It should be pointed out that for complete disappearance of the fringe 
patte:n the intensities of the two lines A, and A, should be the same. 

Another corollary of the above experiment consists in finding the change 
in the interference pattern (as we move up the convex lens) when we 
consider a single line of wavelength A, but which has a width of AA, Thus 
we should assume all wavelengths between A and A+AA to exist. By 
finding the approximate height at which the fringes disappear one can 
calculate A\. The coherence length (Z) is related to AA through the 
following relation (see Sec. 14.2): 

Az 


Le^x (12.9-11) 


12.10 The Michelson Interferometer 


A schematic diagram of the Michelson interferometer is shown in Fig. 
12.21. S represents a light source (which may be a sodium lamp) and 
L represents a ground glass plate so that an extended source of almost 
uniform intensity is formed. G, is a beam splitter; ie , a beam incident on 
G; gets partially reflected and partially transmitted. M, and M, are good 
quality plane mirrors having very high reflectivity. One of the mirrors 
(usually M;) is fixed and the other (usually M,) is capable of moving away 
or towards the glass plate G, along an accurately machined track by means 
of a screw. Inthe normal adjustment of the interferometer, the mirrors 
M; and M, are perpendicular to each other and G, is at 45° to the mirror. 

Waves emanatiag from a point P get partially reflected and partially 
transmitted by the beam splitter G;, and the two resulting beams are made 
to interfere in the following manner: The reflected wave [shown as (1) in 
Fig. 12.21] undergoes a further reflection at M, and this reflected wave 
gets (partially) transmitted through G,; this is shown as (5) in the figure. 
The transmitted wave [shown as (2) in Fig. 12.21] gets reflected by My 
which gets (partially) reflected by G, and results in the wave shown as (6) 
in the figure. Waves (5) and (6) interfere in a manner exactly similar to 
that shown in Fig. 12.11. This can easily be seen from the fact that if 
x, and x, are the distances of the mirrors M, and M, from the plate G;, 
then to the eye the waves emanating from the point P will appear to get 
reflected by two parallel mirrors [M and Ms;— see Fig. 12.21] separated 
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voe 


Fig. 12.21 Schematic of the Michelson interferometer. 


by a distance (x,~x,). As discussed in Sec. 12.6, if we use an extended 
source, then no definite interference pattern will be obtained on a photo- 
graphic plate placed at the position of the eye. Instead, if we have a 
camera focussed for infinity then on the focal plane we will obtain circular 
fringes, each circle corresponding to a definite value of 6’ (see Fig. 12. 11); 
the circular fringes will look like the ones shown in Plate 9a. These 
fringes aré known as Haidinger fringes.* It may be mentioned that the 
extra path that one of the beams will traverse will be 2(x,;~X,) and as 
such, the condition for a bright ring will be 


2d cos 0' = mA (12.10-1) 


where m is an integer and d=x,~x,. Similarly, the condition for a dark 
ring would be 


2d cos 0 —(m--3)^ (12.10-2) 


For example, for A=5x 10-5 cm if d—2.5X 107? cm, the angles at which 
the bright rings will occur will be 


6 —cos-! (0.001 m)=0°, 2.56%, 3.62°, 4. 44^, 5.133, 5.73*,6.28, ... 


where the angles correspond to m=1000, 999, 998, 997, 996, 995, E51 On 
the other hand, for d—2.5 x 107? cm, the corresponding angles will be 


9 — cos- (0.01 m)=0°, 8. 11^, 11.48*, 14.07°, 16.26°, 18.19°, 19.955, ... 


where the angles correspond to m=100, 99, 98, 97, 96, 95,... 


*It is left as an exercise for the reader to discuss the interference pattern when the 
two mirrors M; and Mg are not exactly perpendicular to each other (see Fig. 12.14). 
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The above equations imply that as d decreases, the fringes become less 
closely spaced. It may be noted that if d is slightly decreased, say from 
2.5000 x 10-2? cm to 2.4999 x 10-? cm, the maxima will occur at 


6’ = cos-! (1.00004 x 107? m) —2. 51°, 3.59°, 4.41°, 5.10°, 5.71°, 6.265, ... 


corresponding to m=999, 998, 997, 996, ... Notice that the ring corres- 
ponding to m=1000 has disappeared. Further, as d decreases, the fringe 
pattern tends to collapse towards the centre.* Indeed, if N fringes collapse 
to the centre as the mirror M, moves by a distance d, then we must have 


2d = mà (12.10-3) 
2(d—d,) = (m—N)A (12. 10-4) 


where we have put 6’=0 because we are looking at the central fringe. 
Thus, 


n= 2b (12.10-5) 


This provides us with a method for the measurement of the wavelength. 
For example, in a typical experiment, if one finds 1000 fringes collapse to 
the centre as the mirror is moved through a distance of 2.90x10-*cm, 
then 


A= 5800 Å 


The above method was used by Michelson for the standardization of 
the meter. He had found that the red cadmium line (A = 6438 .4696 À) is 
one of the ideal monochromatic sources and as such this wavelength was 
used as a reference for the standardization of the meter. In fact he defined 
the meter by the following relation: 


1 meter = 1553164.13 red cadmium wavelengths 


It may be noted that the accuracy is almost one part in 10°. 

In an actual Michelson's interferometer, the beam splitter G, consists of 
a plate (which may be about 1/2 cm thick), the back surface of which is 
partially silvered and the reflections occur at the back surface as shown in 
Fig.12.22. It is immediately obvious that the beam (5) traverses the 
glass plate thrice and in orderto compensate for this additional path, one intro- 
duces a ‘compensating plate’ G} which isexactly of the same thickness 
as G,. It may be mentioned that the compensating plate is not really necessary 
for a monochromatic source because the additional path 21 introduced by 
G, can be compensated by moving the mirror M, by a distance nt where 
n is the refractive index of the material of the glass G,. However, fora 


*Conversely, if d is increased, the fringe pattern will expapd, 
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white light source, one would observe only a few coloured fringes around 
the point corresponding to zero path difference (see Sec. 11.9) and, since 


= 


Gi il 6; M2 


Fig. 12.22 In an actual interferometer there is also a compensating plate Gy. 


the refractive index depends on the wavelength, it is necessary to have the 
compensating plate to observe the fringe pattern. For example, for 
A=6560 A and 4861 A, the refractive index of crown glass is 1.5244 and 
1.5330 respectively. As such, 0. 5cm thick crown glass plate will contain about 


11619 of 6560 À wavelengths and about 15768 of 4861 A wavelengths. Thus 
it is obvious that if we have a continuous range of wavelengths from 4861 


to 6560 À, we should have a compensating plate to observe the fringe 


pattern. 
Michelson interferometer can also be used in the measurement of two 


closely spaced wavelengths. Letusassume that we have a sodium lamp 
o 

which emits predominantly two closely spaced wavelengths 5890 A and 
5896A. The interferometer is first set corresponding to the zero path 
difference.* Near d=0, both the fringe patterns will overlap. If the 
mirror M, is moved away (or towards) the plate G; through a distance d, 
then the maxima corresponding to the wavelength ^, will not, in general, 
occur at the same angle as Ay. Indeed, if the distance d is such that 


(12.10-6) 


ze 
Nis 


*The zero path difference is easily obtained by using white light where only a 
few coloured fringes, around d = 0, will be visible, 
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and if 2d cos 0- mò. then 2d cos ü (r4 3) As Thus, the maxima of A, 
will fall on the minima of Ay and conversely, and the fringe system will 
disappear. It can easily be seen that if 

2d 2d 


NUT 


(12.10-7) 


then interference pattern will again reappear. In general, if 


is 1/2, 3/2, 5/2... we will have disappearance of the fringe pattern and if 
it is equal to 1, 2, 3, ... then the interference pattern will appear. 

Instead of two discrete wavelengths, if the source consists of all wave- 
lengths, lying between A and A+ AA, then no interference pattern will be 
observed if 


or 
ad = (12.10-8) 


In this case the fringes will not reappear because we have a continuous 
range of wavelengths rather than two discrete wavelengths (see Sec. 14.2). 


Example 12.4 For asodium lamp, th: distance traversed by the mirror 
between two successive disappearances is 0.289mm. Calculate the difference 


in the wavelengths of the D, and the D, lines. Assume Ac 5890 Á. 
Solution. When the mirror moves through a distance 0.289 mm. the 
additional path introduced is 0.578 mm. Thus 


0.578 0.578 | 
A AFAA 
A! (5890x 10-2)? 
(Meer De aes 


6A 


or 


PROBLEMS 


1. A glass plate (of refractive index 1.6) is in contact with another glass plate (of 
refractive index 1.8) along a line such that a wedge of 0.5* is formed. Light of 
wavelength 5000 A is incident vertically on the wedge and the film is viewed 
from the top. Calculate the fringe spacing. The whole apparatus is immersed 
in an oil of refractive index 1.7. What will be the qualitative difference in the 
fringe pattern and what will be the new fringe width? 


10. 


um 
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Two plane glass plates are placed on top of one another and on one side a 
cardboard is introduced to form a thin wedge of air. Assuming that a beam of 
wavelength 6000 A is incident normally, and that there are 100 interference 
fringes per centimeter, calculate the wedge angle. 
Consider a nonreflecting film of refractive index 1,38. Assume that its thickness 
is 9x10-5 cm. Calculate the wavelengths (in the visible region) for which the 
film will be non-reflecting. Repeat the calculations for the thickness of the air 
film to be 45x 10-9 cm. Show that both the films will be non-reflecting for a 
particular wavelength but only the former one will be suitable. Why? 
In the Newton’s rings arrangement, the radius of curvature of the curved side of 
the plano convex lens is 100cm. For 2=6%10-5 cm what will be the radii of 
the 9th and 10th bright ring? 
In the Newton’s rings arrangement, the radius of curvature of the curved 
surface is 50 cm. The radii of the 9th and 16th dark rings are 0.18 cm and 
0.2235 cm. Calculate the wavelength. 
(Hint: The use of Eq. (12.9-5) will give wrong results, why?) 2 
(Ans. =5000 A) 
In the Newton's rings arrangement if the incident light consists of two wavelengths 
(4000 A and 4002 A) calculate the distance (from the point of contact) at which 
the rings will disappear. Assume that the radius of curvature of the curved 
surface is 80 cm. 
In the above problem if the lens is slowly moved upward, calculate the height 
of the lens at which the fringe system (around the centre) will disappear. 
(Ans. 0.2 mm). 
An equiconvex lens is placed on another equiconvex lens. The radii of cur- 
vatures of the two surfaces of the upper lens are 50 cm and those of the lower lens 
are18 cm. The waves reflected from the upper and lower surface of the air film 
(formed between the two lenses) interfere to produce Newton’s rings. Calculate 
the radii of the dark rings. Assume 36000 Á. 
In the Michelson interferometer arrangement, if one of the mirrors is moved by 
a distance 0.08 mm, 250 fringes cross the field of view. Calculate the wavelength. 
(Ans. 6400 A) 
The Michelson’s interferometet experiment is performed with a source which 
consists of two wavelengths 4882 A and 4886 A, Through what distance does 
the mirror have to be moved between two positions of the disappearance of 
the fringes? 
In the Michelson interferometer experiment, calculate the various values of 0’ 
(corresponding to bright rings) for de5x10-3 cm. Show that it d is decreased 
to 4.997%10-8 cm the fringe corresponding to m=200 disappears. What will 
be the corresponding values of 6’? Assume de 5 x 10-6 cm. 
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13 Multiple Beam 
Interferometry 


There was no ‘one, two, three and away’, but they 
began running when they liked and left off when they 
liked, so that it was not easy to know when the race 
was over. 


LEWIS CARROLL 


13.1 Introduction 


In the last two chapters, we have been discussing interference between 
two beams which are derived from a single beam either by division of 
wavefront or by division of amplitude. In this chapter, we will discuss the 
interference involving many beams which are derived from a single beam 
by multiple reflections (division of amplitude). Thus, for example, if a plane 
wave falls on a plane parallel glass plate then the beam would undergo 
multiple reflections at the two surfaces and a large number of beams of 
successively diminishing amplitude will emerge on both sides of the plate. 
These beams (on either side) interfere to produce an interference pattern at 
infinity. We will show that the fringes so formed are much sharper than 
those formed by two beam interference and, therefore, the interferometers 
involving multiple beam interference have a very high resolving power and 
hence find applications in high resolution spectroscopy. 


13.2 Multiple Reflections from a Plane Parallel Film 


Let us consider a plane parallel film of thickness / and of refractive index 
n, surrounded by a medium of refractive index n’, illuminated by a plane 
waveata finite angle (see Fig. 13.1). The wave will suffer multiple 
reflections at the two parallel surfaces ofthe film. 

Let Ay be the complex amplitude of the wave incident at the film at 
an angle 0. The wave undergoes multiple reflections at the two surfaces 
as shown in Fig. 13.1. If 8 represents the phase difference between two 
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(b) 


Fig. 13.1 (a) Reflection and transmission of a beam of amplitude Ag incident 
at an angle 6; on a film of refractive index m and thickness h. 
(b) Any ray parallel to AB will focus at the same point P. If the ray 
AB is rotated about the normal at B, then the point P will rotate 
on the circumference of a circle centred at the point 0; this circle 
will be bright or dark depending on the value of 0%. Rays incident 
at different angles will focus at different distances from the point 
0 and one will obtain concentric bright and dark rings for an 
extended source. 
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successive waves emanating from the film, then as was shown in Sec. 12.3, 
we have* 
E 9, (13.2-1) 
A A 
where 0, is the angle of refraction inside the film and A is the wavelength 
of the incident plane wave in free space. Let ¢ and r represent the 
amplitude transmission and reflection coefficients when the wave is travelling 
from the surrounding medium into the film and r’ andr’ represent the 
corresponding quantities when the wave is travelling from the film into the 
surrounding medium**; the coefficients ¢ and r are usually called as the 
transmittance and reflectance respectively. The following relations (Stokes’ 
relations) were also discussed in Sec. 11.12: 


l= ster” 


miu ] (13.22) 


If Rand T represent the energy reflectivity and energy transmittivity of 
the film surfaces, then it can be shown that*** 


Rar (13.2-3) 
and 
T= (13.2-4) 
which gives 
R+T=1 (13.2-5) 


The coefficients R and T are usually referred to as reflectivity and trans- 
mittivity respectively. The above relations hold good in the absence of 
absorption only. 

In order to calculate theintensity of the resultant reflected and trans- 
mitted light, we have to first add the amplitudes of the reflected and trans- 
mitted waves vectorially. Thus, if Ap is the complex amplitude of the 
incident light, then the amplitudes of the successive reflected waves will be 


Ayr, Agtr't" 209, Aot r'rr't! ec, ... 


where 5 is the phase difference introduced due to the extra path traversed 
by the beam in the film [see Eq. (13.2-1)]. It can easily be seen that if the 
reflectivity is small (i.e. if | r’ |=| r |< 1) then the amplitudes of the first 
two waves are approximately equal and the other waves have negligiblé 
amplitudes, Thus, we will essentially have a two beam interference as 
discussed in Chapter 12. Onthe other hand, if the reflectivity is large, then the 


' *We are neglecting here any possible phase shifts which might arise due to reflec- : 
tions at the surfaces. If the surfaces are coated with a metal, there would arise 
additional phase shifts on reflection at the two surfaces. 

** Explicit expressions for ¢ and r will be evaluated in Chapter 20. 
***The energy reflection and transmission coefficients are discussed in Chapter 20. 
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amplitudes of the second, third ... waves are approximately equal and one 
obtains a multiple beam interference pattern. Further, if the plateis 
sufficiently long and if the incidence of the beam is not too oblique, then 
there will be a large number of waves and we can assume them to be infinite 
innumber. Thus, the resultant amplitude of the reflected wave would be 


Ap 2 Ag PIT o AS bt rem Ay... 
= [r3- ttr! eth (V4. r2 et? + re 4... .)] Ay 


wi [rps pps ID V lagi bmc aie) 
T—RcB| ^9 — ^L [Ree | ^ 


where we have used Eq. (13.2-5). The intensity, /,, will be proportional 
to | A, P: 


573 RRL Stee Cent (2 — 2 cos 8) 
hh TERIA — Rem ToR TRE AR cos 8 
= 4R sin? 8/2 1 
URP + AR sin? 8/2 ° 
in? 
F sin* 3/2 03.22 


7 DXFsin 32^ 
where J, =| A, |? is the incident intensity and 


4R 

P= TR} (13.2-8) 

is called the coefficient of Finesse. One can immediately see that for small 

reflectivity, F is smalland J, is proportional to sin? 8/2. The same intensity 

distribution is obtained in the two beam interference pattern (see Fig. 11.8). 

In a similar manner, an expression for the intensity distribution of the 
transmitted light can be derived: 


1 
h— TF sin 8/2 ^ Mee 

From Eqs. (13.2-7) and (13.2-9), it can easily be seen that 
L+h=h (13.2-10) 


i.e., the intensity distribution in the reflected part and the transmitted part 
are complimentary to each other. 

In the above analysis absorption has been neglected. However, if 
absorption is also included in the analysis, the intensity of the transmitted 


beam becomes 


ENITEN ! 
b= (I-42) rre Maur 
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where A is the absorption coefficient of the reflecting surface such that 
R+T+A=1 (13. 2-12) 


We now consider the case when the film is illuminated by plane waves, 
having nearly equal amplitudes and incident at various angles. Corres- 
ponding to each wave there will be a set of parallel waves in the reflected 
part as well as in the transmitted part. The transmitted light is collected 
by alens L, which focusses each set of parallel waves into a point in its 
focal plane. Now, according to Eq. (13.2-9), the maximum of intensity in 
the transmitted light will correspond to 


8—2mz (13.2.13) 


where m is an integer. For a particular film (i.e., for given n and A), the 
maxima will correspond to those angles 0, for which 


cos =; im=1, 2,.3,... (13.2-14) 
Thus the fringes in the focal plane of L, will be the loci of points 
corresponding to constant 0, (and hence 0;) and are known as fringes of 
equal inclination. The minima will correspond to 8=(2m+1) w; m=0, 
1, 2,. .. Similarly, if the reflected part is collected by a lens Z,, the maxima 
of the fringe system will correspond to [see Eq. (13.2-7)]; 


3=(2m+1)x; m=0, 1, 2,... (13.2-15) 
and minima will correspond to 
6—2mz; m—1,2, 3,... (13.2-16) 


Thus, the two fringe systems are complementary to each other. This is 
also evident from Eq. (13.2-10). Thus on illuminating the film with an 
extended source, one observes in the focal planes of L, and L, a system of 
fringes. The fringes would be circular with their centre at the point 
corresponding to the wavefront emerging normally from the film [see 
Fig. 13.1(b)]. 

The sharpness of fringes (determined by the width of the fringes) 
depends on the value of the parameter F and, hence, on the reflectivity R. 
In Fig. 13.2, we have plotted the transmitted intensity |I, as a function of 
8 for different values of F. It can be seen from the figure that the fringes 
become sharper as the value of F increases. If we define the half width of 
a fringe as the full width of the fringe corresponding to half of the 
maximum intensity, then (see Problem 13.2) 


; 4  2(I—R) 
half width = — = — .2- 
VE (13.2-17) 


VR 
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Thus as F increases, the half width decreases and the fringes become 
sharper. For large values of F the transmitted fringe system consists of very 
narrow bright fringes with an almost completely dark background whereas 
the reflected pattern will have dark fringes with a bright background. 


| 


Fig, 13.2 The transmitted intensity as a function of 8 for different values of F. 


13.3 Fabry-Perot Interferometer 


In this section, we will discuss the Fabry-Perot interferometer which is 
based on the principle of multiple beam interferometry discussed in the last 
section. The interferometer (as shown in Fig. 13.3) consists of two plane 


Lens Focal Plane 


Fig. 13.3 The Fabry-Perot interferometer. 


glass (or quartz) plates which are coated on one side with a partially 
reflecting metallic film* (of aluminum or silver) of about 80% reflectivity. 
These two plates are kept in such a way that they enclose a plane parallel 
slab of air between their coated surfaces. In order to have sharp fringes, 
the coated surfaces should be parallel to a high degree of accuracy and 
the surfaces themselves should be flat upto a very small fraction of 
wavelength (flatness of the order of 4/20 to 2/100 is required, where A is 
the wavelength of the light to be used). The two uncoated surfaces of 


*In the visible region of the spectrum, silver is the best metal to coat with 
(the reflectivity is about 0.97 in the red region and decreases to about 0.90 in the 
blue region). But beyond the blue region, the reflectivity falls rapidly. Aluminum is 


usually employed below 4000 Á. 
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each plate are made to havea slight angle (1 to 10 minutes of arc) between 
them in order to avoid the unwanted fringes formed due to multiple 
reflections in the plate itself. 

One of the two plates is kept fixed while the other can be moved to 
vary the separation of the two plates. In this configuration the instrument 
is called a Fabry-Perot interferometer. Sometimes both the plates are 
kept at a fixed separation (ranging from 1 to 200 mm) with the help of 
spacers. The system with fixed spacing is known as Fabry-Perot etalon. 
The Fabry-Perot interferometer (or etalon) is used to determine 
wavelengths precisely, to compare two wavelengths, to calibrate the 
standard meter in terms of wavelengths, etc. 

Plate 9b shows the fringes obtained using a Fabry-Perot inter- 
ferometer. Also shown in the figure for comparison, are the fringes 
obtained by using Michelson interferometer [see Plate 9a]. It can 
readily be seen that the Fabry-Perot interferometer, which employs the 
principle of multiple beam interference, produces much sharper fringes and 
hence can be used to study hyperfine structure of spectral lines. 


13.3.1 Resolving Power of a Fabry-Perot Interferometer 


The important consideration in a spectroscope is the ability of the 
instrument to resolve spectral lines close to each other. This is determined 
by the chromatic resolving power of the spectroscope which is defined as 
the ratio A/AA, where the spectroscope just resolves the lines A and 
A+AA. There exist different criteria to specify whether two spectral 
lines can be said to be just resolved. The most widely used criterion is 
the Rayleigh criterion which will be discussed in Sec. 15.4. This 
criterion stated in the form as given in Sec. 15.4 cannot be applied here 
since the intensity never drops down to zero; secondary maxima and 
minima do not exist in the present case. But to be able to compare with 
other spectroscopes (like those employing diffraction gratings), we will 
again use the same criterion but stated in a slightly different form, namely 
that two wavelength components will be said to be just resolved when the 
intensity dip at the centre of the total pattern is 81.1°% of the maximum 
(see Fig. 15.19). Using this criterion we will now calculate the chromatic 
resolving power of a Fabry-Perot interferometer. 

In a Fabry-Perot interferometer it is the fringe pattern formed by 
transmitted light that is observed and as such the intensity distribution 
would be given by [see Eq. (13.2-9)]: 


= L^ 
T= TESI 03:3-1) 


where J, is the incident intensity and 


4n 
8—— h cos 0; (13.3-2) 


(b) Fabry-Perot interferometer 


Plate 9 Fringes observed using /a) Michelson intexferometer, 
McGraw-Hill Book Co, 


‘From F. A. Jenkins and H. E. White, Fundamentals of Optics, 
New York, 1976; used with permission. 
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here we have used the fact that n=l since the medium between the two 
reflecting surfaces is air.* A change Ad in the wavelength would corres- 
pond to a change in 3 given by 


AB = wae Y (13.333) 


where we have dropped the negative sign since it i» not of any consequence 
in the following analysis. The total intensity distribution, resulting from 
the overlapping of the two intensity distributions peaked at A and A+ AA, 
will be (see Fig. 13.4) 

uf TN S (13.344) 


Je = TEP SPD TE sine (= 52) 
2X 


We will assume that the mxaima of Jo: to coincide with those of original 


PN ES 
. 1 


V totol 


Fig. 13,4 The total intensity distribution at the Rayleigh resolution limit, 


maxima. Then, if the order of the fringe for is m, then "d MUR Now, 


the intensity at the mid point will correspond to 8 = 2m7 + 2. Thus, 
I ü ae 
nid = — Ry eme TON 
mêr) I4-F sin? 75 
(13.3-5) 


e wavelengths obtained using a Fabry- 
ess the interferometer is kept in an 
eral, correct for the small dispersion 


*1t must be noted here that the values of th 
Perot interferometer will be air wavelengths. unle’ 
evacuated chamber. Otherwise one must, in genc 
of air. 
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and the intensity at the maximum will be 


Ip 


ees ce (13.3-6) 
1+F sin? £u 


[= y+ 


Now according to the Rayleigh criterion the wavelengths A and A+ AA are 
just resolved if 
Imia 0-811 Tmax 


2h ag 9.8 —» +h (13.3-1) 
|4-F sin? -y 1+F sin? = 


or 


2 


If the fringes are sharp enough, ‘Ad will be very small and we can replace 
sin A by = (the error introduced will be less than 1%). Thus, we 


would obtain 


which can be written as 
[F (ABS? — 15.46 [F(A3)] — 29.83 = 0 (13.3-8) 


The solution of Eq. (13.3-8) is given by 
Ad = —— (13.3-9) 


Thus the resolving power becomes 


^ _ 4rch cos 0 4rh cos 0, VF 


AA AAS 74.147 
In yF = 
= EVE n= LSISm VF (13.3-10) 


To have an idea of the numerical value of resolving power, let us 
consider a Fabry-Perot etalon with //i — 1 cm and R — 0.8 (F= 80). The 
resolving power for normal incidence in the wavelength region around 
A = 5000 A would be 


A ts 4x 4/80 
BAT SIO RAT o AIO Best 


that is, two wavelengths separated by 0.0092 A can be resolved at 
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A= 5000 Â. With R= 0.9 (F = 360), Apex 105 and AA~0,00446 A 


Thus a Fabry-Perot instrument can resolve wavelengths differing by about 
10-3 Â. This is in contrast to that of a grating (say having 25000 grooves) 
which resolves up to about 0.1 À at A= 5000 A and that of a prism 
(made of dense flint glass with 5cm base) wh ch resolves only up to about 
1À at 5000 A. 

It must be noted that in the above analysis, we have considered two 
monochromatic lines at A and A+ AA. In general, the lines at the two 
wavelengths A and A + AA themselves will be wide and this restricts the 
use of such high resolving powers. 

When the Fabry-Perot interferometer is used to analyse spectra with 
very closely spaced lines, then the distance between the adjacent maxima 
would be greater than the displacement between the system of rings of the 
spectral lines. But when the spectrum has wedely separated wavelength 
components, then it might happen that the displacement between the rings 
is greater than the separation between adjacent maxima. This results in 
the “overlapping” of orders. The difference in wavelength (AAs) which. 
corresponds to a disp'acement of one order, is called the spectral range of 
the interferometer. Thus we can write 


N 
AN = aah cos 0 (13.3-12) 
This becomes, near normal incidence (0 = 0) 
sys (13.3-13) 
* 2n 


which is found to be inversely proportional to h. This is in contrast to the 
resolving power which depends directly on h [see Eq. (13.3-10)]. j 
When the spectrum is complex consisting of a number of widely 
separated wavelength components each with a hyperfine structure, then 
one can separate the different wavelength components by employing the 
Fabry-Perot interferometer along with a spectrograph as shown in Fig. 
13.5(a) The light emerging from the source S is rendered parallei by the 
lens L, The interference pattern formed by the Fabry-Perot interfero- 


meter (marked F.P. in the figure) is made to fall on the slit of the spectro- 


graph. The spectrograph separates the spectral components and one obtains in 


the plane P images of the slit, cach crossed by fringes as shown in Fig. 13. 5(b). 


134 The Lummer-Gehrcke Plate 

We saw in Sec. 13.2 that the sharpness of fringes (and hence the resolving 
power) of a multiple beam interferometer increases as the reflectivity R of 
the plate increases, But one cannot use very thick coating of metals to 
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increase the reflectivity as the intensity of the beam would be reduced 
considerably due to absorption in metallic coatings. This difficulty can be 
overcome by the use of the phenomenon of total internal reflection (instead 
of metallic reflection); this is used in the Lummer-Gehrcke plate which will 
be discussed in this section. 


ca) 


ù ti [2] 


(b) 


Fig. 13.5 (a) A Fabry-Perot interferometer used in conjunction with a spec- 
trograph. (b) The interlaced fringes formed in the plane of the 
slit are separated by the prism. For example, (i), (ii) and (iii) may 
correspond to the lines in the red, yellow and green regions 
respectively as observed on plane P. 


A Lummer-Gehrcke plate is a plane parallel plate made of glass (or 
quartz), on one end of which a small right angle prism of the same material 
is fixed (see Fig. 13.6). The angle of the prism is chosen in such a way 


L 
Fig.13.6 The Lummer-Gehrcke plate, 
that the rays incident normally on the surface of the prism hit the two 


surfaces of the plate at an angle slightly less than the critical angle." 
Since the two surfaces are parallel, all successive reflections will occur at 


*Beyond the critical angle, the reflection is total (see Sec, 20.2) while slightly 
below the critical angle, the reflectivity is high. 
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the same (near critical) angle. Most of the light will be reflected. with a 
little fraction being transmitted at each reflection. Thus, there will emerge 
from the upper and lower surfaces of the plate a series of waves which 
would finally interfere to produce interference fringes in the plane P (see 
Fig. 13.6). Notice that the prism suppresses the externally reflected beam. 
In the plane P, one obtains fringe patterns on either side of the plate. The 
fringes are approximately straight lines parallel to the plate surfaces. 

We wil! not go into the details of the theory of the Lummer-Gehrcke 
plate but two points may be noted: 

(i) Unlike in the case of Fabry-Perot interferometer, the space between 
the reflecting surfaces is a dispersive medium, and 

(ii) The number of reflections is also not very large as in the case of 
the Fabry-Perot „interferometer; the number of reflections depends on the 
length of the plate and the angle 6, (see Fig. 13.6). Thus, the resolving 
power of the instrument depends on the length of the plate. 

Earlier, Lummer-Gehrcke plates were used in high resolution spectro- 
scopy. However, it has been replaced by the more flexible Fabry-Perot 
interferometer. 


13.5 Interference Filters 

When a Fabry-Perot interferometer is illuminated by a monochromatic 
(uncollimated) beam, we get a spectrum consisting of different intensity 
maxima which satisfy the following relation: 


2nd cos 0, = m^ (13. 5-1) 


Now if a Fabry-Perot interferometer is illuminated with a collimated white 
light incident normally (6-0), maxima of different orders are formed in 
the transmitted light corresponding to wave lengths given by 


2nd 
ATL (13.52) 


If d is large, a large number of maxima will be observed in the visible 
region; for example, about 23,000 maxima are observed if d==lcm. But, 
if we go on reducing d, we reach a situation in which only one or two 
maxima are obtained in the visible region. For example, if n2 1.5 and 
d—6x10-?cm, there are only two maxima in the visible region, corres- 
ponding to A = 6000 A (m —3) and A= 4500 À (m 4). They are widely 
separated and one of them can be masked so as to transmit only one 
wavelength. In this way, it is possible to filter a particular wavelength out 
of a white light beam. Such a structure is known as an interference filter.” 
Interference filters using this principle can be obtained by modern vacuum 

*The Fabry-Perot structure also behaves as a resonator and supports the oscillation 
of what are known as modes (see Sec. 22.4). 


278 Interference 


deposition techniques. A thin metallic film (usually, of aluminum or silver) 
is deposited on a substrate (generally, a glass plate) by vacuum deposition 
techniques. Then a thin layer of a dielectric material such as cryolite 
(3 NaF.AIF,) is deposited over this. This structure is again covered by 
another metallic film (see Fig. 13.7). To protect this film structure from 


Cover Plate. 
Dielectric Metal films 
Layer Substrate 


Fig. 13.7 The interference filter. 


any damage, another glass plate is placed over it. Thus a Fabry-Perot 
structure is formed between the two glass plates. By varying the thickness of 
the dielectric film, one can filter out any particular wavelength. However, 
the filtered light will have a finite width, that is, it will have a narrow 
spectrum sharply peaked about one wavelength. The sharpness of the 
transmitted spectrum is determined by there solving power of the formed 
Fabry-Perot structure, and hence by the reflectivity of the surfaces. The larger 
the reflectivity, the narrower is the transmitted spectrum. But it is not 
possible to increase the thickness of metallic films indefinitcly as absorption 
will reduce the intensity of the transmitted light. To overcome this 
difficulty, metallic films are replaced by all dielectric structures. 

In an all-dielectric structure, layers of dielectric materials of appropriate 
refractive indices are deposited. It was shown in Chapter 12 how dielectric 
films can be used to enhance the reflectivity of a surface. If, on a glass- 
plate, a4 thick film of a dielectric material whose refractive index is more than 
that of glass, is deposited, the reflectivity of the glass plate increases. Larger 
the difference between the refractive indices, greater will be the reflectivity. 
‘The materials generally used in interference filters are titanium oxide 
(n=2.8) or zinc sulphide (7—2.3). To obtain interference filters, a A/4 
thick film of titanium oxide is deposited on a glass substrate. Then a thin 
layer of dielectric material with lower refractive index (such as cryolite or 
magnesium fluoride) is deposited. Onthis is again deposited a A/4 thick layer 
of a material of higher refractive index. To increase the reflectivity, multilayer 
structures of alternate higher and lower refractive index materials are used. 
In this way, it is possible to achieve a reflectivity of more than 90% for any 
particular wavelength. Such filters are capable of transmitting over à 


bandwidth as small as |l A or even less with peak at any wavelength 
within the visible region. 


PROBLEMS 


1. Derive Eq. (13.2-9). 
2. Show that the half-width of the fringes formed with a Fabry-Perot interferometer 
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is given by Eq. (13.2-17). (Half-width is the full width of the fringe at half 
the maximum value of the intensity). 

3, Calculate the resolving power of a Fabry-Perot interferometer made of reflecting 
surfaces of reflectivity 0.85 and separated by a distance 1 mm at X = 4880 A. 

4, Calculate the minimum spacing between the plates of a Fabry-Perot interfero- 
meter which would resolve two lines with Ax -— 0.1 Å at 1 6000 A. Assume 
the reflectivity to be 0.8. 

5. Show that in the system of fringes formed in transmitted light by multiple 
reflection (i.e., in the system of fringes formed in a Fabry-Perot interferometer), 
the ratio of the intensity of the maxima to that midway between two maxima is 
(1 + RPU — R39. This is just the contrast. 
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14 Coherence 


A privacy of glorious light is thine, 
Whence thou dost pour upon the world a flood 
Of harmony, with instinct more divine. 


WORDSWORTH 


14.1 Temporal Coherence 


The displacement corresponding to a one-dimensional plane wave, 
propagating in the +-x-direction, can be written in the form 


V (x, t) = A exon (14.1-1) 


where A represents the amplitude of the wave which may in general be 
complex. If we write j 

A=|Ale!®, (14.1-2) 
then Eq. (14. 1-1) becomes 


Y (x, t) = | A | ettari (14.1.3) 


The actual displacement, which we will denote by E, is the real part of ¥ 
and is, therefore, given by 


E — |A |cos (kx—ot+9) (14. 1-4) 


However, the displacement represented by Eq. (14.1-4) is a practical 
impossibility because at an arbitrary value of x, Eq. (14.1-4) predicts that 
the displacement is sinusoidal for — œ < t — + co [see Fig. 14.1 (a). 
For example 

E(x —0, t) «1A [cos (ot— 9) (14.1-5) 


In practice, for a typical light source (like a sodium lamp), the field is not 
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perfectly sinusoidal for all values of time and it is indeed of the form as 
shown in Fig. 14,1(b). This is because of the fact that when an excited 


E 


(a) 


(b) 
Fig. 14.1 (a) For a perfectly monochromatic beam, the displacement remains 
sinusoidal for —e < t< e. 
(b) For an actual source definite phase relationship exist for times 
of the order of Te, which is known as the temporal coherence of 
the beam. For v ~ 5 X 1014 sec7! and Tọ ~ 1071? sec one has about 


50000 oscillations. 


atom goes to the ground state and emits light, the duration of the pulse is 
of the order of 10-29 sec, Thus, the field remains sinusoidal for times of 
the order of 10-19 sec.* This is known as the coherence time of the optical 
beam and is usually denoted by Te. It may be noted that for an optical 
beam (ve 5x10 sec7) and even for te 10-1? sec one has about 5 x 10* 


oscillations. 
The coherence length L, of the light is defined by the following equation 


Lect (14.1-6) 


where c represents the speed of light. In order to understand the concept 
of coherence time (or of coherence length) let us consider the Michelson 
interferometer experiment (see Sec. 12.10. A light beam falls on a 
beam splitter G (which is usually a partially silyered plate) and the waves 
reflected from the mirrors M, and M, interfere (see Fig. 14.2). Let M; 
represent the image of the mirror Ms (formed by the plate G) as seen by 
the eye. If the distance M; M; is denoted by d, then, the beam which gets 
reflected by the mirror M; travels an additional path equal to 2d. Thus, 
the beam reflected from the mirror M, interferes with the beam reflected 
from the mirror M, which had originated 2d|c seconds earlier. If the 


distance d is such that 
Me 5x (14.1-7) 


*However, for a laser beam the field remains sinusoidal for extremely large times 
(see Sec. 14.2). : 2 
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then definite phase relationship exist. between the two beams and 
defined interference fringes are observed. On the other hand, if 


Ms, (14.18). 


then, in general, there is no definite phase relationship between the two 


ea Ms, 


T M, 


g 


Fig. 14.2 The Michelson interferometer arrangement. G represents the beam — 
splen M; represents the image of Ma as formed by G. ^ 


beams and no iioii pattern is observed. It may be mentioned that 
there is no definite distance at which the interference pattern disappears: 
as the distance increases, the contrast of the fringes becomes graduall 


poorer and eventually the fringe system disappears. For the neon 6328 A 
line, the disappearance occurs when the path difference is about a few 
centimeters. Thus, Te 10-™ sec. On the other hand, for the red cadmium. 


line (A = 6438. A), the coherence length is of the order of 30 cm giving 
Tec» 10-9 sec. For commercially available lasers, the coherence length can. 
exceed a few kilometers. tt 


Us 


14.2. The Line Width E 
In Sec. 12.10 we had shown that if we have two closely spaced wavelengths, f 
^, and Ag (like the D, and D, lines of sodium), then in the Michelson inter- 


ferometer experiment the interference pattern will disappear if 
2d. 2d. .1 


MINAS (14.2-1) 
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where 2d represents the path difference between the two beams. Thus 


œ a? — 
EPI EE 


(14.2-2) 


Instead of two discrete wavelengths, if we assume that the beam consists of 


all wavelengths lying between Aand A+ AA then the fringes will not be 
2 + 
observed if d < AX 


The temporal coherence of the beam can thus be directly associated 
with the width of the spectral line. Since the fringes are not observed if the 
path difference exceeds the coherence length L. we may assume that the 
beam consists of all the wavelengths lying between A and A + AA with 


Mes (14.2-3) 


For the red cadmium line, A= 6.438 x 107? cm and L = 30 cm giving 


BN Tigi om NDAN 
For the sodium line, L = 3 cm and 
AWA 


Further, since v = ¢/A, the frequency spread Av of a line would be 


ae (14.2-4) 


s 3 L : 
where we have disregraded the sign. Since te esi we obtain 


*This follows from the fact that if 
md: es 
oe” Xe) Ah 


^ " n 
then the interference. pattern produced by the wavelengths » and » 4 2 will dis- 
: a " 7 
appear, For each wavelength (lying between 5. and 4- xot ) there will bea corres- 


ponding wavelength (vine between À + Des and x 4 ar) such that the minima of 
one falls on the maxima of the other resulling in disappearance of the fringes. Clearly, 


ford > xz the contrast will be extremely poor. 
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es z (14.2.5) 


Thus, the frequency spread of a line is of the order of the inverse of the 
coherence time. This can also be seen by Fourier analysis. In order to show 
this, we consider a displacement which is finite only for a time te. For 
example, we may have 


VY (x0, )= ae |t] < *cl2. j 
Taco, palle | (14.2-6) 
If we write 

V(x=0, o=| A (o) ele! do (14.2-7) 


then by using the Fourier integral theorem (see Sec. 7.4) we obtain 


AQ) x | Yeo, Dera (14.28) 


In Eq. (14.2-7), A (o) represents the amplitude* of the plane wave corres- 
ponding to the frequency o. Substituting for ¥ (x = 0, 1) from Eq. (14 .2-6) 
in Eq. (14.2-8), we obtain 


1 rea 
A (9) *- 5 | acd (eco dt 
-r(ndt 


i54 E [3 (o—0%) 3] 


Li (c — o) 


*Notice that the integral appearing on the RHS of Eq. (14.2-7) is over negative 
values of o also. However, the displacement is the real part of V which is given by 


E = Re [y(x= 0, t)] = Re [f [40] denas] 


oa [1-400 {608 or + da [10 | cos or + 9(w)) de 
-- r] 
* f | AC— 9) | cos (or — «C7 «)do 


where we have used the relation A (à) = | A(w) | exp [/ « (u)]. The above equation can 
always be written ín the form 


J 669 cos (or +0) do 
i 


Thus the amplitudes associated with the negative frequencies contribute essentially to 
the corresponding positive frequencies. 
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31 Hites ath 5 (ee gt cn a 
A(oy one D]. —— sinquanta?) 
é 3 niis i 
where Q=2 and «= S, In Fig. 14.3 we have plotted the function 


sin [a£ 0] 
Kon di 


as a function of Q for « = 10; one can see that the function is sharply 


* giid spei CH 


itai 


-— 00 


Fig. 14.3 The variation of the function "A47 as a function of (fora = 10. 
peaked around Q = 1 and the width” 


ao (- ^x) -i (14.2-10) 


Thus the function A (w) is sharply peuked around w= oy and the width of 
A(w) is given by- — i - E" b n i 


Aero 
ene E 
or e "ost n 
! 
dives El (14.2-11) 


consistent with Eq. (14.2-5). It may be noted that for a 0.1 nanosec optical 
pulse, (i.e., te ~ 1079 sec, a 2x 3 10% sec-!) a ox 1. 5x 105; thus, even for 
such a short pulse the value of ais very large and the corresponding fre- 
quency spread is very small, a Nb wa 

"As can bo seen from Fig. 14,3, the function becomes more sharply peaked as « 
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As an example, for the 6328 A line emitted from a neon source (at 
room temperature)* 
Av~ 1.8 x 10° Hz 
Thus the coherence time 
zem 0.5 x 107? sec 


On the other hand. for a laser, line widths as low as 20 Hz have been 
obtained.** However, for a typical commercially available laser 


Av~2 x 10! Hz 
and 


Te m 50 X 10-5 sec = 50 p sec 


The corresponding coherence length would be 15 km! 


143 Fringe Visibility in the Double Hole Experiment 
Let us consider the Young's doubl: hole experiment as shown in 
Fig. 14.4. Let V, (P, t) and ‘F, (P, t) represent the complex fields at the 


Fig.14.4 Young's double hole experiment. The interference pattern observed 
around the point Pat time 7 are due to the superposition of waves 


" n r: LE 
emanating from 5; and Sa at times t— a and 1— S respectively. 


point P due to the waves emarating from the holes S, and S, respectively. 
The resultant displacement would be given by 


Y= Y (P, 1) +2 (P, 0 (14.3-1) 
*This linewidth is primarily due to the Doppler broadening (see, for example, 
Meiners, 1970). 


**T.S. Jascja, A. Javan and C.H. Townes, (1963), **Frequency Stability of He-Ne 
Masers and Measurement of Length", Phys. Rev. Letters, 10, 165. 
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Now, the intensity at the point P will be proportional to | V P which is 
given by the following equation 


[PPS VIV, rV, Vp, p VV 
=|, P+] Pep 2Re Vt Y.) (14.3-2) 


Since ‘F, and V, vary with extreme rapidity, we can observe only the 
average value of |}. Thus, if we write 


17 «|W,(, 02> (14.3-3) 
and 
1-7 «|Y. (P, n) (14.3-4) 
then 
I—h-ctLT2VLhLRey. (14.3-5) 
where 


PST ES CP; D) see " 
TTR ng» < |Y P, DERE coo 0529 
is known as the complex degree of coherence and <...> denotes the 
time average; for example 


+r 
«|, (P, ofS — Lim 4L. [iie opa (14.3-7) 
Tse 2T 
-T 


etc. The field ‘F, (P, r) is due tothe waves emanating from the point 5, at 
time (« — 1) where r,-— S,P. Thus, ¥'; (P, t) will be proportional to 


v(s.-4) where '(5,, ¢) denotes the ficld at S, at time z. Similarly 


V (P, t) will be proportional to ¥ (S+ 1- 2) Thus, 


<¥* (s. 1-4) ws, i^ > 
Aii lae T os T. PARV da 
[3-3] es 
[4 [4 


Since the overall intensity distribution in the fringe pattern does not 
Change with time, we may write 


(14.3-8) 


2, LFS 14-2) (S D 4.3-9 
‘2 = iF HFS FS, DES afa 


where t = pues In order to discuss the effect of temporal coherence, 
7 


We may assume S, S, and S, to be of negligible spatial dimension: 
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Further, if Si and S, are equidistant from the point S, then, we may 
assume 


¥ (Sp 0) — V (S 0 — Y (O (14.3-10) 
Thus, for such a case 
< ¥*(t4+7 ¥(O> 
no- E (14.3-11) 
We write 
Y (0) — A (r) eenen (14.3-12) 


where A(t) and e(t) are slowly varying real functions of time. 
For a perfectly monochromatic beam (i.e., infinite coherence time) A (t) 
and ọ (f) are constants [see Fig. 14.1(a)] and 


we (t 4-2) Y (1) = Aor (14.3-13) 
Consequently 
Yis (9) = elo (14.3-14) 
Thus, for such a case 
T=], 4 Ih 2v Hl cos oz (14.3-15) 


and the visibility V, which is defined by 


Imax — Imi 
y Tax — TInin 4.3-1 
Imas + Lmin (14:3-16) 
would be given by 
E f 
= Li L (14.3-17) 


On the other hand, for an ordinary light source having te ~ 10-19 sec, the 
functions 4(/) and g(t) can be assumed to be constants in times = bo? 
sec. Thus, if + > 10-sec, V (z +7) will have no phase relationship with 
W(t) and the time average < Y* (t4- 5) Y(t) 7 will vanish. Thus, if the 
path difference S;P ~ S,P is such that 


S,P ~ S, 
SP ASP Iu (14. 3-18) 
the fringe pattern will not be observed. 
In general, we may write 
tn = Drs] en (14.3-19) 


where |Y12| and B may be assumed to be constant around the observation 
point.* This gives us 


*Notice from Eq. (14.3-14) that for a perfectly monochromatic beam, | yis | = 1 and 
e 
a= at oc (SP o SP). In general, it can be shown that 0< | Yis| C 1; 13:2] 79. 


implies complete incoherence and | yis | = 1 implies complete coherence. In practice, 
(Contd.) 
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I=, 4 542Vlllvs|cos« (14.3-20) 
where x — ot +. Thus 


Inx = h +h 2] ls rial (14.3221) 
and 
Inin — T + Ip = 2v Hl lal (14.3-22) 


Hence, the visibility becomes 


ar taba etl atale Isl (14, 3-23) 


Thus, the visibility is a direct measure of |y,,|. In the present case, since 
S, S, and S, have been assumed to be point sources, | ,, | depends only on 
the temporal coherence of the beam. For t<< Te, [Yı] is very close to 
unity and for t >> te, | Yı2 | is close to zero. 


14.4 Spatial Coherence 


Till now, we have discussed the coherence of two fields arriving at a 
particular point P through two different optical paths. We will now 
consider the phase relationship between the fields at different points in 
space. Let us consider waves emanating from a point source, The points 
P and Q are equidistant from S (see Fig. 14.5). The point P’ is along 


ED 


H 


P 


Fig.14.5 Fora point source S, definite phase relationship will always exist 
between the points P and Q. 


the line joining S and P. It is obvious that the phase relationship between 


if | y12| > 0.88, the light is said to be “almost coherent”. Further, since 
<at> = el?" < A(t) A (ell? (47)79 Ol > 

and for a nearly monochromatic source A (r)and 9(1) are slowly varying functions of 

time, the quantity inside the angular brackets (cn the RHS of the above equation) 


will not vary rapidly with z. Thus, we may write xis = [yia | cf? eI". where both 


SP ~ SP 
lys2] and 2 are Slowiy varying functions of = (- ed A 
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the points P and P' will depend on the distance PP' and on the temporal 
- coherence of the beam. If 


PP >t (14.4-1) 


no definite phase relationship will exist and conversely. On the other 
hand, the points P and Q willalways have the same phase. However, if 
we have an extended source at 5, then definite phase relationship may or 
may not exist between the points P and Q. In order to study the effect 
of the spatial extent of the source, let us consider the Young's double- 
hole experiment with two independent point source S and S' which are 
separated by a distance / [see Fig. 14.6(a)]. Each source will produce its 
own interference pattern. Let us assume that SS, = SS, and the point O 
is such that 5,0 = S,0. Clearly, the point source S will produce a 


Elen 


Fig.14,6 (a) Young's double hole experiment with two independent point 


sources S$ and $’. (b) The same experiment with an extended 
source, 
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maximum around the point O. On the other hand, the intensity at the 
point O due to the point source S' will depend on the optical path 
S'S S'S, If 
S'S, ~ S'S, =4A (14.4-2) 
then the minima of the interference pattern produced by S will fall on the 


maxima of the interference pattern produced by S' and consequently no 
interference pattern will be observed. It can be easily seen that* 


s's,-s's,=4 » (14.4-3) 


Thus no interference fringes will be observed if 


a =} (14.4-4) 
or A 
a » (14.4-5) 


Now, if we have an extended source [see Fig. 14.6(b)] whose linear 
dimension is ~Aa/2d, then no interference pattern will be observed on the 


screen. 
If 6 represents the angle subtended by the source at the point O’, then 


l 
Om z (14.4-6) 
and Eq. (14.4-5) can be written in the form 
A (14.47) 


dæi 


which gives the lateral distance over which the beam may be assumed to be 
spatially coherent. The quantity A/0 is known as the lateral coherence 
width and is denoted by ly. 


*From Fig. 14.6a, we see that 


S'Sy — S'S, SQ ^ ad 
But 
d2 i 
Thi Bas S 
us AN 
ama tar (145 z 
or 
1+ di2 
EEr A 
Therefore 


d\d_ ld 
S'Sy — S'S, wad = (45) afa 


where we have neglected the term d?[2a, 
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Example 14.1 For a circular source, the lateral coherence width is 
given by* 
hy = ae (14.4-8) 


Consider a source S of 0.2 cm diameter [see Fig. 14.6(b). What should 
be the distance between S, and S, to obtain clear interference fringes. 
[Assume A = 5 X 10-5 em, SS, = SS, = 1000 cm]. 


Solution. 
-.0.2cmi er 
0= ion cm ^X 10 radians 
Thus 
1,220 1:22x5x 10-5 _ 
mST A e 70 em 


Consequently, the distance between S, and S, should be much less than 
0.3 cm to obtain clear interference fringes. 


145 Michelson’s Stellar Interferometer 


Using the concept of spatial coherence, one can determine the angular 
diameters of stars. The method is based on the principle that for a source 
of given spatial extent. as the distance between the slits S, and Sẹ is 
increased, the contrast of the fringes (formed at the focal plane of the lens — 
see Fig. 14.7)"* becomes poorer and eventually the fringes disappear. For 
a star whose angular diameter is ~ 107 radians, the distance d for which 
the fringes will disappear would be 


t ——— 


Fig. 14.7 S is a source of certain spatial extent; 5, and Sg are two slits 
separated by a distance d which can be varied. The fringes are 
observed on the focal plane of the lens L. 


*This relation is derived in Born and Wolf (1975), Sec. 10.4.2. 
**At the focal plane of the lens, one obtains the double slit diffraction pattern (see 
Sec. 15.5). 
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s 10-5 
€ E = 600 cm 


Obviously, for such a large value of d, the fringe width will become 
extremely small. Further, one has to use a big lens, which is not only 
difficult to make, but only a small portion of it is used. Michelson used an 
ingenious technique to overcome these difficulties; he effectively got a large 
value of d by using two moveable mirrors M, and M, as shown in Fig. 14.8. 


Fig. 14.8 Michelson's stellar interferometer. 


The apparatus is known as Michelson’s stellar inrteferometer. Ina typical 

experiment the first disappearance occurred when the distance M, M, was 
about 24 fect, which gave 

pa tie 1075 

24x 12x 2.54 

~ 0.02" (14.5-1) 


radians 


for the angular diameter of the star. This star is known as Arctures. 
From the known distance of the star one could estimate that the diameter 
of the star was about 27 times that of the sun. 

It may be worthwhile to mention that a laser beam is spatially coherent 
across the entire cross-section. Thus, ifa laser beam is allowed to fall directly 
ona double slit arrangement (see Fig. 14.9), then aslong as the beam falls on. 
both the slits, clear interference pattern is observed on the screen. This 
shows that the laser beam is spatially coherent across the entire wavefront, 


14.6 Optical Beats 

When two tuning forks. one having a frequency of 256 vib/sec and the other 
having a frequency of 260 vib/sec are made to vibrate at the same time. 
then one hears a frequency of about 258 vib/sec whose intensity varies 
from zero to maximum and back with a frequency of 4cps. This pheno- 
menon is known as beats. It can be easily understood by considering the 
superposition of two waves having frequencies © and +A: 
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Laser 
Beom 


mec 


hup te | Screen. 
| 
1 


Fig. 14.9 If a laser beam falls on a double slit arrangement, interference 
fringes are observed on the screen. This shows that the laser beam 
is spatially coherent across the entire wavefront. 


J, = a sin (ot + 9) | (14.61) 


ye =a sin [(@ +40) t + 94] 


where we are assuming (for the sake of simplicity) that both the waves have 
the same amplitude. The resultant displacement would be given by 


y =y; + Ja = alsin (ot + 9,) + sin (lo + Ao] t + 94) 


SEIT Ao ato] (AO, —9: 
=2asin[ (o+ 2 «22 sin| > Lon 5 

(14.6-2) 
Figs. 14. 10 (a) and 14.10 (b) show the time variations of the terms 


sin(o 7): and sin A? ; 


respectively." In Fig. 14. 10 (c) we have plotted their product which represents 
the resultant displacement. Notice that although the envelope has a 


frequency of 42 (- 2) [see Fig. 14.10 (b)] the intensity repeats itself 
after every 1/Av seconds, This waxing and waning of sound is known as 
beats. 


In a similar manner, one can consider the phenomenon of optical 
beats. For example, let us consider the superposition of two fields 
E, and E, having frequencies œo and o -- Ao: 


E, = Eq sin (of + 9) 
and ; (14.6-3) 
E, = E, sin ((o + A e] t+ 9;) 


*We are assuming, without any loss of generality, o; = 0 = o». 
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te) 


Fig. 14.10 (a) and (b) show typical time variations of sin [fe + se) ] and 


sin E 1 respectively; in (c) the time dependence of their product is 


shown. 


If we assume that both the fields are linearly polarized in the same 
direction then in order to calculate the resultant field, we may simply 
algebraically add E, and E, Thus the resultant would be given by 


E=E,+ E, 
=E sin (ot + 91) + Ey sin (fo + Ao] t+ 92) (14.64) 
Now 
E* (1) = EX sin? (ot + 91) + E sin? (fo + Ao] t+ 99 
+ Ej Eg [— cos (20t + Ao t+ 9; + 9%) 
+ cos (Ao t + 9 — 91)] (14.6-5) 


For optical frequencies e = 10!* sec and the first three terms would 
vary with extreme rapidity. 1f we carry out an averaging over times 
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which are long compared to 2z/o but short compared to 27/A o, then we 
would obtain* 


CE (0) — 3 Eb + 3 Eis + En Eo» cos (Ao t + 9; — 9) (14.6-6) 


Clearly, for typical incoherent waves, 9; and 9, change in times which are 
small compared to 1/A@ and the beating effects can not be observed. 
However, the first experiment on optical beats was carried out by 
Forrester and his coworkers** using incoherent light. They used two 
closely spaced frequencies by splitting a line using a magnetic field (this 
splitting is known as Zeeman effect). The weaker the magnetic field, the 
smaller is the value of Av. In the experiment of Forrester and his 
coworkers, Av was of the order of 10% sec- and they were able to 
observe optical beats. 

With the advent of laser beams, the beating experiments have become 
much easier and a typical arrangement (which resembles a Michelson 
interferometer) is shown in Fig. 14.1l. A typical beat note of the 


Photocell 2 
Photocell 3 
An 


Photocell 1 


Loser 1 


Fig. 14.11 The experimental arrangement of Lipsett and Mandel to observe 
optical beats using two laser beams. 


—] 0.5 microseconds-— 


Fig. 14,12 Oscilloscope trace of the sum of the intensities of the laser beams 
(upper curve) and the intensity of the superposed laser beam (lower 
curve). [From Lipsett and Mandel (1963)]. 


“For example if Av~20 x 106 Hz, then the time of averaging is small 
compared to 0.5 x 10-7 sec but large when compared to 5 x 10-14 sec. Thus if 
the detector resolution is about 10-9 sec then it will record only the average values 
of the first three terms of Eq. (14.6-5) and it will be able to record the time 
variation of the last term provided ?, and 2» do not change rapidly with time. 

**A.T. Forrester, R.A Gudmundsen and P.O. Johnson (1955), ‘Photoelectric 
mixing of Incoherent Light’, Phys. Rev. 99, 691. : 
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experiment of Lipsett and Mandel* is shown in Fig. 14.12. 

. It was observed that the beat note changed in frequency from about 
33 MHz to about 21 MHz in a time of about 0.7 p sec. The coherence 
time is ~ 0.5 psec which is consistent with the duration of the spike. 

We conclude this section by quoting Feynman that “with the 
availability of laser sources, someone will be able to demonstrate two 
sources shining on a wall, in which the beats are so slow that one can 
see the wall get bright and dark." 


PROBLEMS 


1. The orange Krypton line (à = 6058 A) is one of the most ideal monochromatic 
sources available and has a coherence length of ~ 20 cm. Calculate the line 
width and the frequency stability. 

(Ans. 70.01 A, ~ 3x10“) 

2. Laser line widths as low as 20 sec-! have been. obtained. Calculate the coherence 
length and the frequency stability (à = 6328 A). 

3. In Sec. 14.4 we had mentioned that the lateral coherence width of a circular 
source is 1.222/8. It can be shown that for good coherence (i.e., for a visibility 
of 0.88 or better) the coherence width should be < 0.3/0. Assuming that the 
angular diameter of the sun is about 30’, calculate the distance between two 
pinholes which would produce clear interference pattern. 

(Ans. ~ 0,02 mm). 

4. Calculate the distance at which a source of diameter 1 mm should be kept 
from a screen so that two points separated by a distance of 0.5 mm may be 
said to be coherent. Assume à= 6 x 10-5 cm. 

5. Ina Michelson interferometer experiment, it is found that for a source S, as one 
of the mirrors is moved away from equal path length position by a distance of 
about 5 cm, the fringes disappear. What is the coherence time of the radiation 
emerging from the source? 

6. If we perform the Young's double hole experiment using white light, then only 
a few coloured fringes are visible. Assuming that the visible spectrum extends. 
from 4000 to 7000 À, explain this phenomenon qualitatively on. the basis of 
coherence length. 

7. Using the Stellar interferometer, Michelson observed for the siar Betclgeuse, 
that the fringes disappear when the distance between the movable mirrors is 
25 inches. Assuming 4226 x 10-5 cm, calculate the angular diameter of the star. 

8. Consider the Young's double hole experiment as shown in Fig. 11.5. The 
distance SS;c 1m. Calculate the angular diameter of the hole S which would 
produce good interference pattern on the screen. Assume à = 6000 A. 

9. Assume a Gaussian pulse of the form 


2 
P(x = 0, 1)= A exp (-3) emiw 


where o >> >a. Plot the Fourier transform (as à function of w) and interpret 
0 

it physically. Show that the temporal coherence is ~ 9. What is the frequency 

spread? 


*M.S. Lipsett and L. Mandel, (1963), **Coherence time Measurements of Light 
from Ruby Optical Masers', Nature, Lond., 199, 553. 
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10. In the above problem, assume Ag = 6 x 10-5 cm and c — 10-9 sec, Calculate the 
frequency components predominantly present in the pulse and compare it with 
the case corresponding to o ~ 10-9 sec. 

ll. Inan experiment on optical beats, it was found that the beat frequency changed 
from about 108 Hz to 8 x 108 Hz in 1 microsecond. Explain this phenomenon 
and estimate the coherence time of the laser beam. 
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PART IV 


Diffraction 


15 Fraunhofer Diffraction 


At last the thin and shadowy form with noiseless, 
trackless, footsteps came, 


SHAKESPEARE 


15.1 Introduction 


Consider a plane wave incident on à long narrow slit of width b (see Fig. 
15.1). According to geometrical optics one expects the region AB of the 


Fig. 15.1 If a plane wave is incident on an aperture then according to geo- 
metrical optics a sharp shadow will be cast in the region AB of the 
screen. 


screen SS’ to be illuminated and the remaining portion (known as the 
geometrical shadow) to be absolutely dark However, if the observations 
are made carefully then one finds that if the width of the slit is not very 
large compared to the wavelength, then the light intensity in the region AB 
is not uniform and there is also some intensity inside the geometrical 
shadow. Further, if the width of the slit is made smaller, larger amount of 
energy reaches the geometrical shadow. This spreading out of a wave when 
it passes through a narrow opening is known as the phenomenon of diffrac- 
tion and the intensity distribution on the screen is known as the diffraction 
pattern. We will discuss the phenomenon of diffraction in this chapter and 
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will show that the spreading out decreases with decrease in wavelength. 
Indeed, since the light wavelengths are very small (c 5x10- cm), the 
effects due to diffraction are not readily observed. 

The diffraction phenomena are usually divided into two categories: 
(i) Fresnel diffraction and (ii) Fraunhofer diffraction. 

In the Fresnel class of diffraction the source of light and the screen are, 
in general, at a finite distance from the diffracting aperture [see Fig. 15. 2(a)]. 
In the Fraunhofer class of diffraction, the source and the screen are at 
infinite distances from the aperture; this is easily achieved by placing the 
source on the focal plane of a convex lens and placing the screen on the 
focal plane of another convex lens [see Fig. 15.2(b)]. The two lenses 
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Fig. 15.2 (a) When either the source or the screen (or both) are at finite distances 
from the aperture, the diffraction pattern corresponds to the Fresnel 
class. (b) In the Fraunhofer class both the source and the screen are 
at infinity. 


effectively move the source and the screen to infinity because the first lens 
makes the light beam parallel and the second lens makes the screen receive 
a parallel beam of light. It turns out that it is much easier to calculate the 
intensity distribution of a Fraunhofer diffraction pattern which we plan to 
do in this chapter.* Further, the Fraunhofer diffraction pattern is not 


*In the next chapter we will study the Fresnel class of diffraction and will discuss 
the transition from the Fresnel region to the Fraunhofer region. We will also give a 
more general theory of Fraunhofer diffraction which will enable us to calculate the 
intensity distribution for various shapes of the aperture. 
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difficult to observe; all that one needs is an ordinary laboratory spectro- 
meter; the collimator renders a parallel beam of light and the telescope 
receives parallel beams of light on its focal plane. The diffracting aperture 
is placed on the prism table. 


15.2 Single Slit Diffraction Pattern 


We will lirst study the Fraunhofer diffraction pattern produced by an 
infinitely long slit of width 6, A plane wave is assumed to fall normally on 
the slit and we wish to calculate the intensity distribution on the focal 
plane of the lens L [see Fig. 15.3(a)]. We assume that the slit consists of a 


LHH 


(b) 


Fig. 15.3 (a) Diffraction of a plane wave incident on a long narrow slit of 
width b. Notice that the spreading occurs along the width of the 
slit. (b) In order to calculate the diffraction pattern, the slit is 
assumed to consist of a large number of equally spaced point 


sources. 


large number of equally spaced point sources and that each point on the slit 
is a source of Huygens’ secondary wavelets which interfere with the wave- 
lets emanating from other points. Let the point sources be at A, Ay, As, 
-+.and let the distance between two consecutive points be A [see Fig 
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,45.3(b]. Thus, if the number of point sources be 7 then 
b=(n—1)A (15.2-1) 


We will now calculate the resultant field produced by these 7 sources at the 
point P; P being an arbitrary point (on the focal plane of the lens) receiving 
parallel rays making an angle 0 with the normal to the slit [see Fig. 15. 3(b)]. 
Since the slit actually consists of a continuous distribution of sources, we 
will, in the final expression, let n go to infinity and A go to zero such that 
nA tends to b. 

Now, at the point P, the amplitudes of the disturbances reaching from 
Ay, Ag will be very nearly the same because the point P is at a distance 
which is very large in comparison to P. However, because, of even slightly 
different path lengths to the point P, the field produced by ~, will differ in 
phase from the field produced by Ay. 

For an incident plane wave, the points A, Ay... are in phase and, 
therefore. the additional path traversed by the disturbance emanating from 
the point A, will be 4,4» where Ai is the foot of the perpendicular drawn 
from 4, on ABa, This follows from the fact that the optical paths 4,8,P 
and AjB,P are the same. It the diffracted rays make an angle 0 with the 
normal to the slit then the path difference would be 


AAs = A sin Ü 
The corresponding phase difference. p. would be given by 


2:5 
Xx 


y A sin 0 (15.2-2) 
Thus, if the field at the point P due to the disturbance emanating from the 
point A, is a cos œt then the field due to the disturbance emanating from 
A, would be a cos (ot — 9). Now the difference in the phases of the 
disturbance reaching from,the points A, and Ay will also be 9 and. thus the 
resultant field at the point P would be given by 


E — a (cos ot + cos (ot — 9) +- + cos (wt — (n —1)g)) (15.23) 
where 


r e 
EA Asin 6. 
Now, we had shown in Sec. 10 7 that 


cos et + cos (ot — 9) +... + cos [ot — (n — 1) 9] 
- sin n9/2 
sin 9/2 


cos [ot — à (n — 1) 9] (15.2-4) 


Thus 
E= Ey cos (wt — 3 (n — 1) 9] (15.2-5) 
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where the amplitude £o of the resultant field would be given by 


__, sin (19/2) 
Fa cain el (15.2.6) 


In the limit of n — co and A — 0 in such a way that nA - b, we have 


"E e RIA sin 0» Fb sin 0 

Further 
2x. . a SL 27 D sin 0 
mare sin Glee Pn 


would tend to zero and we may, therefore, write 


a sin (3) sin pd 


2 
BR TU jin 
2 A 
sin B 
-A4—— 15,2-7) 
8 ( 
where 
A=na 
and . 
ae pk (15.2-8) 
Thus 
E= AEP cos (or - p (15.2:9) 
The intensity distribution is given by 
reu St (15.2-10) 


where /, represents the intensity at 0 = 0. 


15.2.1 The Positions of Maxima and Minima 
The variation of the intensity with B is shown in Fig. 15.4 (a). 
from Eq. (15.2-9) that the intensity is zero when 


It is obvious 


B = mn, m#0 (15.2-11) 


[ When B =0, (5 =l and Z= I, which corresponds to the maximum 


of the intensity } Substituting the value of B one obtains 
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Amplitude Distribution 


]ntensity Distribution 


(a) 
y^ 


y= tang 
(b) d 


Fig. 15.4 (a) The single slit Fraunhofer diffraction pattern. (b) Graphical 
method for determining the roots of the equation tan f = f. 


b sin 9 — mà; m= + 1, +2, +3,... (MINIMA) (15.2-12) 


as the conditions for minima. The first minimum occurs at 0 = + sin-! 5 j 


i. r 2A ; i 
the second minimum at 0 — 4- sin-! (2). etc. Since sin 0 cannot exceed 


unity, the maximum value of m is the integer which is less than (and closest 
to. 
The positions of minima can directly be obtained by simple qualitative 


arguments. Let us consider the case m =1. The angle 6 satisfies the 
equation 


h sin 0 =A (15.2-13) 


Fraunhofer Diffraction — 307 


We divide the slit into two halves as shown in Fig. 15.5. Consider two 
points A and A’ separated by a distance b/2. Clearly the path difference 


Fig. 15.5 The slit is divided into two halves for deriving the condition for 
the first minimum. 


between the disturbances (reaching the point P) emanating from 4 and 4’ is 
b. ` f 

5 sin 0 which in this case is x The corresponding phase difference will be 
mand the resultant disturbance will be zero. Similarly, the disturbance 
from the point B will be cancelled by the disturbance reaching from the 
point B’. Thus the resulting disturbance due to the upper half of the slit 
will be cancelled by the disturbances reaching from the lower half and the 
resultant intensity will be zero. In a similar manner when 


b sin 0 = 2A (15.2414) 


we divide the slit into four parts; the first and second quarters cancelling 
each other and the third and fourth quarters cancelling each other. Similarly 
when m= 3, the slit is divided in six parts and so on. 

Inorderto determine the positions of maxima, we differentiate Eq. 
(15.2-10) with respect to p and set it equal to zero. Thus 
dI s inBcos®  2sin 9] o 
Wu [^g "ES p = 
or 

sin 8 [B — tan g] — 0 (15.2.15) 

The condition sin B = 0, or p = mm correspond to minima. The conditions , 
for maxima are rcots of the following transcendental equation 


tang=@ (MAXIMA) (15.2-16) 
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The root 8 — 0 corresponds to the central maximum. The other roots 
can be found by détermining the points of intersections of the curves 
y=ß and y=tan® [see Fig. 15.4(b). The intersections occur at 
821.435, B= 2.467, etc. and are known as the first maximum, the second 
i 2 

maximum, ete. Since ace is about 0.0496, the intensity of the 
first maximum is about 4.96% of the central maximum. Similarly, the 
intensity of the second and third maxima are about 1.68% and 0.83% of 
the central maximum respectively. 


Example 15.1 A parallel beam of light is incident normally on a narrow 
slit of width 0.2 mm. The Fraunhofer diffraction pattern is observed ona 
screen which is placed at the focal plane of a convex lens whose focal 
length is 20 cm. Calculate the distance between the first two minima and 
the first two maxima on the screen. Assume À — 5x 10-* cm and that the 
lens is placed very close to the slit. 

Solution. 


Since conditions for minima are given by Eq. (15.2-11), the angles of 
diffraction corresponding to first and second minima would be approxi- 
mately* 2.5 x 10 and 5x 10-? radians respectively. These will be separated 
by a distance (5x 10-? — 2.5 x 10-7) x 20 = 0.05 cm on the focal plane of 
thelens. Similarly, the first and second maxima occur at 


B — 1.437 and 2.467 
respectively. Thus. 
b sin 0 — 1.43A and 2.46 
or 
sin 06—1.43x2.5 x 10! and 2.46 x2.5x 107? 


Consequently, the maxima will be separated by distance 


(2.46 — 1.43) x 2.5x 107? x 20 ~ 0.05 cm. 


In Plate 10 we have given the actual single slit diffraction pattern 
(as seen on a screen) for the following values of slit widths: 8.8:«107? cm, 
1.76x 107? cm, 3.5x 10-* cm and 7.0x10- cm. The light wavelength 
used was 6328 A = 6.328 x 10-5 cm. We may note the following two 
points: 
6 The spreading is only in the direction of the width ofthe slit. This 
is because ofthe fact that the lengths of the slits were large compared to 
their widths. 


(ii) The values of A/h corresponding to the four slit widths are 


*Since the angles are small we are assuming sin 0 4.8. 


Plate 10 The single slit diffraction patterns 
corresponding to 6=0.0088, 0.0176, 0.035 and 
0.070 cm respectively. The wavelength of 
the light used is 6.328x10~5 cm. (After 
H. F. Meiners, Physics Demonstration Experi- 
ments, Volume II, The Ronald Press Co., 
New York, 1970; used with permission.) 
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(b) 
as calculated using Eq. (15. 2-10) for 


Fig. 15.6 The intensity distributions 
(4 = 6.328 x 1075 cm). 


b = 0.0088 and 0.0176 cm. 


7.191 x 10-3, 3.595% 10, 1.808 x 10? and 0.904 107. Thus the 
mum will occur will be 


diffraction angle at which the first mini 


Oxsin 0=7.191K 1073, 3.595 10-2, 1.808% 107? and 0.904 10:8; 
where the angles are measured in radians.* The intensity distribution as 


«*Plate 10 corresponds tozthe photographic film being 15 feet away from the slit. 
Thus it records the Fraunhofer pattern (see Sec. 16.6) and for b=8.8x 10-3 cm, 
first minimum occurs at a 


1.76 10-2 cm, 3.5x107? cm and 7.0x10-? cm, the 
distance of 3.288 cm, 1.644 cm, 0.827 cm and 0.413 cm from the central maximum. 
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predicted by Eq. (15.2-10) are given in Fig. 15.6 for 5—8.8x 10? cm 
and.1.76x10-? cm. Since most of the energy (of the diffracted beam) is 
contained between the first two minima, i.e. for 


DES 927; (15.2-17) 


one may conclude that at large distances from the slit (for the diffraction 
to be of Fraunhofer type) the beam would spread out in a manner similar 
to that shown in Fig. 15.7 (a) and the divergence angle (which would 


(a) 


= )) 


(b) 


Fig. 15.7 (a) The diffraction divergence of a beam of finite circular cross-section. 


(b) The directionality of sound waves increases with increase in 
diameter of speakers, 


Plate 11 The Airy pattern. (Photograph courtesy Mr. Anurag Sharma 
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contain most of the energy) would be given by (see also Plate 4) 
A9 c Ab (15.2-18) 


where we have assumed b> A so that A is small.* As a simple corollary 
of this we may mention that the directionality of sound waves increases 
with increase in diameter of speakers [see Fig. 15.7(5)]. 

In the limit of A-> 0, the diffraction effects will be completely absent. 
Infact the branch of optics in which we assume A — 0 is known as geometri- 
cal optics. Further, a ray is defined as the direction of propagation of 
energy as A-> 0 (see Sec. 2.1). 


15.3 Diffraction by a Circular Aperture 


In Sec. 15.2 we have shown that when a plane wave is incident on a long 
narrow slit (of width b), then the emergent wave tends to spredd out (along 
the width of the slit) with angular divergenee e-Mb. Ina similar manner 
one can discuss the diffraction of a plane wave by a circular aperture (see 
Fig. 15.8 (a)]. Because of the rotational symmetry of the system, we can 
say that the diffraction pattern should be a set of concentric bright and 
dark rings. Indeed, the detailed mathematical analysis shows that the 
intensity distribution is given by (see Sec. 16.9) 


1-1, >e] (15.31) 


where, v = = a sin 0, a being the radius of the circular aperture and 0, the 


angle of diffraction. The function J; (v) is known as the Bessel function of 
the first order. The variation of Z with v is plotted in Fig. 15.8(b) and the 
corresponding diffraction pattern, which is called the Airy pattern is shown 
in Plate 11. The minima of the intensity are obtained at the zeroes of J, (V), 


which occur at 
v = 3.833, 5.136, 7.016, ... (15.3-2) 


thus, the first dark ring appears when 


S Ed 8332 01:22 nsa 
sinü—- =a ~ D (15.3-3) 


where D (= 2a) is the diameter of the aperture. Since about 84% of energy 
is contained within the first dark ring (see Fig. 16.19), one can say that the 
angular spreading of the beam is approximately given by (see also Plate 4), 


*For small values of b, Eq. (15.2-18) is not valid. For example, for b = 2/4 the 
intensity falls off very slowly with 0 and even the first minimum does not appear in 
the diffraction pattern; at9 = 7/2, the intensity reduces by only 20% of the value 
at0—0,. The light almost uniformly spreads out from the slit. 
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diameters of the Airy rings will be determined by the diameter of the 
objective, its focal length and the wavelength of light. 

In Fig. 15.9 the Airy patterns are shown to be quite far away from 
each other and, therefore, the two objects are said to be well resolved. 


Since the radius of the first dark ring is : ah 
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Fig. 15.10 The dashed-curves correspond to the intensity distribution produced 
by two point soürces (of equal intensity) independently; the solid 
curves represent the resultant. (a) and (b) correspond to the cases 
when the objects are well resolved and just resolved (according to 
the Rayleigh criterion) respectively. 


(b) 


Plate 12 The actual diffraction patterns corresponding 
to two point sources when they are (a) well resolved, 


(b) just resolved. (Photographs courtesy Mr. Anurag 
Sharma.) 
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overlap more for smaller values of D and hence. for better resolution one 
requires a larger diameter of the objective. 

In Fig. 15.10(a) we have plotted the resultant intensity distribution 
(produced by two distant objects corresponding to an angular separation 


eS) and as can be seen the two images are clearly resolved. Fig. 


15.11 corresponds to NE and the overall intensity distribution 
has only one peak and, therefore, the two points cannot be resolved. at all. 


If the angular separation of the two objects is = then the central spot 
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Fig. 15.11. The figure corresponds to the case when the objects are unresolved. 


of one pattern falls on the first minimum of the second and the objects are 
said to be just resolved. This criterion of limit of resolution is called the 
Rayleigh criterion of resolution and the intensity distribution corresponding 
to this is plotted in Fig. 15.10(b). The actual diffraction patterns are 
shown in Plate 12. 

In order to get a numeri 
sider a telescope objective 
30cm respectively. Assuming the light wav 
finds that the minimum angular separation o 
can be barely resolved will be 


Lge T L3xexur ~1.5x 10-5 radians 


ical appreciation of the above results we con- 
whose diameter and focal Jength are 5 cm and 
elength to be 6x 10-* cm one 
ftwo distant objects which 
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Further, the radius of the first dark ring (of the Airy pattern) will be 


L2, focal length = L22X 6107 yao 
œ 4.5x 107! cm. 


It is immediately obvious that the larger the diameter of the aperture, 
the better will be its resolving power. For example, the diameter of the 
largest telescope objective is about 80" and the corresponding angular 
separation of the objects that it can resolve is ~0.07 sec. This very low 
limit of resolution is never achieved in ground based telescopes due to the 
turbulence of the atmosphere. However, larger aperture still provides a 
larger light gathering power and hence ability to see deeper in space. 

It is of interest to note that if we assume that the angular resolution 
of the human eye is primarily due to diffraction effects then it will be 
given by 


^ 6x10 — 
AON E zia = 3X 107 rad (15.4-1) 


where we have assumed the pupil diameter to be 2 mm. Thus, at a distance 
of 20 m, the eye should be able to resolve two points which are separated 
by a distance 

3x10-*x20 = 6x 10? m = 6mm 


One can indeed verify that this result is qualitatively valid by finding the 
distance at which the millimeter scale will become blurred. 

In the above discussion we have assumed that the two object points 
are of equal intensity and hence produce identical Airy patterns. If that 
is not the case then the two central maxima will have different intensities; 
accordingly one has to set up a modified criterion for the limit of resolu- 
tion such that the two maxima stand out. 

We next consider the resolving power of a microscope objective of 
diameter D, as shown in Fig. 15.12. Let P and Q represent two closely 


je À Vd 


Fig. 15.12 The resolving power of a microscope objective. 


spaced points which are to be viewed through the microscope. The point 
P produces a spherical wavefront, which will form an Airy pattern around 
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the paraxial image point P'. Clearly, the radius of the first dark ring in 


the Airy pattern will be Lm, where y represents the distance between 


the lens and the image plane. If Q’ represents the paraxial image of the 
point Q then for the points P' and Q' to be just resolved we must have 


Poz S (15.42) 


Further, from the geometry of the system, 


P'O- y m DI 
PO Tù and sini 7- 


Thus the smallest distance that the microscope can resolve will be given 
by 


1.220 1,220 
PQ-—py-ucAD (15.4-3) 


In the above derivation, we have assumed that the two object points are 
self luminous so that the intensities can be added up. However, in actual 
practice, the objects are illuminated and, therefore, in general, there is 
some phase relationship between the waves emanating from the two object 
points; for such a case the intensities will not be strictly additive (see 
Secs. 11.3 and 14.6). Thus Eq. (15.4-3) gives only an order of magnitude 
for the limit of resolution. 

In some microscopes the space between the object and the objective. is 
filled with an oil* (of refractive index 7) and for such a case the expression 
for the limit of resolution (A) becomes 

A~ di sini (15.44) 
The factor 2nsini is known as the numerical aperture and its value is 
usually < 1.6. It should be immediately clear that the resolving power 
increases with decrease in À. As such, one often uses blue light (or even 
ultraviolet light) for the illumination of the object. In an electron micro- 
Scope, the effective wavelength of the electron beam «is ~ 10-9 cm and, 
therefore, such a microscope has a very high resolution. 


15.5 Two Slit Fraunhofer Diffraction Pattern 


In Sec. 15.3 we had studied the Fraunhofer diffraction pattern produced 
by a slit of width b and had found that the intensity distribution consisted 
of maxima and minima. In this section. we will study the Fraunhofer 


*These are known as 9il immersion objectives. 
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diffraction pattern produced by two parallel slits (each of width 5) separated 
by a distance d. We would find that the resultant intensity distribution is 
a product of the single slit diffraction pattern and the interference pattern 
produced by two point sources separated by a distance d. 

In order to calculate the diffraction pattern we use à method similar to 
that used for the case of a single slit and assume that the slits consist of a 
large number of equally spaced point sources and that each point on the 
slit is a source of Huygens’ secondary wavelets. Let the point sources be 
at Aj, A» Ap.. (in the first slit) and at B,, By, By...(in the second slit) 
[see Fig. 15.13]. As before, we assume that the distance between two 


Ud 


Fig.15.13 Fraunhofer diffraction of a plane wave incident normally on a 
double slit. 


consecutive points in either of the slits is A. If the diffracted rays make 
an angle@ with the normal to the plane of the slits, then the path 
difference between the disturbances reaching the point P from two 
consecutive points in a slit will be Asin®, The field produced by the 
first slit at the point P will, therefore, be given by (see Eq. 15.2-9) 


E = AS cos (ot — p) (15.5-1) 
Similarly, the second slit will produce a field 
E, = AMBP cos (ot —B —®,) (5.52) 
at the point P, where 1 
v=% daino (15.53) 


represents the phase difference between the disturbances (reaching the 
point P) from two corresponding points on the slits; by corresponding 
points we imply pairs of points like (4j, Bj, (Ag Bj),...which are 
separated by a distance d. Hence the resultant field will be 


E=E, +E, 


Plate 13 The double slit Fraunhofer diffrac- 
tion pattern corresponding to b=0,0088 cm 
and À««6.328 x 107 cm. The values of d are 
0, 0.0176, 0. 
(After H. F. Meiners, Physics Demonstration 


035 and 0.070 cm respectively. 


Experiments, Volume II, The Ronald Press Co.. 
New York, 1970; used with permission.) 
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= A iB feos (or — p) + cos (ot — B — 0] (15.544) 


which represents the interference of two waves, each of amplitude 
age and differing in phase by dy. Eq. (15.5-4) can be rewritten in the 
form 
Ena" covy eon (or 18-20.) (15.5-5) 
where 
y= 9 e Fa sind (15.5-6) 


The intensity distribution will be of the form 


sin? 


I = AJ, “rt costy (15.57) 


where /, sin? B/B? represents the intensity distribution produced by one of 
the slits. As can be seen, the intensity distribution is a product of two terms; 
the first term (sin? B/8*) represents the diffraction pattern produced by a 
single slit of width b and the second term (cos* y) represents tho interference 
pattern produced by two point sources separated by a distance d. Indeed, 
if the slit widths are very small (so that there is almost no variation of the 
sin? 6/6" term with®) then one simply obtains the Young's interference 
pattern (see Eq. 10.6-19). 

In Plate 13. we have shown the two slit diffraction patterns cor- 
responding to d= 0, 0.0176, 0.035 and 0.070 cm with b = 0.0088 cm 
and A = 6.328 x 10-*cm. The intensity distribution as predicted by 
Eq. (15. 5-7) is shown in Fig. 15.14. 


15.5.1 Positions of Maxima and Minima 
Eq. (15.5-7) tells us that the intensity is zero wherever 

B =n, 2n, 3n... (15, 5-8) 
or when, 

rep pepe (15.5.9) 


The corresponding angles of diffraction will be given by the following 
equations: 
b sin 0 = mA; (m= 1,2, 3...) (15.5-10) 
and 


dsint = (n2) @=0, 12,3...) 15.511) 


The interference maxima occur when, 
q0,m 2n... (15. 5-12) 
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Fig. 15.14 The double slit intensity distribution as predicted by Eq. (15.5-7) 


corresponding to d = 0.035 cm and 0.070 cm respectively (b = 0.0088 
cm, À = 6.328 x 10-5 cm). 


or when, 
dsin 0 =0, A, 2A, 3A... (15.5-13) 


The actual positions of the maxima will approximately occur at the 
above angles provided the variation of the diffraction term is not too 
rapid. Further, a maximum may not occur at all if 0 corresponds to a 
diffraction minimum; ie. if bsin®=A, 2A, 3A.... These are usually 
referred to as missing orders. For example, in Fig. 15.14 we can see that 
for b = 0.0088 cm, theinterference maxima are extremely weak around 
0~0.41°; this is because of the fact that at 


3 nN : s 
0 = sinc (;) = sin+ S rU = sin-1[7.19 x 10-*] 
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œ 0.00719 radians 
œ0.412° 


the first minimum of the diffraction term occurs. 


Example 15.3 Consider the case when b =8.8 x 10-cm,d —7.0 x 10-2cm 
and A = 6.328 x 10-*cm (see Fig. 15.14). How many interference minima 
will occur between the two diffraction minima on either side of the central 
maximum? In the experimental arrangement corresponding to Plate 13 
the screen was placed at a distance of 15’. Calculate the fringewidth. 
Solution. The interference minima will occur when Eq.(15.5-11) is 
satisfied; i.e. when 


sind = (n +5) 5 = 0.904 x 10-*(n +5); n=0, 1,2... 


= 0.452 x 10-4, 1.356 x 10-3, 2.260 x 10-%, 3.164 x 10-3, 
4.068 x 10-5, 4.972 x 10-3, 5.876 x 103, 6.780 x 107? 
Thus there will be sixteen minima between the two first order diffraction 
minima. 
The angular separation between two interference maxima is approxi- 
mately given by (see Eq. 15.5-13) 


A 0a } 0.904 x 10-# 


Thus the fringewidth will be 
15 x 12 x 2.54 x 0.904 x 10-7 = 0.0413 cm. 


15.6 N-Slit Fraunhofer Diffraction Pattern 


We next consider the diffraction pattern produced by N parallel slits, each 
of width b; the distance between two consecutive slits is assumed to be d. 
As before, we assume that each slit consists of n equally spaced point 
sources with spacing A (see Fig. 15.15). Thus the field at an arbitrary 
point P will essentially be a sum of N terms: 


Ew E cos (ot =p + ABE cos (ot — 8 —,) 
MUR aS os (ot—8—(N—1)9) — (15.61) 


where the first term represents the amplitude produced by the first slit, 
second term by the second slit, etc. and various symbols have the same 
meaning as in Sec. 15.5. Rewriting Eq. (15.6-1), we get 
E = ASAE (oos (wt — ) + cos (wt — 8 + 0) 
+... eos (of —B—(N—1)%,)] 
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Fig. 15.16 The four slit Fraunhofer diffraction pattern as predicted by Eq. 
(15.6-3) corresponding to h= 0.0044 cm, d 0,0132 cm and 
A= 6.328 x 10-5 cm. 


angle which also determines the minimum of the single slit diffraction 
pattern. This will happen when 


d sin 0 = ma (15.6-11) 
and 


b sin 0 =A, 24, 34, ... (15.6-12) 


, are satisfied simultaneously and is usually referred to as an absent order. 
It should be noted that even when Eq. (15.6-12) does not hold exactly 
' (i.e. if b sin 0 is close to an integral multiple of A), the intensity of the 
Corresponding principal maximum will be very weak (see, for example, 
Fig. 15.16 around 0 zz 0.85). 

` (ii) In addition to the minima! predicted by Eq. (15.6-9), we will also have 
the diffraction minima (see Eq. 15.6-8); however, when N is very large, 
the number of such minima will be very small, 


15.6.2 Width of the Principal Maxima 


We have shown above that in the diffraction pattern produced by N slits. 
the mth order principal maximum occurs at 


d sin m= mà; m=0, 1, 2,.., (15.6-13) 


Plate 14 The multiple slit Fraunhofer diffraction patterns corresponding 
to 5—0.0044 cm, d=0.0132 cm and 4—6.328x10—-? cm, The number 
of slits are 1, 2, 3and 4 respectively. (After H.F. Meiners, Physics 
Demonstration Experiments, Volume II. The Ronald Press Co., New York, 
1979; used with permission.) 
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Further, the minima occur at the angles given by Eq. (15.6-10). If 
Om + A 6,5, and Om — A Bem represent the angles of diffraction corresponding 
to the first minimum on either side of the principal maximum, then 
$ (A Om + A Om) is known as the angular half width of the mth order 
principle maximum. For a large value of N, A Om 2 ^ Om which we 
write as A Om, Clearly, 


d sin (Om + AO) = m E È (15.6-14) 
But 
sin (Om + A Om) = sin Om cos A Om E cos Om sin A Om 
c sin Om E A Om COS Om (15.6-15) 
Thus Eq. (15.6-14) gives us 
A 
A Om = rd cos On (15.6-16) 


which shows that the principal maximum becomes sharper as N increases. 


15.7 The Diffraction Grating 


In Sec. 15.6 we have discussed the diffraction pattern produced by a system 
of parallel equidistant slits. An arrangement which essentially consists of 
a large number of equidistant slits is known as a diffraction grating; the 
corresponding diffraction pattern is known as the grating spectrum. Since 
the exact positions of the principal maxima in the diffraction pattern 
depend on the wavelength, the principal maxima corresponding to different 
spectral lines (associated with a source) will correspond to different angles 
of diffraction, Thus the grating spectrum provides us with an easily 
obtainable experimental set up for determination of wavelengths. From 
Eq. (15. 6-16) we see that for narrow principal maxima (i.e. sharper spectral 
lines), a large value of N is required. A good quality grating, therefore, 
requires a large number of slits (typically about 30000 per inch). This is 
achieved by ruling grooves with a diamond point on an optically transparent 
sheet of material; the grooves act as opaque spaces. After each groove is 
ruled, the machine lifts the diamond point and moves the sheet forward 
for the ruling of the next groove. Since the distance between two conse- 
cutive grooves is extremely small, the movement of the sheet is obtained 
with the help of the rotation of a screw which drives the carriage carrying 
it. Further, one of the important requirements of a good quality grating 
is that the lines should be as equally spaced as possible; consequently, the 
pitch of the screw must be constant, and it was not until, the manufacture 
of a nearly perfect screw (which was achieved by Rowland in 1882) that the 
problem of construction of gratings was successfully solved. Rowland’s 
arrangement gave 14438 lines per inch, corresponding to d — 2.54/14438 
= 1,693 10-4cm. For such a grating, for A= 6x 10-5 cm, the maximum 
value of m would be 2, and, therefore, only the first two orders of the 
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spectrum will be observed. However, for A= 5x 1075 cm, the third order 
spectrum will also be visible. i 
Commercial gratings are produced by taking the cast of an actual 
grating on a transparent film like that of cellulose acetate. An appropriate 
‘strength solution of cellulose acetate is poured on the ruled surface and 
allowed to dry to form a strong thin film, detachable from the parent 
grating. These impressions of a grating are preserved by mounting the 
film between two glass sheets. It may be mentioned that now a days 
gratings are also produced holographically, where one records the interfer- 
ence pattern between two plane or spherical waves. In contrast to ruled 
gratings, holographic gratings have a much larger number of lines/cm. 


*45.7.1 The Grating Spectrum 
In Sec. 15.6 we have shown that the positions of the principal maxima are 


given by 
dsinü— mi; m=0,1,2,... (15.7-1) 


This relation, which is also cauea the grating equation, can be used to 
study the dependence of the angle of diffraction 0 on the wavelength A. 
The zeroeth order principal maximum occurs at 0 — 0 irrespective of the 
wavelength. Thus, if we are using a polychromatic source (e.g. white 
light) then the central maximum will be of the same colour as the source 
itself. However, for m0, the angles of diffraction are different for 
different wavelengths and, therefore, various spectral components appear 
at different positions. Thus by measuring the angles of diffraction for 
various colours one can (knowing the value of m) determine the values 
of the wavelengths. It may be mentioned that the intensity is maximum 
for the zeroeth order spectrum (where no dispersion occurs) and it falls 
off as the value of m increases. 
If we differentiate Eq. (15.7-1), we would obtain 


B wt (15.72) 
From this result we can deduce the following conclusions: 
(i) Assuming 0 to be very small (i.e. cos 0 ~ 1) wecan see that the angle A6 is 
directly proportional to the order of spectrum (m) for a given A A, so that for 
agiven m, AJAX is a constant. Such a spectrum is known as a normal 
spectrum and in this the difference in angle for two spectral lines is 
directly proportional to the difference in wavelengths. However, for large 
6, it can easily be shown that the dispersion is greater at the red end of 
the spectrum. 
(il) Eq. (15.7-2) tells us that A6 is inversely proportional to d, and there- 
fore the smaller the grating element, the larger will be the angular dispersion. 
Figs. 15.17 and 15.18 show schematic diagrams of the experimental 
arrangement for studying the grating spectrum of a polychromatic source. 
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Screen 


Grating 


Fig. 15.17 Fraunhofer diffraction of a plane wave incident normally on a 
grating. 


In Fig. (5.17 we have shown a small hole placed at the focal plane 
of the lens L,. A parallel beam of light emerging from L, falls on the 
grating and the diffraction pattern is observed on the focal plane of the 
lens L,. If instead of a hole we have a slit at the focal plane of L, [see Fig. 
(15.18)] —as it is indeed the case in a typical laboratory set up—we would 
have parallel beams propagating in different directions, and in the focal plane 
of the lens L, we will have a band spectrum as shown in Fig. 15.18. 

The lens L, is the objective of a telescope and the diffraction pattern 
is viewed through an eyepiece. The angles of diffraction for various 
orders of the grating spectrum can be measured and knowing the value of 
d, one can calculate the wavelength of different spectral lines. 


Example 15.4 Consider a diffraction grating with 15000 lines per inch. 
(i) Show tbat if we use a white light source the second and third order 
spectra overlap. (ii) What will be the angular separation of the D, and 
D, lines of sodium in the second order spectra. 

Solution. (i) The grating element is 


2.54 


d= = 1.69 x10-* cm. 
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GRATING 


SLIT 


Fig. 15.18 If instead of a point source we have a slit in the focal plane of 
Lı then one will obtain bands on the focal plane of Ly. 


Let 0», and Omr represent the angles of diffraction for the mth order ` 
Spectrum corresponding to the violet and red colours respectively. Thus 


Oy = sins POI ow sina 0.473. 28.2° 


Oy = sin-t 2% TX TOT a sin 0.828 ~ 55,99* 
and 
X4x 10-5 


8, = sint 203107 int 0.7100 45,23° 


where we have assumed the wayelengths of the violet and red colours to 
be 4x10-* cm and 7x 10-5 cm respectively, Since Oar > Osr, the second 
and third order spectra will overlap. Further since sin 65, > 1; the third 
order spectrum for the red colour will not be observed. : 

(ii) Since d sin 0 = mA, we have for small AA: 


(d cos 8) A 0 = m(A A) 
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or 
^8 mar, 2x6 x10-8 
mA 2x6x10-57]^ 
4-2) reme Dore) | 


£« 0.0010 radians = 3.47" 


Thus, if we are using a telescope of angular magnification 10, the two lines 
will appear to have an angular separation of 34.7’. 


15.7.2 Resolving Power of a Grating 


In the case of a grating the resolving power refers to the power of 
distinguishing two nearby spectral lines and is defined by the following 
equation: 

À 


ReàXY (15.7-3) 


where AA is the separation of two wavelengths which the grating can 
resolve; the smaller the value of AA, the larger the resolving power. 

The Rayleigh criterion (see Sec. 15.4) can again be used to define the 
limit of resolution. According to this criterion, if the principal maximum 
corresponding to the wavelength A+ AA falls on the first minimum (on 
the either side of the principal maximum) of the wavelength A, then the 
two wavelengths A and A+ AA are said to be just resolved (see Fig. 
15.19). If this common diffraction angle is represented by 0 and if we 
are looking at the mth order spectrum, then the two wavelengths A and 


Fig, 15.19 The Rayleigh criterion for the resolution of two spectral lines. 


AAA will be just resolved if the following two equations are simul- 
taneously satisfied: 

d sin 0=m(A+ AA) (15.7-4) 
and 

dsin Qm nA (15.7-5) 
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R= A = mn (15.7-6) 
which implies that the resolving power depends on the total number of 
lines in the grating; obviously only those lines which are exposed to the 
incident beam. Further, the resolving power is proportional to the order 
of the spectrum. Thus to resolve the D, and D, lines of sodium 
(A4 6À) in the first order, N must be at least $1075 = 1000. 

From Eq. (15.7-6) it appears that the resolving power would increase 
if the value of N is increased; this is, however, not quite true because the 
resolving power is essentially determined by the width of the grating. This 
can easily be seen by substituting the value of m from Eq. (15.7-1) in 
Eq. (15.7-6). 


R= 


Nd = Om _ D sin Om (15.7-1) 


À 


where D — Nd represents the width of the grating. 
In a similar manner one can show that the chromatic resolving power 
of a prism is given by 
A dn 


ra pe (15.7-8) 


where ¢ represents the length of the base of the prism and 7 represents 
the refractive index of the material of the prism. 


15.8 Oblique Incidence 


Till now we have assumed plane waves incident normally on the 
grating. For experimental setting it is quite difficult to achieve the condi- 
tion of normal incidence to a great precision and it is easily seen that 
slight deviations from normal incidence will introduce considerable errors. 
It is, therefore, more practical to consider the more general oblique inci- 
dence case (see Fig. 15.20). The wavelength measurement can be carried 
out by using the method of minimum deviation as we do for prisms. 

If the angle of incidence is i, then the path difference of the diffracted 
rays from two corresponding points in adjacent slits will be d sin 0 + dsini 
(see Fig. 15.20). Thus, principal maxima will occur when 

E d(sin 0 + sin i) = mA (15.8-1) 
d[sin (8—i) + sin i] = mA 


where 8 — i 4-0 is the angle of deviation. For 8 to be minimum we -must 
have 


4 [sin (8—i) + sin ij-0 


Fig. 15.20 Diffraction of a plane wave incident obliquely on a grating. 


— cos (8—i) + cos i=0 


ie, 
i-28—i-0 
or, 
inj (15.82) 
3 ; 


Hence, at the position of minimum deviation, the grating condition 
becomes 


2dsin$ = m (15.8-3) 


The minimum deviation position can be obtained in a manner similar to 
that used in the case of prism and since the adjustments are relatively 
simpler, this provides a more accurate method for the determination 


of ^. 


15.9 X-ray Diffraction 


Visible light is essentially an electromagnetic wave whose wavelength 
lies between 4000 A and 7000 A. X-rays are also electromagnetic waves 
whose wavelengths are ~ 1 A. Obviously, it is extremely difficult to make 
slits which are narrow enough for the study of X-ray diffraction patterns. 
Since the interatomic spacings in a ciystal are usually of the order of 
Angstroms, one can use it as à 3-dimensional diffraction grating for stu- 
dying the diffraction of X-rays. Indeed, X-rays have extensively been used 
to study crystal structures. 

An ideal crystal consists of a periodic arrangement of atoms (or groups 
of atoms) and is classified according to the geometry of this arrangement. 
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Fig. 15.21 (a) shows a simple cubic structure (abbreviated as SC) in which 
the atoms are at the corners of a cube which forms, what is known as a unit 
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Fig.15.21 (a) A simple cubic lattice, (b) A body centred cubic lattice. 


cell. The crystal is built up by the repetition of this unit cell in three 
dimensions. In addition, if there is an atom at the centre of each cube 
[see Fig. 15.21 (b)] the arrangement is known as a body centred cubic 
(bcc) structure. On the other hand, if instead of having an atom at the 
centre of the cube there is an atom at the centre of each of the six faces 
of the cube [see Fig. 15.22] we will have the face centred cubic (fcc) 
structure. Copper, silver and gold crystallize in the fcc form with the 
lattice parameter a=3.61 A, 4.09 A, and 4.08 Å respectively. Metals like 
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Fig. 15.22 A face centred cubic lattice, 


sodium, barium, tungsten crystallize in the bcc form with a —4.29 Å, 


5.03 A and 3.16 A respectively.* 
Let us consider an X-ray beam incident on a square array of atoms as 


shown in Fig. 15.23. W,W, and WW, repsesent the incident and reflected 


o---0--—o-- -o---0Q-— ~9 --0-- 


o= = —0- ——0- —-0- — > — -9- - - 9- M 


Fig. 15.23 A plane wave incident on a square array of atoms. When (2d sin @== m), 
the waves scattered from different rows will be in phase. 


wavefronts respectively. Obviously, the secondary wavelets emanating 
from the points A, B and C are in phase on W, W, (see Sec. 9.4 and 
Fig. 9.7); and, the waves emanating from the points A, B, and C, will 


also be in phase on W, W, if 
XB, -- B,Y 2 m; m= 1, 2, 3,.... 


*Crystal structures other than cubic are also common; e.g. zinc crystallizes into 
à hexagonal structure and carbon forms a diamond structure. However, the most 
important fact is that in all these structures there is a definite periodicity of atoms. 


or, when . 
2d sin 9 = mÀ (15.9-1) 


where d is the spacing between the two rows of the atoms; 0 is known as 
the glancing angle. Further, when the condition expressed by Eq. (15. 9-1) 
is satisfied, the waves emanating from other rows will also be in phase. 
Thus, one should obtain an intense maximum when the glancing angle 
satisfies Eq. (15.9-1); this equation is known as Bragg's Law. In a three- 
dimensional lattice one can construct sets of parallel planes passing through 
the atoms of the crystal. The distance between the planes will deter- 
mine the allowed values of 0. 

Let us consider the case of the bcc structure in detail [see Fig. 15.21 (b)]. 
Consider the planes passing through the atoms 1, 2, 3, 4 and 5, 6, 7, 8. 
The distance between the planes is a and the Bragg condition becomes 


2a sin 0 = m^ 


However, we must also consider the plane passing through the atoms 9 
and 10 which will be midway between the two planes considered above 
[ses Fig. 15.21 (b)] and therefore, the interplanar spacing should be 
taken as a/2 and not a; consequently, the Bragg condition becomes 


a sin 0 — m^ (15.9-2) 


For example, for a tungsten crystal, a= 3.1648 A and if we use X-rays of 
wavelength 1.542 A then the glancing angles will be 29.17° and 77.03° 
corresponding to m=] and m= 2 respectively; (mcannot be equal to 
or greater than 3). 

We next consider the plane passing through the atoms 2, 3, 9, 8, 5 
(see wig. 15.24(a)]. We will have a plane parallel to it passing through 


Fig. 15.24 (a) The planes in a bcc lattice separated by a distance ajy 7. 
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the atoms I and4. The interplanar spacing will be a/4/3 [sce Fig. 15.2 
The Bragg condition will become die tdg 


Ate (15.93) 
If we again consider tungsten, the values of 6 will be 20,15* and 43.56* 


for m «land 2 respectively. Similarly, we can consider the Plane passing 
through the atoms 1, 3. 6 [sce Fig. 15.24 (b)]; a plane parallel to it and 


Fig. 15,24(b) The figure shows the plane passing through atoms 1, 3 and 5. 


passing through the atoms 9 and 11 will be at a distance id the 


Bragg condition becomes 


vu [ov Y (15.9-4) 


The corresponding value of 0 will.be 57.55* for m» 1 and m cannot be 
greater than unity. In a similar manner one can construct other planes 
also and calculate the angles of diffraction. Indeed, it can be shown that 
for A= 1,542 A, the tungsten crystal will have only three more angles 
which would satisfy Bragg's Law, It is left as an exercise to the reader 
to show that these angles are 36, 64°, 50,39* and 65.74* (for other planes 
d will be less than A), 

The intensity of the diffractcd wave depends on the atoms per unit 
area in the plane under consideration, For example, corresponding to 
Eqs. (15.9-2) and (15,9-3) there will be one atom and two atoms in an 
area at respectively. Thus the intensity associated with the diffracted 
wave corresponding to Eq. (15.9-3) will be much more than the one 
corresponding to Eq. (15.9-2). ^ 

From the above analysis one can sec that if a monochromatic X-ray 
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Fig. 15,25 (a) When a monochromatic X-ray beam falls on a single crystal one 
Laue spots corresponding to the planes which satisfy 


beam is allowed to fall on a single crystal, then one will obtain spots on 
the photographie plate placed beyond the crystal [see Fig. 15.25 (a)), each 
spat will correspond to a definite value of 0; these spots are known as 
Lave spots, By a careful study of the position and intensities of these 
spots. the atomic arrangements in the crystal can be deduced. 

Instcad of a single crystal one often uses a polycrystalline material: 
this is known as the powder method, A polycrystalline material consists 
of a large number of randomly oriented micro-crystals; each micro-crystal 
ty essentially a single crystal: Asthe X-ray beam passes through such a 
polycrystalline material, the orientation of any given set of planes, with 
reference to the X-ray beam, changes from one micro-crystal to the other. 
Thus, corresponding to any given set of planes there will bea large number 
of crystals for which Bragg's condition will be satisfied, and on the photo- 
graphic plate one will obtain concentric rings (see Fig. 15.25(b)]; each 
ring will correspond to a particular value of d and a particular value of 
m. The appearance of the circular rings can be understood as follows: 
consider a set of planes parallel to AB [see Fig. 15.25 (c)]. The glancing 
angle 6 is assumed to satisfy the Bragg condition, If the microcrystal is 
rotated about the direction of the incident — pent 
tions of the microerystal, the glancing angle same for sets 
of planes. Further, for each position of the microcrystal, the direction of 
the diffracted beam will. be different, but it will always lie on the surface 
of the cone whose semi-vertical angle will be 26, Consequently, one will 
obtain concentric circular rings on the photographic plate; these rings are 
known as Debye-Scherrer rings. 

While using the powder method, the photographic film is putin a 
cylindrical form surrounding the polycrystalline sample as shown in Fig. 
15.26. Each Debye-Scherrer ring will produce an arc on the film, and 


Microcrystalline 
Incident X-ray CR Powder 
beam  ^* 


Fig. 15.26 While using the powder method the photographic film h kept in a 
cylindrical form as shown in the figure. 


when the film is unrolled, one obtains a pattern as shown in Fig. 15.27. 
From the position of these ares one can calculate 0 and thus obtain the 
interplanar spacing. From a study of the interplanar spacings one can 
determine the crystal structure. 

Fig. 15.27 (a) and (b) correspond to the diffraction patterns produced 
by sodium and copper in polycrystalline f For example, for sodium 
(which is a bec structure with a= 4.2906 Å the various values of 0 are 
(14.70, 14.74*), (21.03%, 21.09"), (26.08*, 26.15"), (30. 50", 30.59"), 
(14, 58°, 34.68"), (38.44, 38. 56"), (42, 18°, 42 .32*), (45. 88", 46.03"), (49. 59", 
49.76"), (53.38", 53.58*), (57.33%, $7.56"), (61.54*, 61,82"), (66.22*, 
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(a) 


Copper 
Fig. 15.27 Schematic diffraction patterns for (a) sodium and () copper. 


66.56), (79.41°, 80.23°); the two values inside the brackets correspond 
to the two wavelengths 1.540 Å and 1.544A (these are known as Cu Ka, 
and Cu Ka, lines). Because of the presence of two wavelengths one 
obtains double lines for each family of planes which become resolvable 
only at higher scattering angles. 


15.10 The Self-Focussing Phenomeno;;* 


With the availability of intense laser beams, a large number of interesting 
non-linear optical phenomena have been investigated. One such nonlinear 
phenomenon is the effect. on the propagation of a light beam due to the 
dependence** of the refractive index on the intensity of the beam. This 
leads to the self-focussing (or defocussing) of the beam, The non-lincar 


*Based on a paper by Sodha (1973); for a rigorous account, see Sodha, Ghatak 
and Tripathi (1974). 

**This dependence may arise from a variety of mechanisms like Kerr effect, 
clectrostriction, thermal effect, ete, The simplest to understand is the thermal effect 
which is due to the fact that when an intense optical beam having a transverse 
distribution of intensity propagates through an absorbing medium, a temperature 
gradient is set up. For example, if the beam has a Gaussian transverse intensity 
variation, (i.c. of the form exp (—72/a2); the direction of propagation being along 
the z-axis), then the temperature will be maximum on the axis (i.e. r= 0) and will 
decrease with increase in the value ofr. If dn/dT > 0, the refractive index will be 
maximum on the axis and the beam will undergo focussing; on the other hand if 
dnjdT < 0. the beam will undergo defocussing. 

The Kerr effect arises due to the anisotropic polarizability of liquid molecules 
(like CS). An intense light wave will tend to orient the anisotropically polarized 
molecules such that the direction of maximum polarizability is along the dírection 
of the electric vector; this changes the dielectric constant of the medium. On the 
other hand, clectrostriction (which is important in solids) is the force which a non- 
uniform clectric field exerts on a material medium; this force affects the density of 

(Contd.) 
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dependence of the refractive index on electric field can be assumed to. be 


of the form 
n= ng + dn E) (15.10-1) 


where m is the refractive index of the medium in the absence of any 

electromagnetic field, n, is the non-linezr. constant and £ the amplitude 
of the electric field; i.e. the actual electric field is of the form 

Ec E, cos (kz — ot) (15.10-2) 

The phenomenon of self-focussing can be physically understood by 

considering the propagation of a parallel cylinderical beam of radius a 

(see Fig. 15.28). Clearly, the refractive index in the non-illuminated and 
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Fig, 15.28 The physical interpretation of the self-focussing phenomenon. 


illuminated. regions will be My and n du, Ej respectively, Thus there 
will be a discontinuity in'the refractive index at r= u, We assume n, to 
be positive and we consider the incidence of a ray at the refractive index 
discontinuity as shown im Fig. 15.28. Clearly, for total internal reflection 
to occur the angle of incidence should be greater than the critical angle, 


ie, which is given by 
mein l Pee, D 0- 
i, = sin "UTER p] (15.10-3) 


Now, for a ray making an angle 0 with the axis, the angle of incidence 
would be 7 — 0; thus, for total internal reflection to occur we must have 


2 
foam dg] AM 


cos 0 > sin fe = cos 0, (15.10-5) 


E E T EROA 


Since, in most cases, the nonlinearity is very weak, we may assume 


or 


where 


their material, which in turn al 
non-uniform intensity distribution along its wavefront will give riso to a refractive 
index variation leading to focussing (i a 
discussion on electrost. and Kerr ` 
Phillips (1962), Wagner, and Marburger (1968), Sodha, Ghatak and Tripathi (1974). 
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= Eè < 1; consequently, 0; will be very small and Eq. (15.10-6) takes 
o 


the following approximate form: 
1% eE (15.10-7) 


Now, in the absence ofany nonlinear effects, the beam will spread out due 
to diffraction and a very large fraction of the energy will be carried by rays 
making an angle less than 0, (see Fig. 15.7) where* 


Gy aug 1:22 gula 0.61 Quin) (15.108) 


A is the free-space wavelength and zi, the refractive index; the subscript d 
on 0 implies that the divergence is due to diffraction. 

Clearly, if 04 > 0, the diffraction effects will predominate and the 
beam will diverge. When 0,240, the beam is expected to propagate 
without any divergence or focussing. This is known as the condition for 
uniform waveguide propagation, The condition 


impli 0, ce By (15.10-9) 
implies 
[5 Eè 1^5 N 
Ng ae 
or 
1 rosi, t 
3 5 sm 
Fi x ^] (15. 10-10) 


Now, the energy per unit volume associated with the electromagnetic 
wave is (see Sec. 19.5)** 


Ang? o Eg (15.10-11) 


where t,isthe permittivity of free space. Thus, the power of the beam 
is given by 


P —(Area of cross-section of the beam) x (velocity) 
x(energy/unit volume) 
or 


Pama? X x jn e, Eg? (15.10-12) 
0 


*Th ie 2 1. 2229/19" 
e angle 204 {= — 3a j corresponds to the first minimum of the Fraun- 
hofer diffraction pattern produced by a circular aperture of radius a (sec Sec. 15.3). 
See also Fig. 16.18. 
**Eq. (19.5-5) reads 
<u> =} € E,? = ju? eo Eg 
where s/c represents the dielectric constant (= n?). 
= 
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If we substitute the expression for E from Eq. (15.10-10) we will get the 
critical power 
2 
P, = (0.61)? ZE AÈ 
ee (0,6 eg Ny 


2 
= 0,15 048 (15. 10-13) 
2 


Garmire, Chiao and Townes (1966) carried out experiments on the self- 
focussing of a ruby laser beam (Ay = 0.6943 pm) in CS, and found that the 
critical power was 25 + 5kW. Onthe other hand, if we use Eq. (15.10-13) 
we would obtain 


_0.15x3x 108 8.854 x 10-1? x (0.6943 x 10-*)* 


Ex 
œ 100 kW (15.10-14) 


Per 


where we have used the following parameters for CS, [Garmire, Chiao and 
Townes (1966)], 


No = 1.6276; nz, = 1.8% 10-?* CGS units 
—2 x 107? MKS units* (15.10-15) 


The MKS unit for m, would be (meter/volt)*; further, the nonlinear 
coefficient m, in CS, is predominantly due to Kerr effect. 

It should be mentioned that the result expressed by Eq. (15. 10-13) is 
through qualitative arguments and is therefore, expected to give results 
which are correct within a factor of about 10. If we use the more rigorous 
theory (see, for example, Sodha, Ghatak and Tripathi, 1974), we would 
obtain 23 kW for the critical power, which compares well with the 


experimental data. 

We may conclude that, 

(i) when P < Per, 94> 0, and the beam will diverge due to diffraction. 

(ii) when P-P,94-—9. and the beam will propagate without 
divergence or convergence. This is the condition for uniform waveguide 
propagation. 

(iii) when P > Per, 
focussing, which is indeed borne out b 
known as self-focussing of the beam. 

In order to have an alternative figurative description, we note that if a 
parallel beam of light is incident on a concave lens, we will obtain a 
diverging spherical wave with 0 œ a/f (see Fig. 15.29). Now, Eq. (15.10-8) 


can be rewritten as 


we may extrapolate that the beam will undergo 
y more rigorous analysis. This is 


where dyneslesu is the CGS unit of the 


*] Volt/m ~ 1/3x10-¢ dynes/esu, 
here the subscripts M and C referto 


electric field. Thus naa —1/9 x 10-9 mc w 
MKS and COS units respectively. 
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Fig. 15.29 When a plane wave is incident on à diverging lens, the transmitted 
rays diverge making an angle 0 2a] f with the axis, 


a 


Wu Fy (15.10. 16) 
where 
_a Jam, | 2x, aè _ ka? x 
ae RBIN TRI DNT T (15.10-17) 
where 
pa 23, 
=o rh 


Thus the phenomenon of diffraction can be approximated by a diverging 
lens of focal length ka*/2. 

Now, we know that, if a converging lens of a certain focal length is 
placed adjacent to a diverging lens of the same focal length, then a parallel 
beam incident on such a combination wil! emerge as a parallel beam, i.c. 
neither any focusing nor any defocusing will occur. In the present case 
we have just seen that an incident beam propagates without any divergence 
or convergence, when 


Abe te p KEW i 
Hee 5 (15.10-18) 


which may be rewritten in the form, 
se dut n, 7d t 
fa end ka [8] (15.10-19) 


Thus, the nonlinear medium can be thought of as a converging lens of 
focal length 


A n, qu 2 
fna zn] (15,10 20) 
When fu < fn, th: diffraction divergence will dominate and when fy > fni- 


the focussing action will dominate giving rise to a converging wave in the 
nonlinear medium. 
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15.1l Spatial Frequency Filtering 


I! g (x, y) represents the field distribution on the front focal plane of a 
corrected lens (i.e., on the plane P, in Fig. 15.30), then on the back focal 


Fourier 
Transtorm 
plone 


Incident 
plone ^ 
wave 


Fig. 15.30 The plane P4 is the Fourier transform plane where the spatial 
frequency components of the object (placed in the plane Py) are 
displayed. In the above figure, a small hole is placed on the axis 
(in the plane P3) which filters out the high frequency components. 


plane P, of the lens one obtains the Fourier transform of f(x, y); the 
z-axis represents the optical axis of the lens, Thus, if G (x, y) represents 
the field distribution on the back focal plane Ps, then it is related to 
3 (x, y) through the following relation 


ym Lill — 22 (5 r Java’ 15.111 

Gx = y, ff ees exp [ 2ni( M +%) wh’ (05.111) 
where A represents the wavelength of the light and fis the focal length of 
the lens. This remarkable property of a corrected lens forms the basis of 


the subject of spatial frequency filtering which finds numerous applications 
in many diverse areas, Equation (15. 11-1) is usually written in the form 


G (u, Y. -¥ [scr exp [ux + vy) dx’dy’ — (15.11-2) 


where 


and 
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If we compare Eq. (15.11-2) with Eq. (7.4-12), we find that F (u, v) is the 
Fourier transform of f (x, y) and as such u and v are said to represent the 
- Spatial frequencies along the x and y directions respectively. The 
derivation of Eq. (15.11-2) is fairly involved (see, e.g., Goodman, 1968); 
however, one may qualitatively understand the above expression by 
considering some simple examples: 

We first consider a plane wave incident normally on the lens. This 
implies that g (x, y) is a constant. Thus 


G (u, v») = igo [f exp[— i(ux' + vy')]dx'dy' (15.11-3) 


Now, the Dirac delta function can be expressed in the following manner* 
(see also Problem 9 in Ch. 7, and Sec. 7.4): 


aw =e | ert a (15. 11-4) 


Thus, Eq. (15.11-3) becomes 


G (u v) = Kp An (U) 3 Q) (15.11-5) 
where 8 (u) and 3 (v) represent the Dirac delta functions. Since 3(u) — 0 
for u# 0, one can infer from Eq. (15.11-5) that the intensity is zero at all 
points excepting at the point x =0, y —0. This is to be expected because 


*For large values of L, the integral 


L 
I(u, D-i [eme = L Sin uk) 
-L 


«$ a very sharply peaked function around u = 0 and is such that 
eo 
Í I(u,L)du=1 (independent of L). 
-o 
The Dirac delta function is defined through the following equations: 
è(x—a)=0 for x¥a 
and 
ata 
Í f()8 (x — a) dx = f(a) 
a-a 
where « is an arbitrary positive quantity and f(x) is a well behaved function. It 


E be easely seen that as L+e, the function I(u, L) behaves as a. delta function. 
hus 


eo 
è (u) = x f e-tuz dy 
Jo 
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a plane wave gets focussed to a point by a corrected lens.* 
Another interesting example is a one-dimensional cosinusoidal field 
distribution in the object plane, i.e., 
g(x, y) = gy cos (2n«x) (15.11-6) 


where « is a constant.** Notice that we have assumed no y dependence 
of the field. If we substitute the above expression for g(x,y) in Eq. 
(15.11-2), we would obtain 


Gu, 2) = x7 | svklttetn peter erie de f e=w'dy! (15.11-7) 


where we have used the following identity : 
cos 8 = 1 [e'* + e] (15.11-8) 


Using Eq. (15.11-4) in Eq. (15.11-7), we obtain 
Glu, y= CEP pola (u — 22) + 8 (u + 200180) (15.11-9) 


Thus, we will obtain two spots in the plane P,; these two spots will be 
lying on the x-axis at u = 42ra (i.e., at x = + Afa). Physically this can 
be understood from the following consideration: When a plane wave is 
incident normally on the plane Py, (see Fig. 15.30), the time dependence 
is of the form cos wf. If in the plane P,, we have an object whose trans- 
mittance is proportional to cos (2nax), then the field to the right of the 
plane P, would be proportional to 


cos of cos 2max = 3 [cos (wt + 2max) + cos (ot —2max)) (15.11-10) 


We know that for a plane wave having no phase variation in the y-dircc- 
tion, the field is of the form (see Example 8.6): 


cos (ot + Kxx + k:2) (15.11-11) 


where ky=k sin 0, kz =k cos 0, k =2n/h and 0 is the angle that the 
propagation vector k makes with the z-axis. At z — 0, the field becomes 


cos (ot + kx) (15. 11-12) 


*We are assuming here a very large dimension of the aperture of the lens; as 
such, the limits of integrations in Eq. (15.11-2), are assumed to be from — o to +>. 
This is a reasonably good approximation for most practical cases. 

**On the plane P, (see Fig. 15.30) if we place the negative of the photograph 
shown in Plate 6 with the y-axis along the length of a fringe and assume à plane 
wave to be incident normally on the film, then the field distribution would be pro- 
portional to cos? «x which is equal to 3 (1 + cos 2ax). 
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Comparing Eqs. (1511-10) and Eq. (15.11-12), we find that the two terms 


on the RHS of Eq. (15. 11-10) represent two plane waves propagating along - 


directions making angles +0 and — 0 with the z-axis, where 


sin 0 == = 2—- = aA (15. 11-13) 


These plane waves will obviously focus to two points at x= -+ A/a and 
x =—ìf« on the x-axis in the plane P,. Since æ represents the spatial 
frequency associated with the object, one essentially obtains the spatial 
frequency spectrum of the object on the back focal plane. 

We are familiar with the fact that a general time varying signal can be 
expressed as a superposition of pure sinusoidal signals (see Eq. 7.4-13); 
in a similar manner, the field variation across an arbitrary object (placed 
in the plane P,), can be expressed as a superposition of sinusoidal variations 
and one would get the corresponding frequency components on the plane 
P, For this reason, the plane P, is often termed as the Fourier transform 
plane. 

As another example, if the amplitude variation of the object is of the 
form 

g(x, y) =A cos 2xax + B cos 278x (15.11-14) 


then one would obtain four spots in the plane P, (all lying on the x-axis); 
these spots will appear at x = +Afa, +AfB. Since the Fourier transform 
of the Fourier transform is the original function itself* [see Eq. (7.4-11)], 
if we place the plane P, on the front focal plane of another lens /,, then 
on its back focal plane (i.e., in the plane P, in Fig. 15.30), we will obtain 
the amplitude distribution associated with the object. If we now put stops 
at the points (x = +Afa, y — 0) and (= —Af«, y — 0) in the plane Ps, 
then the field distribution in the plane P, would be proportional to 
cos 2mpx. Thus we have been able to filter out the/spatial frequency æ. 
This is the basic principle behind spatial frequency filtering. 

For an arbitrary object if we put a small stop on the axis, then it will 
filter out the low frequency components; on the other hand, if we put a 
small hole on the axis (see Fig. 15.30), we filter out the high frequency 
components. 

Asa simple application, we egnsider a half-tone photograph (like that in 
a newspaper) which consists of a large number of spots of varying shades which 
produce the image pattern. Since the spotsare spaced closely, itrepresents a 
high frequency noise and the overall image has much smaller frequencies 
associated with it. Thus if we put a transparency similar to that shown in 
Plate 15a, and allow only the low frequency components. to pass through 
(as shown in Fig. 15.30), we will obtain, in the plane P, an image which 


*There will however be an inversion; i.e., (x, y) will become f(—x, —y) in the 
Plane Py. This can also be seen by simple ray tracing. 


(a) (b) (c) 
Plate 15 (a) Shows a photograph consisting of regularly spaced black and white squares of varying sizes. When a pinhole is 
placed in the Fourier transform plane to block the high frequency components an image of the form shown in (c) is obtained; 
ncy spectrum is shown in (b). Notice that in (c) Slane of gray appear as well as details such as the missing part 


the freq’ 
ents for Undergraduate Laboratories,” American Journal 


1 After R.A. Phillir *Spati 
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does not contain the unwanted high frequency noise (see Plate 15c). 


The subject of spatial frequency filtering finds applications in many 


other areas like contrast improvement, character recognition etc. 


M 


Il. 


12, 


PROBLEMS 


A plane wave (à= 5000 A falls normally on a long narrow slit of width 
0.5mm. Calculate the angles of diffraction corresponding to the first three 
minima. Repeat the calculations corresponding to a slit width of 0.1 mm. 
Interpret physically the change in the diffraction pattern. 

A convex lens of focal length 20 cm is placed after a slit of width 0.6 mm. If 
a plane wave of wavelength 6000 A falls normally on the slit, calculate the 
separation between the second minima on either side of the central maxima. 
(Ans. 40.08 cm). 

In the above problem calculate the ratio of the intensily of the principal 
maximum to the first maximum on either side of the principal maximum. 
Consider a laser beam of circular cross-section of diameter 3 cm and of wave- 
length 5x10-5 cm. Calculate the order of the beam diameter after it has 
traversed a distance of 3 km. (Ans.^5 cm. This shows the extremely high 
directionality of laser beams). 

A circular aperture of radius 0.01 cm is placed in front of a convex lens of focal 
length 25 cm and illuminated by a parallel beam of light of wavelength 
5x 10-5 cm. Calculate the radii of the first three dark rings. 

Consider a plane wave incident on a convex lens (of diameter 5 cm) and of focal 
length 10cm. If the wavelength of the incident light is £000 Å, calculate the 
radius of the first dark ring on the focal plane of the lens. Repeat the calculations 
for a lens of same focal length but diameter 15cm. Interpret the results 
physically. 

Consider a set of two slits each of width b= 5 x 10-2 cm and separated by a 
distance d=0.1 cm, illuminated by a monochromatic light of wavelength 
6.328 x 10-5 em. If a convex lens of focal length 10 cm is placed beyond the 
double slit arrangement, calculate the positions of the maxima inside the first 
diffraction minimum. 

Show that when b =d, the resulting diffraction pattern corresponds to a slit of 
width 25. 

Caleulate the maximum value of the grating clement d so that the first order and 
second order spectra do not overlap when the grating is used for studying a 
light beam containing wavelength components from 4000 A to 7000 A. 

Consider a diffraction grating of width 5 cm with slits of width 0.0001 cm 
separated by a distance of 0.0002 cm. What is the corresponding grating 
clement? How many orders would be observable at A= 5.5 x 10-5 cm? Cal- 
culate the width of the principal maximum. Would there be any missing orders? 
For the diffraction grating of Problem 10, calculate the dispersion in the 
different orders. What will be the resolving power in each order? 

A grating (with 15,000 lines per inch) is illuminated by white light. , Assuming 
that white light consists of wavelengths lying between 4000 and 7000 A, calculate 
the angular widths of the first and the second orderspectra. (Hint; You should 
not use Eq, (15. 7-2): why?) 

A grating (with. 15,000 lines per inch) is illuminated by sodium light. The grating 
spectrum is observed on the focal plane of a convex lens of focal length 10 cm. 
Calculate the separation between the D; and D» lines of sodium. (The wave- 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21, 


22. 


23. 


length of the D; and Dg lines are 5890 and 5896 A respectively). (Hint: You 
will have to use Eq. (15.7-2)). 

Calculate the resolving power in the second order spectrum of a 1 inch grating 
having 15,000 lines. 

Consider a wire grating of width 1 cm having 1000 wires. Calculate the angular 
width of the second order principal maxima and compare the value with the one 
corresponding to a grating having 5000 lines in | cm. Assume X e 5 x 10-5cm. 
In the minimum deviation position of a diffraction grating the first order 
spectrum corresponds to an angular deviation of 30°. If - 6 x 10-5 em, 
calculate the grating element. 

Calculate the diameter of a telescope lens if a resolution of 0.1 seconds of arc 
is required at à —6 x 10-5 cm. 

Assuming that the resolving power of the eye is determined by diffraction 
effects only, calculate the maximum distance at which two objects separated by 
a distance of 2m can be resolved by the eye. (Assume pupil diameter to be 
2 mm and » = 6000 A). 

Copper is an fcc structure with lattice constant 3.615 A. An X-ray powder 
photograph of copper is taken. The X-ray beam consists of wavelengths 
1.540 A and 1.544 Å. Show that diffraction maxima will be observed at 
© = (21.64°, 21 .70°), (25.21*, 25.28"), (37.05, 37.16*), (44.94*, 45.09°), (47.55*, 
47.71*), (58.43*, 58.67"), (68.209, 68.58"), (72. 29°, 72.76"). 

Tungsten is a bcc structure with lattice constant 3.1648 A. Show that in the 
powder photograph of tungsten (corresponding to an X-ray wavelength of 
1.542 A) one would observe diffraction maxima at 6 = 20.15°, 29.17°, 36.64°, 
43.56°, 50.39°, 57.55°, 65.74° and 77.03°. 

(a) In the simple cubic structure if we alternately place Na and Cl atoms we 
would obtain the NaCl structure. Show that the Na atoms (and the Cl atoms) 
independently form fec structures. The lattice constant associated with each fec 
structure is 5.6402 A, Corresponding to the X-ray wavelength 1.542 A, show 
that diffraction maxima will be observed at 0 = 13,69°, 15,86°, 22.75°, 26.95°, 
28. 27°, 33.15°, 36.57°, 37.69°, 42.05*, 45.26*, 50.66*, 53.98°, 55.10°, 59. 84°, 
63.69°, 65.06*, 71.27°, 77.45° and 80.66°. 

(b) Show that if we treat NaCl as a simple cubic structure with lattice para- 
meter 2.82 A then the maxima at 0 = 13.69°, 26.95*, 36.57°, 45. 26°, 53.98", 
63.69* and 77. 45° will not be observed. Indeed in the X-ray diffraction pattern 
of NaCl, the maxima corresponding to these angles will be very weak. 

Calculate the Fraunhofer diffraction pattern produced by a double slit arrange- 
ment with slits of widths b and 35, with their centres separated by a distance 65. 
Consider the propagation of a 1 kW laser beam (A= 6943 A, beam diameter 
2«] cm) in CSa. Calculate f; and fng and discuss the defocussing (or focussing) 
of the beam. Repeat the caiculations corresponding to a 1000 kW beam and 
discuss any qualitative differences that exist between the two cases. The data 
for n, and ng are given in Sec. 15.10. 

The values of mg and ms for benzene are 1.5 and 0.6 x 10-1* C.G.S. units 
respectively, Obtain an approximate expression for the critical powers. 
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See at the end of Chapter 16. 


16 Fresnel Diffraction 


Woe to the man who seeks to shed a brilliant 
light in a place where people want to keep in 
darkness and shadow. 


BENEDETTO CROCE 


16.1 Introduction 


In the previous chapter we had mentioned that the phenomenon of diffrac- 
tion can be broadly classified under two categories: under the first 
category comes the Fresnel class of diffraction in which either the source 
or the screen (or both) are at a finite distance from the diffracting aperture. 
In the second category comes the Fraunhofer class of diffraction (discussed 
in the previous chapter) in which the wave incident on the aperture is a 
plane wave and the diffraction pattern is observed on the focal plane of a 
convex lens, so that the screen is effectively at an infinite distance from 
the aperture. In the present chapter we will discuss the Fresnel class of 
diffraction and also study the transition to the Fraunhofer region. The 
underlying principle in the entire analysis is the Huygens-Fresnel principle 
according to which each point on a wave-front is a source of secondary 
disturbance and the secondary wavelets emanating from different points 
mutually interfere. In order to appreciate the implications of this principle 
we consider the following example. 

Let us consider the incidence of a plane wave ona circular hole of 
diameter D as shown in Fig. 16.1. In Sec. 15.3 we had shown that the 
beam will undergo diffraction divergence and the angular spreading A0 
will be ~A/D. Thus, when D» 27^ the intensity at a point P (which is 
deep inside the geometrical shadow) will be negligible; on the other hand, 
if D <A there will be almost uniform spreading out of the beam resulting 
in an (almost) uniform illumination of the screen. This phenomenon is a 
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manifestation of the fact that when D>>>A, the secondary wavelets 
emanating from different points on the circular aperture, so beautifully 


Fig. 16.1 Diffraction of plane waves by a circular aperture. 


interfere to produce (almost) zero intensity in the geometrical shadow and 
a large intensity in the region AB (see Fig. 16.1). However, if D £^ 
then the aperture almost acts as a point source resulting in a uniform 
illumination of the screen (see Plate 4). 

We will first introduce the concept of Fresnel half-period zones to 
have a qualitative understanding of the Fresnel diflraction pattern; this 
will be followed by a more rigorous analysis of the Fresnel class of diffrac- 
tion and its transition to the Fraunhofer region. 


16.2 Fresnel Half-period Zones o 


Let us consider a. plane wavefront WW’ propagating in the z-direction 
as shown in Fig. 16.2. In order to determine the field at an arbitrary 


Fig. 16 2 Construction of Fresnel half-period- zones. 
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point P due to the disturbances reaching from different portions of the 
wavefront, we make the following construction: from the point P we 
drop a perpendicular PO on the wavefront. If PO — b, then with point 
P as centre we draw spheres of radii b, b+, b+ cd b+ 2 ....3 these 
spheres will intersect WW’ in circles as shown in Fig. 16.2. The radius 
of the nth circle will obviously be given by 


3 AM fra nus nape 
ro=[(0+05) -e ] = vaba[ i (16.2-1) 


or 
tn / RDÀ (16.2-2) 


2 
where we have neglected the term “x in comparison to mba; this will 


indeed be justified for practical systems using visible light where b» > >A. 
The area of the annular region between two consecutive circles will be 


zl mrs m| + 1) A — nb] 
em b 


Thus, the areas of all the annular regions are approximately equal. The 
annular region between the (n - 1)^and the n^ circle is known as the n' 
zone. Now, the resultant disturbance produced by the n'^ zone will be x 
out-of-phase with the disturbance produced by the (n —1)^ [or the (n+1)®] 
zone. This can be seen from the fact that for an arbitrary point Qn in 
the aù half-period zone there will be a corresponding point Qr in the 


(n + 1)^ zone such that Qn} P — QnP = » which corresponds to a phase 


difference of z. Since the areas of the zones are approximately equal, one 
can have a one-to-one correspondence between points in various zones. 
Thus, the resultant amplitude at the point P can be written as 


u(P) = ty — ty d ug — y Pee + C1)" us (16.2-3) 


where un represents the net amplitude produced by the secondary wavelets 
emanating from the n zone; the alternate negative and positive signs 
represent the fact that the resultant disturbances produced by two conse- 
cutive zones are m out of-phase with respect to each other. It may be 
pointed out that the amplitude produced by a particular zone is propor- 
tional to the area of the zone and inversely proportional to the distance 
of the zone from the point P; further, it also depends on an obliquity 
factor* which is proportional to 4 (1 + cos X) where X is the angle that the 


"This obliquity factor automatically comes from rigorous diffraction theory; see, 
for example, Born and Wolf (1975). 
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normal to the zone makes with the line QP. Thus we may write 


An (1-4 cosX) 
ün = constant DnP PIS (16:2-4) 


where An represents the area of the nzone. It can be shown that il we 
use Eq. (16.2-1) for ra, the areas of the zones increase with 1; however, 
this slight increase in the area is exactly compensated by the increased 
distance of the zone from the point P. Inspite of this. the amplitudes 
Nyy May Uy, s.s decrease monotonically because of increased obliquity. 
Thus we may write 1 
IU Um... (16.2-5) 


The series expressed by Eq. (16.2-3) can be approximately summed due 
‘toa method by Schuster. We rewrite Eq. (16.2-3) as 


Us 


«pte (ne) (3) pila ipio 


where the last term would be either Atm or (1up-, — iin) according to mi 
being odd or even, If the obliquity factor is such that 


Un > d (ts Uns) (16.2-7) - 

d 

then the quantities inside the brackets in Eq. (16.2-6) will be negative; 
consequently 


u(P) < buy + Aum; (n odd) ` 
e ir (16.24) 
u (P) < M c bUm- — tm at - T ; (m even) 


where we have assumed that the amplitude of the fields produced by 
consecutive zones differ only slightly. In order to obtain the upper limits. 
we rewrite Eq. (16.2-3) in the form 


[? u s 

u(P) a — 3 — (3 -w 3) -(4 == ust 1) oe (06.29). 

where the last term would now be —Jus-, ri, when m is odd and 
— ju when m is even. Since the quantities inside the brackets arè 
negative we obtain ul 


u(P) > ty Ff ug + when m is odd 

Sd (16.2-10) 
Un Um 

2 


u(P)>m= 3 = Fate when m is even 
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Using Eqs. (16.2-8) and (16.2-10) we may approximately write 


uP)- ET when m is odd 
(16.2-11) 


and 


uP)- 4 when m is even 


If we can. neglect* vm in comparison to w, then the above equation gives 
the remarkable result that 


= 


u(P)m > (16 2-12) 


Nl, 


implying that the resultant amplitude produced by the entire wavefront 
is only one half of the amplitude produced by the first half period zone. 
We may use the above analysis to study the diffraction ofa plane wave 
by a circular aperture. Letthe point P be at a distance b from the circu- 
lar aperture (see Fig. 16.3). We assume that the radius of the circular 


" 
S 


Fig. 16.3 Diffraction of a plane wave by a circular aperture. 


r, can be increased from zero onwards. As r increases the 
ld also increase till the circular aperture con- 
ne; this would happen when r= bx. The 
would be 1, which is twice the value of 
ed wavefront [see Eq. 16.2-12)}. The 


aperture, 
intensity at the point P woul 
tains the first half-period zo 
resultant amplitude at the point P 
the amplitude for the unobstruct 


*If one assumes a form of the obliquity factor as given by Eq. (16.2-4) then it 
decreases from 1 to à as m increases from 1 to oo, this implies that | i | can never 


when m is large, a slight shift of the point P on the 


2-T: the changes will occur with 


be smaller than 3. However, 


axis will change the amplitude from + EX 


such great rapidity that one can only observe the average which will be 4. 
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intensity would therefore be 47, where J, represents the intensity at the 
point P due to the unobstructed wavefront. If we further increase r then 
u(P) would start decreasing and when the circular aperture contains the 
first two half period zones (which would happen when r= 4/25A) the re- 
sulant amplitude (=u, — t) would be almost zero. Thus, by increasing 
the hole diameter, the intensity at the point P decreases almost to zero. 
This interesting result is once again due to the validity of the Huygens- 
Fresnel principle and hence would be valid for sound waves also. We 
may generalize the above result by noting that if r= 4/(2n + 1) 5A (ie. if 
theaperture contains an odd number of half-period zones) then the intensity 
will be maximum and if r = 4/2nPÀ the intensity will be minimum. In 
order to have a numerical appreciation, we note that for b = 50 cm and 
A= 5x10 5 cm, the radii of the first, second and third zones would be 
0.500 mm, 0.707 mm and 0.866 mm respectively. As a corollary of the 
above analysis we can consider a circular aperture of a fixed radius and 
study the intensity variation along the axis. Whenever the distance OP 


Li 
is equal ED thepoint P (sec Fig. 16.3) would correspond to a 


r* 
2nÀ 
be pointed out that the intensity distribution on a screen SS’ at off-axis 
roints can be approximately calculated by using the half-period zones but, 
such a calculation is fairly cumbersome. However, from the symmetry of 
the problem, one can deduce that the diffraction pattern has to be in the 
form of concentric circular rings with their centres at the point P. 

If instead of the circular aperture we have a circular disc and if the 
disc obstructs the first p half-period zones (sue Fig. 16.4) then the field 
at the point P would be 


u(P) = up, — Uptg +... 


maximum and when OP is equal to we will have a minimum, 1t may 


e tn (16.2-13) 


Ulli 


C i 


Opaque disc 


N 
Fig. 16.4 When a plane wave is incident on an opaque disc then a bright spot 


will be formed on an axial point, Thisspot is known as the 
Poisson spot, 
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Thus, we should always obtain a bright spot on the axis, which has indeed 
been confirmed by experiments. The more rigorous theory also predicts 


the same result (see Sec. 16.8). s 


16,3 The Zone-plate 


A beautiful application of the concept of Fresnel balf-period zones 
lies in the construction of the zone-plate which consists of a large number 
of concentric circles whose radii are proportional to the square root of 
natural numbers and the alternate annular regions of which are blackened 
(see Fig, 16.5). Let the radii of the circles be /IK, 2K, 3K, V/4K,...., 


Fig. 16.5 The zone plate. 


where Kis à constant. We consider a point P, which is at a distance 
K2/A from the zone plate; for this point the blackened rings correspond 
to the 2nd, 4th, 6th...half-period zones. Thus, the even zones are 
obstructed and the resultant amplitude at P, [see Fig. 16.6(a)] will be 


thy tha H ERE (16.3-1) 


producing an intense maximum. For the point Ps (which is at a distance 
K?/3A) the first blackened ring contains the 4th, 5th, 6th zones, the second 
blackened ring contains the 10th, llth and 12th zones, etc.; thus the 


resultant amplitude would be 


(uy — us + tts) + Q5 — Vs uh +--+ (16, 3-2) 


(2). ————————————— 


(9 


| 


Fig. 16.6 (a) Fora plane wave incident on a zone plate, the maxiumm inten- 
sity occurs at the points P}, Ps etc; the minima occur at Ps, Pa... 


(b) Imaging of a point object by a zone-plate. 


which would again correspond to a maximum, but it would not be as 
intense as the point P,. Between the points P, and P, there will be a 
point P, (at a distance K*/2A) where the resultant amplitude would be 


(u, — 44) + Q4 — u) +... (16:3-3) 


implying that corresponding to P, the first blackened ring contains the 
3rd and 4th half-period zones, etc. Obviously, the point P, will corres- 
pond to a minimum. Thus, if a plane wave is incident normally on a 
zone-plate, then the corresponding focal points are at distances 


KK? E 

NE eiim Eie 34 

MPO HO (16.3-4) 
from the zone-plate, 
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Example 16.1 Assume a plane wave (A -5x10- cm) to be incident 
on a circular aperture of radius 0.5 mm. Calculate the positions of the 
brightest and darkest points on the axis. 

Solution. For the brightest point the aperture should contain only the 
first zone and thus we must have (see Fig. 16.3) 


(0.05)* = OP (5x 105) 


Thus 
OP —50 cm 
Similarly the darkest point would be at a distance 
(0.05)* 


zx5xip3 7 25 em 
Example 16.2 Consider a zone plate with radii 
tn = 0. 14/0 cm 


For A 5x 10-5 cm, calculate the positions of the foci. 
Solution. The most intense focal point will be at a distance 


rào 001 .- 
v ml rat ache 


The other focal points will be at distances era. w; - cm, etc. 


Between any two consecutive foci there will be dark points on the axis 
corresponding to which the first circle will contain an even number of 


half-period zones. 
The zone-plate can also be used for imaging points on the axis, e.g. 
if we have a point source at S then a bright image will be formed at P, 


where the point P should be such that 
SL + LP —SP =} (16.3-5) 


the point L being on the periphery of the first circle of the zone plate 
[see Fig. 16.6 (b)]. If the radius of the first circle is r, then 


rift, 1 
2s) (16.3-6) 

Thus Eq. (16.3-5) becomes næ 
= =- 37 
E +5 7 (16.3-7) 


where f= 7,2/A represents the focal length. Eq. (16.3-7) resembles the 


lens law. 
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Fig. 16.7 (a) Diffraction at a straight edge. (b) Half-period strips of a cylindri- 
cal wavefront. 


16.4 Diffraction at a Straight Edge 


Letus consider a straight edge MN placed perpendicular to the plane 
ofthe paper and parallel to a long narrow slit S (see Fig.16.7) "We 
wish to calculate the intensity variation on the screen LL’. From the 
geometry of the arrangement it is obvious that on the screen there will be no 
intensity variation along the direction parallelto the length of theslit. Thus, 
the fringes (wherever they occur) will be straight lines parallel to the edge. 

The wavefront emanating from the slit is cylindrical and in order to 
find the amplitude at an arbitrary point P (on the Screen), we draw half- 
period strips in the following manner: Let GQMG' represent a section of 
the wavefront, the point Q lies on the line joining S and P. The points 
Qı, Q, on the wavefront are such that 


50, + Q,P — sop =» 
a (16.4-1) 
50. + Q,P — SOP = > ete. 


Fresnel Diffraction 359 


The half-period strips will be on the surface of the cylindrical wave- 
front as shown in Fig. 16.7 (b). However, unlike the Fresnel half-period 
zones, the areas of the half-period strips will not be equal and thus the 
analysis becomes quite difficult. Even then one can draw the following 
conclusions: 

(i) Corresponding to the edge of the geometrical shadow (which is 
shown as E), half of the wavefront is obstructed by the edge, hence the 
amplitude will be given by 


u (E) = du (16.4-2) 


where u represents the amplitude that would be produced by the 
unobstructed wavefront (i.e. in the absence of the edge). Thus the inten- 
sity will be given by 


I(E) — ih (16.4-3) 
(i) Let us next assume that the point P satisfies the following 


relation: 


(16.4-4) 


NIY 


SM + MP — SQP = 


Thus only the first half-period strip of the lower part of the wavefront contri- 
butes and the resultant amplitude would approximately be 


E -2-3-302)-2 (16.4-5) 


where 2 is the amplitude produced by the first half period strip in the 


lower portion and gis thé resultant amplitude produced by the upper 


half of the wavefront (see Eq. 16.2-12). The intensity would be th For 
a point P, such that 
SM + MP, — SP, =A (16.4-6) 


we will have a minimum and the resultant amplitude will be 
(2 -2) gu (16.4-7) 
In general, an arbitrary point P will correspond to maximum intensity if 


SM+ MP- SP= Qn )5in70,1,2,... (064) 
and à minimum if 
SM- MP — SP 2n3 ine 2... (16.4-9) 
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Now, 
1x? xt 
MP e y^ ec (1-338) - 0 5; 
SP — (a - Dy +P ca - D c o5 
Hence, - 


AN SC b- ami 0 o 
2b 2(a4-b)- 2(a+b)b 
Thus, when 


rafenn Ap i= 0,12)... (16.4-10) 


we will have a maximum, For example, for a=b=25 cm and 
A= 5x10 cm, 
na 
(pee a] = 5x10 cm. 


Thus the first maximum will occur at a distance of 0.05 cm from the edge 
of the shadow and the second and third maxima will occur at distances 
of 0.0866 cm and 0.112 cm respectively. The distance between two 
consecutive maxima will decrease as we go away from the edge ofthe 
geometrical shadow. 

Similarly, the positions of the minima are given by 


M 1/2 
x-[n 5875, EIS. (641) 


and for the above parameters they will occur at distance of 0.07cm, 
0.10 cm, etc. By determining the positions of these maxima and minima 
one can calculate the wavelength. The precise variation of the intensity 
is difficuit to calculate from this analysis; froma more rigorous theory 
one obtains a curve asshown in Fig. 16.10. 

(ii) If we go inside the geometrical shadow the intensity would 
continuously decrease as shown in Fig. 16.10. 


16.5 Diffraction of a Plane Wave by a Straight Edge— 
A More Rigorous Approach 


In the previous section we had qualitatively discussed the Fresnel diffrac- 
tion pattern produced by a straight edge. Inthis section we will make a 
more detailed (and rigorous) analysis of the diffraction of a plane wave by 
a straight edge (see Fig. 16.8). Once again, there will be no variation of 
intensity along the x-axis and, therefore, without any loss of generality, 
we may assume the co-ordinates ofan arbitrary point P (lying on the 
screen) to be (0, y), where the origin has been assumed to be on the edge 
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Plane Wave 


Fig.16.8 Diffraction of a plane wave incident normally on a straight edge. 
adow. If the x and y coordinates of an arbitrary 


of the geometrical shi 
point M on the plane of the straight edge are denoted by & and 9, then 


irapa y tal aue ere aN 


2 SET 
ERES tas (16.521) 
straight edge and the screen. The 


where d is the distance between the 
field at the point P can be approximately calculated by using Huygens' 
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principle. We consider an infinitesimal area dé d? on the plane containing 
the straight edge. The field at the point P due to waves emanating from 
the area d£ d (around the point M) will be proportional to 


thr 
a dé dn (16.5-2) 


where A represents the amplitude of the plane wave in the plane of the 
straight edge. In order to calculate the resultant field, we will have to sum 
over all the infinitesimal areas and if we replace the summation by an 
integral, we will obtain 


u(P)=C j= dë du (16.53) 


where C is the proportionality constant and if one solves the scalar wave 
equation the value of C is found to be* 


e (16. 5-4) 


On substituting the expression for r from Eq. (16.5-1) in Eq. (16.5-3) we 
obtain 
iA yi T E Li — yy 
u(P)c— 45 [it f dn exp [ i {+ 2:93] (16.5-5) 


where, in the denominator of the integrand, we have replaced r by its 
minimum value,** d. We introduce two dimensionless variables u and v 
defined by the equation 


and* (16.5-6) 


k 
tme gam ay 


*The value of the constant can also be determined by noting that in the absence 
of the straight edge u(P) must be equal to Aefkd, Thus 


Y ike 
[3 
c J f Ade ds 
E: 
must be equal to Aetkt, If we carry out the integration we indeed find that 
i 
C= — x (see Eq. 16.5-16). 


**This is justified because in carrying out the integration, only a small region 
around the point r=d contributes; the contribution due to far-off points is small 
because of the rapid oscillations of the exponential term in the integrand (sec also 
footnote ou p. 315). 
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so that 
u= e 3 | 
and E. (16.5-6) 
2 
v= da —» | 
With these substitutions Eq. (16.5-5) becomes 
wn izu? T inv 
u(P)=—2% J exp (5) au [oo (5 )« (16.5-7) 
where 
y= 2 16. 5-8) 
Vm xa?’ (16. 5- 


and u,[= Ae'*4] represents the field at the point P in the absence of the 
straight edge. In order to calculate the intensity distribution we introduce 


the Fresnel integrals 


CH= j cos (1x1?) dv | 
1 (16.5-9) 
S()- J sin ae) dy | 
0 J 
The Fresnel integrals have the following properties 
C (c5) - S(&) =}; C0)=S0)=0 (16.510) 


C(-9--—C() and S(—2)=—S(z) (16.511) 


ie. they are odd functions of +. The values of the Fresnel integrals for 
typical values of are tabulated in Table 16.1. Fig. 16.9 gives a 
geometrical representation of the Fresnel integrals and is known as the 
Cornu's spiral. The numbers written on the spiral are the values of t. 
For example, as can be seen from the figure, for t= 1.5, C(t) e: 3.53 
and S(*)~0.445, Since the functions cos 3 y? and sin 5 v? are even 


functions of v, we have 


œ LÀ LJ 
ILS ae pe =2 | cos (Fue ) et if sin G ut) d 
=o o 0 


-—opaie-) (16.5-12) 


TABLE 16.1 
Table of Fresnel Integrals 


co- [9G 3 ve) dr; so-[ sin G va) dr 


T C(*) S() T C() S() 
0.0 0.00000 0.00000 2.6 0.38894 0.54999 
0.2 0.19992 0.00419 2.8 0.46749 0.39153 
0.4 0.39748 0.03336 3.0 0.60572 0.49631 
0.6 0.58110 0.11054 3.2 0.46632 0.59335 
0.8 0.72284 0.24934 3.4 0.43849 0.42965 
1.0 0.77989 0.43826 3.6 0.58795 0.49231 
1.2 0.71544 0.62340 3.8 0.44809 0.56562 
1.4 0.54310 0.71353 4.0 0.49843 0.42052 
1.6 0.36546 0.63889 4.2 0.54172 0.56320 
1.8 0.33363 0.45094 4.4 0.43833 0,46227 
2.0 0.48825 0.34342 4.6 0.56724 0.51619 
2.2 0.63629 0.45570 4.8 0.43380 0.49675 
2.4 0.55496 0.61969 5.0 0.56363 0.49919 


Fig. 16.9 Cornu’s spiral. 


[»(2)^-[j [( +) a- eo (Se ar 


+i Jije- [o(2)^ (16.513) 
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Thus, if we use Eq. (16.5-10) we would obtain 


[oo[E-]o-u-ccoem- 5e 06.519 


vo 


Substituting in Eq. (16.5-7), we obtain 
u(P)— — ju TIG —CQ9 + iG — 509) 
=m- Coit- —— 06515 


It is of interest to note that a large value of y corresponds to a point which 
is very far away from the edge of the geometrical shadow. For such a 
point v, would tend to —oo [see Eq. (16.5-8)] and we would obtain 


ue Iz wa +) i + I 
Zu (16.5-16) 


which implies the fact that the amplitude at such a point should be the 
same as that in the absence of the edge. This also justifies the value of the 
constant given by Eq. (16.5-4). 
The intensity distribution corresponding to Eq. (16.5-15) would be 
given by 
I(P) =} hI — CO? + G — 5097 (16.5-17) 


If the point P is such that it lies on the edge of the geometrical shadow 
(i.e. on the line LL'—see Fig. 16.8) then y = 0 and hence v, = 0; thus 


I-ihü-ctiü-ih (16.5-18) 


where we have used the fact that C(0) = (0) —0. Thus the intensity on 
the edge of the geometrical shadow is 1/4 th of the intensity that would 
have been in the absence of the edge (see Eq. 16.43). On the other 
hand, when the point P is deep inside the geometrical shadow (i.e. when 
y —co and hence v > oo), we obtain C(%) = S (v) > 3 giving 


u(P)>0 
as it should indeed be. 

In order to determine the field at an arbitrary point P, we may use 
Table 16.1 to calculate the RHS of Eq. (16.5-17). The intensity variation 
is plotted in Fig. 16.10 from which one can make the following obser- 
vations: 

(i) Fig. 16.10 represents a universal curve; i.e. for given’ values of À 
and d, one simply has to calculate v, as the Observation point moves along 
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Fig.16.10 Intensity distribution in the straight edge diffraction pattern. 
the y-axis. For example, for A — 6x 10-5 cm, d = 120 cm 


ope - [Fn= — 0,06 79 cm (16.5-19) 


Since the first tnree maxima correspond to v; =~ —1.22, —2.34 and —3.08; 
the positions of the maxima in the actual diffraction pattern occur at 
ye 0.732, 1.404 and 1.848 mm respectively. The intensities at these 
maxima are approximately 1.377, 1.20%, and 1.157, respectively. The 
first three minima occur at vy — 1.87, — 2.74 and — 3.39 and the 
corresponding intensities are approximately 0.778 Jo, 0.843 Jy and 0.872 Jo 
respectively. These results may be compared with those obtained in 
Sec. 16.4. 

(ii) As we go inside the geometrical shadow the intensity monotoni- 
cally decreases to zero. h 

(iii) One could have also studied the intensity variation directly from 
the Cornu's spiral (see Fig. 16.9). This is due to the fact that associated 
with the Cronu's spiral, we have the following interesting property: let us 
write 


6 The straight edge diffraction pattern, (Photograph cx 
Dr. K. Thyagarajan.) 


- IcC)- CONFUSE) =S EEA 06:520) 


C()) — C(1,) = Acos 6 
Credo ay} (AA 
S(z) S) = Asin 
1 gor eos) ama ry P 
Let the points P and Q on the Cornu's spiral (see Fig. 16.9) correspond 


to +=, and +=, respectively. Itis obvious 


PM — C(s) — C(s) =A cos 0 
3 | 


QM = S() —$(5) =A sin 0 
JbA spiano edt o: alanen T 
Thus the length of the line joining the points P and Q will be A and the 
angle that the line makes with the abcissa will be 0, P 
In order to use the Cornu's spiral we rewrite Eq. (16.5-15): 


(6.521) 


u= pla - Co) +14 — S000 (16.522) 


Let us first consider a point of observation Q in the geometrical shadow 
region. Consequently v, will be positive, Let the point Q on the spiral 
(see Fig. 16.9) correspond to += vy Since the point C in the curve 
Corresponds to t =, we have 


(à — C9) 1 — (9) = (QC) e* (16. 5-23) 
where Y is the angle that QC makes with the abcissa [see Eq. (16. 5-20)]. 
Thus, 
w(Q) = 7 OC) etu 


or i 
1(Q) =} (00h (16.5.24) 


region, the value of vo 
the spiral towards the point C and the length QC decreases uniformly. 
Hence in the shadow region the intensity uniformly decreases to zero (sce 


Fig. 16.10 and Plate 16). 

As we move away from the edge of the geometrical shadow to the 
illuminated region, the value of v, becomes negative and ‘the corresponding 
point P (on the Cornu’s spiral) lies in the third quadrant as shown in 
Fig. 16.9. The intensity is again given by 


HP) e PCS. (6.525) 


As the value of ry becomes more and more negative, the length PC Keeps 
on increasing till the point P reaches P, which corresponds to w,o« —1.22 
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The intensity at this point is maximum and the length P,C 22.34. Thus, 
the corresponding intensity is 


I(P,) ~ 3 (2.34)* fox 1.37 Ip (16. 5-26) 


As the value of vp becomes further negative the length PC starts decreasing 
till it reaches the point P,. Thus, the intensity keeps on oscillating with 
decreasing amplitude about J, as we move more and more into the illumi- 
nated region (see Fig. 16.10 and Plate 16). 


16.6 Diffraction of a Plane Wave by a Long Narrow Slit and 
Transition to the Fraunhofer Region 


We next consider a plane wave incident normally on a long narrow slit 
(of width b) as shown in Fig. 16.11. We wish to calculate the intensity 


Piane Wave 


Fig. 16.11 eon of a plane wave incident normally on a long narrow 
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distribution at an arbitrary point P on the screen SS’, The lines LL’ and 
MM" represent the edges of the geometrical shadow. Once again, there 
will be no variation of the intensity along the x-axis and we may (without 
any loss of generality) assume the coordinates of the point P to be (0, y). 
The field at the point P will again be given by Eq. (16.5-5) except that 
the limits of the 7-integral will be — 5/2 and + 5/2 (we are assuming the 
origin to be at the centre of the slit), Thus 


+00 


u(B) f a | & eof fae) (16.6-1) 
j^ 2i 


Carrying out manipulations similar to that in the previous section we 
obtain 


[OT PSI CP EIS 
u(P) e —5u [eo [5 ]os f exp [55] dy (16.6-2) 
-0 =v) 
where E 
u= fae v= Ja- 
and E 
n= da? and n Jay (16.63) 


Using Eq. (16.5-12) we obtain 


(=n) 


uaa A te(1 + af | [s G 2 isin § »)] dy 


0 
Ort) 


TT [7) 6914] 


ug) = C ute os 0) — 60-9) 
FiS d) — $0,991. (06.64) 


or 


where we have used Eq. (16.5-11) Thus the intensity distribution 
would be 
do 1] 
1(P) = 3ol(C Qs + v) — Cs Y + (SQ + YD) — S, RE E 
For a given system A, d and b are known which determine vj; e.g. for 
A-5xi0-cm, d—100 cm and b=0.1 cm, one obtains v, 2.0; 


further, as y varies on the screen, the quantity Ys also changes. In 
Figs. 16.12 (a), (b), (c) and (d) we have plotted the intensity variation as à 
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On the other hand, for small values of V, (i.e. when the observation 
screen is far away from the aperture) the diffraction pattern is essentially 
of the Fraunhofer type. In order to show this explicitly we notice that 


TORNEO 2M» 2d S 
n= dar m n oe foto (16.6-6) 


where 0 represents the angle of diffraction (see Fig. 16.13). Clearly, in the 
Fraunhofer region since 4 is very large, the value of v, will also be very 


Fig. 16.13 In the Fraunhofer region, d is very large. 


large and thus we must look for expressions of the Fresnel integrals in the 
limit of v-» oo, Now. we may write 


[SOL IE 3 rdv= feos 5 yt dy — f cos 3 v'dy 
0 


o 7 


eo 


=}- | 4 cos Ẹ ») nvdy 


- 
e) [e fiaa Ge) 


l . i 
= 4-5, sin (F 


1. m" 
cx reyes is (16.6-7) 
where we have neglected terms which would be of order 1 [V Similarly 
1 - 
s=- — cos (S *) (16 .6-8) 


Since v, is large and » is small we have 
Cs +v) — Cn — wafi us z sin 3 (v+ »*] 


[tinon] 
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oS. co55 0d +04) sine nr, (16.6-9) 
Similarly 


S(,-v)—SQ,—») A sin Foi f)sinw yy, (16.610) 


Thus in the Fraunhofer limit, Eq. (16.6-5) becomes 


I(P) M, 5 sin? cen) | 
2 


in? 
= ln (16.6-11) 
where 
Ij = Uo 
and 00 0 
pense bya Zo (16. 6-12) 


which shows that the intensity distribution is indeed of the Fraunhofer’ 
type. In Fig. 16.12 the dotted curves correspond to Eq.(16.6-11) and 
one can see that the intensity distribution is almost of the Fraunhofer 
type for V, < 0.5. 


16.7 Fresnel Diffraction by a Circular Aperture 


In Sections 16.5 and 16.6 we had considered the diffraction of plane 
waves incident normally on a straight edge and on a long narrow 
slit respectively. In this section we will first obtain a general formula for 
diffraction of spherical waves by an aperture of arbitrary shape, which 
will be followed by a discussion of the diffraction pattern produced by a 
circular aperture. 

Let us consider an aperture A illuminated by a point source P'. In 
order to calculate the field at an arbitrary point P, we again use Huygens’ 
principle. We consider an infinitesimal area AS on the aperture 4. The 
field at the point P due to the secondary wavelets emanating from the area 


AS would be proportional to las e, But the field at the area AS due 


to a point source at P’ will be 4 eto, where the distances r and c are as 


shown in Fig. 16.14. Thus, the field at the point P wou!d be propor- 


tional to 
gikira) 
a > = AS (16.7-1) 


where the summation 1s varried over the entire aperture. Therefore, the 
field at the point P will be given by 
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Fig. 16.14 Diffraction of a spherical wave (emanating from the point P^ by 
an aperture, 
u(P)= -4 | 
A 

where we have used Eq. (16.5-4) and the integration is carried over the 
area of the aperture. 

We next assume the aperture to be circular of radius a, illuminated by 

a point source P’ which is assumed to be on the axis [see Fig. 16.15 (a)); 


ik(r+0) 
ds (16.7-2) 


Fig. 16.15 (a) Diffraction by a circular aperture of a spherical wave emanating 
from a point on the axis. (b) The coordinate system. 
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the axis is defined to be a line passing through the centre of the circle and 
perpendicular to its plane. It is difficult to calculate the intensity distri- 
bution on a plane normal to the axis and, therefore, for the sake of 
mathematical simplicity we will calculate the variation of intensity only 
along the axis. Obviously, it will be more convenient to use the cylindri- 
cal system of coordinates. In this system, the coordinates of an arbitrary 
point M on the aperture will be (p, 9) where p is the distance of the 
point M from the centre O and 9 is the angle that OM makes with the 
x-axis [see Fig. 16.15 (a)] and dS will be edpdp. Thus 


edo dp (16.7-3) 


id an f otro) 
ups =F ff = 
0 5 


Clearly, for a given value of e, the values ofr and o do not change as e 
goes from 0 to 2x; thus, 
a 
Ik (r +0) 
2x iA f el! ede 


WE d Ed 


(16.7-4) 
[] 


Since the angles MOP’ and MOP are right angles [see Fig. 16.15(a)), we 
will have 


o=o -+o and r? =r +e (16.7-5) 
Therefore 
c do = pọ dọ and rdr =p dọ (16.7-6) 
or, 
d(o+r)=(2+7) ede (16.7-7) 
le; 
pd = gi d(s +r) (16.7-8) 


Substituting the above value of e dp in Eq. (16.7-4) we obtain 


u(p)e — 254 — d(s4-r) (16.7-9) 


iti iably over 
For a small aperture, the quantities r and c do not vary apprecial 
the aperture and as “such very little error will be involved if we replace* 


il i tities r and a do not 
*It may be worthwhile to mention that although the quan 
vary appreciably over the aperture, the factor exp [ik (r + )] does have a very rapid 
variation. For example, for à = 6 x 10-5 cm, the factor cos kr becomes 


(F 105 7) 
ine factor 
Ast f ris changed from say 60 cm to 60.00002 cm, the cosine fact 
wil pia i Ps to 035. This shows the rapidity with which the exponential 


factor will vary in the domain of integration. 
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rand c in the denominator of the integrand by r, and cp. Thus we may 
write 


be 
2ni A 
upa- FE A | ete at (16.7-10) 
n 
where 
tC=r+o 
and 


Ea = Fo + ovi Ba = (ro? + 29) + (oy? + any 


Carrying out the above integration we obtain, 


4e Feed e 
u(P) = oe [1 — elk Ga = t) 
= ug (P) [1 — ef»Wt] = u, (P) [1 — et»»] (16.7-11) 
where 
elk (ro 0) 
w(P) <A E Eo (16.7-12) 


represents the field at the point P in the absence of the aperture and 


B Bu -U =H atao) (67419) 
Thus, 


I(P) = 41, sin T (16.7-14) 


which shows that the intensity is zero or maximum when p is an even or 
odd integer, i.e. (P'O + OP) — (P'O + O'P) is an even or odd multiple of 
^/2. This can be understood physically by using the concept of Fresnel 
half-period zones; the n^ circle is defined by the following relation (see 
Sec. 16.2) 


(P’Mn + Mn P) — (P'O + OP) =n (16.7-15) 


The field produced at the point P by the ^ zone will be out of phase with 
the field produced by the (n — 1)® zone. Consequently if the aperture 
contains an even number of half-period zones, the intensity at the point P will 
be negligibly small and conversely, if the circular aperture contains an odd 
number of zones, the intensity at the point P will be maximum, which is 
consistent with the results obtained in Sec. 16.2, 


16.8 Diffraction by a Circular Disc 


We next consider the diffraction pattern produced by an opaque disc of 
radius a (see Fig. 16.4), Once again we will assume that the point source 
as well as the observation point lie on the axis of the disc, Eq. (16.7-2) tells 
us that in order to calculate the field we have to carry out an integration 
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over the open region of the aperture. Obviously, if u, (P) and wu, (P) 
respectively represent the fields at the point P due toa circular aperture 
and an opaque disc (of the same radius), then 


th (P) + i (P) = u (P) (16.8-1) 


where uo (P) represents the field in the absence of any aperture. [Eq. (16.8-1) 
is known as the Babinet's principle. Thus, 


us (P) = uo (P) — u, (P) 
= uo (P) — uo(P) [1 — eo] 
= uo (P) e" (16. 8-2) 


where, for u, (P) we have used Eq. (16.7-11). Thus the intensity at the 
point P on the axis of a circular disc would be 


1, (P) = | m (P) P 
=h(P) (16.8-3) 


which gives us the remarkable result that the intensity at a point on the 
axis of an opaque disc is equal to the intensity at the point in the absence 
of the disc! Notice that this result is true only as long as Eq. (16. 7-10) 
is true, i.e. only as long as the disc is so small that the variation in (o +r) 
is negligibly small over the disc. 


16.9 Fraunhofer Diffraction by an Aperture 


We now use the method developed in Sec. 16.5 and 16.6 to study the 
Fraunhofer diffraction pattern produced by a plane wave incident normally 
onan aperture as shown in Fig. 16.16. Thefield atthe point P will 


again be given by Eq. (16.5-3): 


n Y 


Fig. 16.16 Diffraction of a plane wave incident on an aperture (shown rect- 
angular in the figure). 


etkr 


u(P)= [nh (16.91) 


where r= PM, M representing an arbitrary point on the aperture. If the 
coordinates of the point P and M are (x, y, z) and (&, 7, 0) then 


r= PM —[(x — B + (y —»? 4 2°)? 
2 gu 
den [ ACE a ais A ] 


, o QE tm 


er i (16.9-2) 


where r' = 4/x* + y*-F z* represents the distance of the point P froma 
conveniently chosen origin O. In writing Eq. (16.9-2) we have neglected 
the terms of order 1/r’*; this corresponds to Fraunhofer diffraction. Substi- 
tuting for r from Eq. (16.9-2) in Eq. (16.9-1) weobtain 


(P) C [f onn nm dé dy (16.9-3) 
where 


and I= x/r" and m= y/r' represent the direction cosines of the diffracted 
ray. 


16.9.1 Rectangular Aperture 
For a rectangular aperture (of dimensions a and 5) we obtain 
+0/2 -aj2 
«c | | elk Ut m) dg dn (16.9-4) 
—b|* -a/2 


where we have chosen the origin to be at the centre of the rectangular 
aperture. Since 


D 
Jepara = 1 apao | = Paan 
AR -b12 

E a L. sag 

ia: They Sn ha or ya (16.9-5) 

where 
kbl__ xb sin 0 
BRUT (16.9-6) 


Plate 17 Fraunhofer diffraction 
courtesy Mr. K. K. Gupta.) 


pattern of a square aperture. (Photograpt 
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Similarly 
aj2 1 ^ 
ud _ sin'y 
cim dy =z sin a =a TET (16.9-7) 
—a[a 
where 
kam in 
roan 3 (16.9-8) 
eee 
m=", =sin 9 
Thus 
u(P) e c SS sin bs (16.9-9) 
which can be rewritten in the form 
Ut Dyes Be a (16.9-10) 
ol 
where 
u, = Cab (16.911) 


represents the amplitude at the axial point (ie. 0— 0 and 9 — 0). The 
corresponding intensity distribution would be 


rps n H (16.9-12) 


which represents the Fraunhofer diffraction pattern by a rectangular aperture. 
It may be metioned that the angles 0 and ¢ represent the diffraction angles 
along the x- and y-axes respectively. The intensity distribution due to a 
square aperture (a = b) isshown in Plate 17. For the case of along narrow 


slit (i.e. for a— co), the function E becomes very sharply peaked 


around t — 0 (Le. p = 0). Since, & — 0 implies y — 0, the intensity appears 
only along the x-axis and there is no diffraction along the j-axis; 
(see Fig. 15.6). 


16.9.2 Circular Aperture 
For a circular aperture we choose t 
Fig. 16.15(b)] 


he cylindrical coordinates [see 


E—pcoso andy =psin? (16.9-13) 
Further, because of the circular symmetry of the system the diffraction 
pattern will be of the form of concentric circular rings with their centres 
at the point O' (see Fig. 16.17). Consequently, we may calculate the 
intensity distribution only along the x-axis (i.e. at points for which y = 0). 


Thus 
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Fig.16.17 Diffraction of a plane wave incident on a circular aperture, 


m — 0 and =F =sin0 (16.9-14) 
and Eq. (16.9-3) becomes 
ant 
u(P)= c | [ nenne p dp de (16.9-15) 
00 


or, 
ka sin @ 


C 
uP) = crai fex feee ae 
o 


2«C ka sine 
T 
= sin 9 RZS dt (16.9-16) 
0 
where € — kọ sin 0 and use has been made of the following well known 
relation: 
Qn 
AO [eot cos eld (16.9-17) 


LJ 
If we further use the relation 


FAO =o (16.918) 
then Eq. (16.9-16) becomes 


kasing 


2nC ; 
"Peg tA 0. | 
0 


eo 
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where v = kasin®@. Thus the intensity distribution would be given by 
2. »y 72 
I(P) — 1, [>e] (16 9-19) 


This is the famous Airy pattern which has been discussed in Sec. 15.3. 
We have already mentioned that the diffraction pattern (in the plane 
SS') will consist of concentric rings with their centres at the point O' 
(see Fig. 16.17). If F(r) represents the fractional energy contained in a 
circle of radius r then 
" 


| I (0) 2nads 
F(r) 2 $—— —— (16.9-20) 
j I(c)2nodc 


where I (o)2modo would be proportional to the energy contained in the 
annular region whose radii lie between c and c + do. Clearly 


2 — sin (16.9-21) 


Since v— kasin 0, we obtain 


r 
—— 16.9-22 
cer? (16 ) 


Thus Eq. (16,9-20) becomes 


eet 
0 


pg) — ——- (16.9-23) 


>e] ydy 


c— 8 


where we have used Eq. (16.9-19) for the intensity distribution. Now’, 


dJ, 
soroj - Sm 


=- [204 +40 2409) 
= 44 Ute) +1201 (16.924) 


*See any book on mathematical physics for the recurcence relations of Bessel 


functions. 
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Thus 


20280] 
F (r) = — —— ——$-1-J$9()—Jà(») —— (16.925) 
$0 AQ) 


o 


The above function is plotted in Fig. 16.18; one can deduce from the 
curve that about 84% of light is contained within the circle bounded by 
the first dark ring and about 917; of the light is contained in the circle 
bounded by the first two dark rings, etc. 


10 


Fir) — 


0 2 4 6 8 


v— 


Fig. 16.18 The fractional energy contained in a circle of radius r. 


PROBLEMS 


1. Consider a circular aperture of radius 0.01 cm illuminated by a plane wave of 
wavelength 6 x 10-5 cm. Calculate the positions of the brightest and the darkest 
points on the axis, 

2. What would happen if the circular aperture in Problem 1 is replaced by a 
circular disc of the same radius? 

3. If a zone-plate has to have a principal focal length of 50 cm corresponding to 
= 6 X 1075 cm, obtain an expression for the radii of different zones. 

4. In a zone-plate, the second, fourth, sixth...zones are blackened; what would 
happen if instead the Ist, 3rd, Sth, etc. zones were blackened? 

5. Consider a circular aperture of diameter 2 mm illuminated by a plane wave. 
The most intense point on the axis is at a distance of 200 cm from the aperture, 
Calculate the wavelength. (Ans. 5x 10-5 cm). 

6. Consider a straight edge being illuminated by a parallel beam of light with 
A= 6x 10-5 cm. Calculate the positions of the first few maxima and minima on 
a screen at a distance of 50cm from the edge. 

7 In the straight edge diffraction pattern, one observes that the most intense 
maximum occurs at a distance of 1 mm from the edge of the geometrical shadow. 
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Calculate the wavelength .of light, if the distance between the screen and the 
straight edge is 300 cm. (Ans. œ 4400 A). 

8. In the straight edge diffraction pattern if the wavelength of the light used is 
6000 A and if the distance between the screen and the straight edge is 100 cm, 
calculate the distance between the most intense maximum and the next minimum, 

9. Consider a. plane wave falling normally on a narrow slit of width 0.2cm. If 
the wavelength of light is 6 x 10-5 cm, study the diffraction pattern for various 
values of the distance between the slit and the screen. What should be this 
distance for the diffraction to be essentially Fraunhofer? 

10. In Sec, 16,9 we obtained the diffraction pattern of a circular aperture of radius 
a. Obtain the diffraction pattern of an annular aperture bounded by circles of 
radii a, and ag (>a). (Hint: The integration limits of p in Eq. (16.9-15) must 
be a, and ag), 

1l. Consider a rectangular aperture of dimension 0.2 mm x0.3 mm, Obtain the 
positions of the first few maxima and minima in the Fraunhofer diffraction 
pattern along directions parallel to the length and the breadth of the rectangle. 
Assume i= 5 x 10-5 cm and that the diffraction pattern is produced at the focal 
plane of a lens of focal length 20 cm. 

12, The Fraunhofer diffraction pattern of a circular aperture (of radius 0.5 mm) is 
observed on the focal plane of a convex lens of focal length 20 cm. Calculate 
the radii of the first and the second dark rings. Assume à= 5.5 x 1075 cm. 

13. [n the above problem, calculate the area of the patch (on the focal plane) which 
will contain 95% of the totalenergy. [Hint: Use Eq. (16.9-25).] 

14. A plane wave is incident on a convex lens of focal length 100 cm. If the dia- 
meter of the lens is 6 cm, calculate the radius of the first Airy ring. Assume 
x-6x10- cm. If the diameter of the lens is increased to 20 cm, what would 
be the radius of the first Airy ring? Interpret the result physically. 
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17 Holography 


Within 15 years... viewers may gaze, in their own living room 
at an eight-foot-tall image of John Wayne (presumably still 
going strong) and even walk around him. 


17.1 Introduction 


A photograph represents a two-dimensional recording of a three- 
dimensional scene. What is recorded is the intensity distribution that 
prevailed at the plane of the photograph when it was exposed. The light 
sensitive medium is sensitive only to the intensity variations and hence 
while recording a photograph, the phase distribution which prevailed at 


the plane of the photograph is lost. Since only the intensity pattern has 


been recorded, the three-dimensional character (e.8., parallax) of the object 
f the image in the 


scene is lost. Thus one cannot change the perspective o! 


photograph by viewing it from a different angle or one cannot refocus 
any unfocused part of the image in the photograph. Holography is a 
e not only records the 


method evolved by Gabor in 1947, in which on 


amplitude but also the phase of the light wave; this is done by using 
i duced by the 


interferometric techniques. Because of this the image pro: 

technique of holography has a true three-dimensional form. Thus, as 
with the object, one can change one's position and view a different 
perspective of the image or one can focus at different distances. The 
capability to produce images as true as the object itself is what is 
responsible for the wide popularity gained by holography. 

The basic technique in holography is the following: in the recording 
of the hologram, one superimposes on the object wave another wave called 
the reference wave and the photographic plate is made to record the 
resulting interference pattern (see Fig. 17.1). The reference wave is 
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xL 
e 
Riera a i Photographic 
Pd Plate 
Mirror >. 


Fig. 17.1 Recording of a hologram. 


usually a plane wave. This recorded interference pattern forms the 
hologram and (as will be shown) contains information not only about the 
amplitude but also about the phase of the object wave. Unlike a 
photograph, the hologram has little resemblance with the object; in fact, 
information about the object is coded into the hologram. To view the 
image, we again illuminate the hologram with another wave, called the 
reconstruction wave (which in most cases is identical to the reference wave 
used during the formation of the hologram); this process is termed 
reconstruction (see Fig. 17.2). The reconstruction process leads, in 


5s Real Image 


Virtual 


E E bo “ver, 


Reconstruction 
Wove 


Fig. 17.2 Reconstruction process. 


general, to . virtual and a real image of the object scene. The virtual 
image has all the characteristics of the Object like parallax, etc. Thus one 
can move the Position of the eye and look behind the objects or one can 
focus at different distances. The real image can be photographed without 
the aid of lenses just by placing a light sensitive medium at the position 
where the real image is formed. Plates 18 (a), (b) and (c) represent 
the object, its hologram and the reconstructed image respectively. 


(d) 


(c) 

h of an olfject. (b) The hologram of the object produced 
) The reconstructed image as seen by 
f the hologram shown in (b). 


Plate 18 (a) An ordinary photograp 
by a method similar to the one as shown in Fig. 17.1. (c 
an observer. (d) A magnified view of a small portion o 


(Photographs courtesy Dr. R.S. Sirohi.) 
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17.2 Theory 

If the object is a point scatterer, then the object wave would just be 
A 

7 cos (kr — et -F 9) where r represents the distance of the point of 


observation from the point scatterer and A represents a constant; k = 2/A. 
Any general object can be thought of as being made up of a large number 
of points and the composite wave reflected by the object would be 
vectorial sum of these. The fundamental problem in holography is the 
recording of this object wave, in particular, the phase distribution 
associated with it. 

Let us consider the recording process. Let 


O (x, y) = a (x, y) cos [e (x, y) — ot] (17.2-1) 


represent the object wave (which as mentioned earlier, is due to the 
superposition of waves from point scatterers on the object) in the plane of the 
photographic plate which is assumed to be z=0 (see Fig. 17.1). We 
consider a plane reference wave and assume, for simplicity, that it is 
propagating in the x-z-plane inclined at an angle 0 with the z-direction 
(see Fig. 17.1). Thus, the field associated with this plane wave would be 
given by 
r(x, y, z) A cos[ker — or] 
= A cos (kx sin8 + kz cosü— of) — (17.22) 


If r (x, y) represents the field at the plane z = 0 due to this reference wave, 
then one can see that 


r (x, y) =A cos [kx sin® — or] 
=A cos [2r «x — ot] (17.2-3) 


where æ = sin0/A is the spatial frequency (see Sec, 15.11). The above 
equation represents the field due to a plane wave inclined at an angle 0 
with the z-axis and as can be seen the phase varies linearly with x. Notice 
that there is no y-dependence because the plane wave has been assumed to 
have its propagation vector in the x-z-plane. Thus the total field at the 
photographic plate (which is coincident with the plane z=0) would be 
given by 
u (x, y, f) = a (x, y) cos [o (x, ») — or] 
+ A cos (2max — wt) (17.2-4) 


The photographic plate responds only to the intensity which would be 
proportional to the time average of [u (x, y, t). Thus, the intensity 
pattern recorded by the photographic plate would be 


1 (x, y) tQ »» OD 
= (a (x; y) cos (e (x, y) — er) + A cos (2rax — ot] (17.2-5) 
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where angular brackets denote time averaging (see Sec. 14.3). Thus 


I (x, y) — a* (x, y) cos? {9 (x, y) — or)» + A? cos? (2rax — or)» 
+ 2a (x, y) A Scos {9 (x, y) — or) cos (2xax — ox)» (17.2-6) 


&cos? [e (x, y) — et]» = $ = (cos? (2rax — ot)» (17.2-7) 


Since 


and 
Lcos [e (x, y) — wf] cos (2nax — ot)» = 3 cos [9 (x, ») + 2zxx — 20r] 
+ cos [o (x, y) — 2r ax]» 


= #4 cos [e (x, y) — 2r ax], (17.2-8) 
Eq. (17.2-6) becomes 


I (X, y) = Ma? (x, y) + 34? + Aa (x, y) cos [e (x, y) — 2max] (17.2-9) 


From the above relation it is obvious that the phase information of the 
object wave, which is contained in 9(x, y), is recorded in the intensity 
pattern. 

When the photographic plate which has recorded the above intensity 
pattern is developed one obtains a hologram (see Plates 18(b) and (d)). 
The transmittancé of the hologram, i.e., the ratio of the transmitted 
field to the incident field, depends on J(x, J). Byasuitable developing 
process one can obtain a condition under which the amplitude 
transmittance would be linearly related to I(x,v) Thus, in such a 
case if R(x,y) represents the field of the reconstruction. wave at the 
hologram plane then the transmitted field would be given by 


¥(x, y) = KR(x, y) I(x, y) 
= Kita? (x, y) +} A] R (x, y) 

+ KAa (x, y) R(x, y) cos [o (x, y) — 2zax] (17.2-10) 
where K isa constant. We consider the case when the reconstruction wave 
is identical to the reference wave r (x, y) (see Fig. 17.2). In such a case we 
would obtain (omitting the constant K) 

v5 y) — [} aè (x, y) + 3 A] A cos Crax — or) + Ata (x, y) 
Xcos (2nax — ot) cos [o (x, y) — 2rax] 
= [44° (x, y) +} 42] A cos (rax — wt) + 4A®a(x y) 

cos [o (x, y) — et] +} A*a(x, J) cos [4zzx — o (x, y) — et] 

(17.2-11) 

The above equation gives the transmitted field in the plane z—0. We 
consider each of the three terms Separately. The first term is nothing but 
the reconstruction wave itself whose amplitude is modulated due to the 


presence of the term a?(x, y). This part of the total field is travelling in 
the direction of the reconstruction wave. The second term is identical 
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(within a constant term) to the RHS of Eq. (17.2-1) and hence represents 
the original object wave; this gives rise to a virtual image. Thus the effect 
of viewing this wave is the same as viewing the object itself. The 
reconstructed object wave is travelling in the same direction as the original 
object wave. 

To study the last term we first observe that in addition to the term 
4nxx, the phase term (x, y) carries a negative sign. The negative sign 
represents the fact that the wave has a curvature opposite to that of the 
object wave. Thus if the object wave is a diverging spherical wave then 
the last term represents a converging spherical wave. Thus in contrast to 
the second term, this wave forms a real image of the object which can be 
photographed by simply placing a film (see Fig. 17.2. To determine the 
effect of the term 4zax, we consider the case when the object wave is also 
a plane wave travelling along the z-axis. For such a wave 9 (x, }) = 0 and 
the last term would represent a plane wave propagating along a direction 
0’ = sin (2 sin 0). Thus the effect of the term 4max is to rotate the 
direction of the wave. Hence the last term on the RHS of Eq. (17.2-11) 
represents the conjugate of the object wave propagating along a direction 
different from that of the reconstruction wave and the object wave, which 
forms a real image of the object. Since the waves represented by the three 
terms are propagating along different directions they separate after travers- 
ing a distance and enable the observer to view the virtual image without 
any disturbance. 

A very interesting property possessed by holograms is that even if the 
hologram is broken up into different fragments, each separate fragment is 
capable of producing 2 complete virtual image of the object." This pro- 
perty can be understood from the fact that for a diffusely reflecting object, 
cach point of the object illuminates the complete hologram and consc- 
quently each point in the hologram receives waves from the complete object. 

the image decreases as the size of the fragment 


But the resolution in i 
decreases. For non-diffusely reflecting objects or for transparencies, one 


makes use of an additional diffusing screen through which the object is 


illuminated. 
Example 17.1 As an explicit example of the formation and reconstruction 
of a hologram, we consider the simple case when both the object wave and 
the reference wave are plane waves [see Fig. 17.3(a). (A plane object 
wave corresponds to a single object point lying far away from the holo- 
gram). (a) Show that for such a case, the hologram consists of a series of 
Young's interference fringes having an intensity distribution of the cos? 
type. . (b) If we reconstruct the hologram with another plane wave [see 
Fig. 17.3 (b)], then show that the transmitted light consists of a zero-order 


*This property of a hologram exisi» only when the object is a diffuse scatterer 
such that the wave from each scattering point of the object reaches all parts of the 
hologram plate. There are cases where this does not hold good: for example, when 


a hologram of a transparency is to be recorded. 
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plane wave and. two first-order plane waves; the two first order waves 
correspond to the primary and conjugate waves. 


Object Wave 


Photographic 
Plate 

Reference 7:0 

Wove 


(a) 


Reconstruction 


Wave Hologram 


(b) 
Fig. 17.3 (a) Formation ofa hologram, when both the object wave and the 
reference waves are plane waves. (b) Reconstruction of the 
hologram with another plane wave. 


Solution. 


(a) Consider a plane wave with its propagation vector lying in the 
x-z-plane and making angle 9, with the z-axis. For such a wave, the field 
is of the form 

A, cos [kx sin 0, + kz cos 0, — o1] 


If the photographic film is assumed to coincide with the plane z — 0, then 
the field distribution on this plane would be given by 


A, cos [kx sin 0, — ot] 


Similarly the field (on the plane of the film) due to a plane wave making an 
angle 60, with the z-axis, will be 
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A, cos [kx sin 0, — ot] 
The resultant intensity distribution would be proportional to 


<{A, cos {kx sin 0, — ot) + Ay cos {kx sin 8, — wt}]*> 
= } 4} + AS + Ada cos [kx (sin 0, — sin 0,)] 


3, 7 AJ 2444, cost E (sin 6, — sin )] 
For A, = Ag, the above expression simplifies to 
2 A? cos? [z (sin 0, — sin %] 


showing that the intensity remains constant along lines parallel to the 
y-axis with fringe spacing depending on the values 0, and 04. Further, the 
intensity distribution is of the cos? type (cf. Fig. 11.8 and Plate 6). 

(b) Before we calculate the transmitted field of the hologram, we first 
consider a single slit of width 5 being illuminated by a plane wave. Con- 
sider an element ds at a distance s from the centre of the slit. Then the 
amplitude at an angle 0 due to this element would be proportional to 
sin [kr + ks sin 9 — of]ds; here K-2m[A Thus the total field in the 


direction 0 would be given by 


ba 
Ea Í sin [kr + ks sin 0 — or] ds (17.212) 
~b]? 


where A is a constant. The above integral can also be written as 


bia 
E=A | [sin (kr — ot) cos (ks sin 0) — cos (kr — ot) sin (s sin 6)] s 


~b 
sin (Asin o) 
24 sin (kr — of) ano 
bb... kb 
= Ab sin (kr — of) {sin (8 sin “iF sin 0 | 


because the integrand is an odd function 


(17.2-13) 


where the second integral is zero 
(kb kb .. h 
of s. The amplitude is of the form 4sin| > sin 0 J/ Us sin 9 )}, the same 


as obtained in Sec. 15.2. mb 
In the present case, the hologram has a cos? as type of variation in trans- 


mittance and hence the transmitted field will be of the form 
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bla 
E=A f cos*as sin [kr + ks (sin 0—sin 0/) —e] ds (17.2-14) 
E 


where 0, represents the angle of incidence of the illuminating plane wave. 
Thus 


biz 
E-—44A | (1 4- cos 2as) [sin (kr— at) cos {ks (sin 0— 
hia 
sin 0,)} + cos (kr—«t) sin {ks (sin 0—sin 0,)}) ds 


bia 
214 intron | f cos {ks (sin 0—sin 0,)} ds 
-b]2 
bia 
+4 | cos {ks (sin 0—sin 0, +4- 2«)} ds 
-b/2 
oj 
44 cos {ks (sin 0 —sin 0;-2a)} ds (17.2-15) 


"hls 
The above integrations can easily be carried out. Thus, for example, 


bj: 
cos (Ks (sin 0 — sin 0; + 2«)} ds 


-bja 
ELLE (sin sini 0; + 2) | 


—À—— € (17.2-16) 


s (sin 0—sin 0; + 2a) 


which becomes more and more sharply peaked around sin 0 = sin 0,— 2 
as b— œ, i.c. as the size of the hologram becomes larger. Thus the three 
integrals in Eq. (17.2-15) in the limit of a large value of ^ give rise to 
three plane waves propagating along sin 0 — sin 0; sin 0— sin 0;—7« and 
sin 0 — sin 0; -+ 2, which represent the zero-order and the two first order 
waves. 


Example 17.2 Consider the formation of a hologram with a point object 
and a plane reference wave. Choose the z-axis to be along the normal 
from the point source to the plane of the photograph, assumed to be 
coincident with the planez — 0. For simplicity assurne the reference wave 
to fall normally on the- photographic plate. Obtain the interference 
pattern recorded by the hologram. 

Solution. Let the point source be situated at a distance d from the photo 
graphic plate. The field at any point P(x,y,0) on the photographic 
plate, due to waves emanating from the point Object would be given by 
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1 A 
OUEN 1): = cos (kr -w!) (17.2-17) 
where r= (x° 4-3? -- dè)? and A represents a constant. A plane wave 
travelling along a direction parallel to the z-axis would be given by 
R(x, 1, 2,0) = B cos (kz ot) (17.2-18) 


Hence, the field due to the reference wave at the plane of the photo- 
graphic plate (z = 0) would be 


R(x, y, 2 —0, r) = Boos ot (17.2-19) 
Thus, the total field’ at the plane of the photographic plate would be 
T(x, v, t)= O(x, y, 270, 1) + R( 9,2 —0, t) 
= cos (kr— or) + Bcos or (17.220) 


The recorded intensity pattern would be 
195) =<(TOs 1 P» 
A | 
= qz cos (kr— or) + B cos o| b 


where, as before, angular brackets denote time averaging. Carrying out 
the above time averaging. we get 


2 2 
Hx, 07254 5 coskr (17.221) 


If we assume that dS x,y (which is valid in most practical cases), we 
can write 


r—(xt4yicdtede (17.2-22) 


Thus 
HER A P a Boos L a »)] (17.223) 


The resultant fringe pattern is circular and centred at the origin. Bright 
fringes occur at radii given by 
1/2 miu poe 
fat [E ne | é = 2m Vad (17, 2-24) 


where we have omitted a constant phase factor Kd. Thus. the radii of the 
bright fringes are proportional to the square root of even integers. 
Similarly, the radii of dark rings would be proportional to the square root 
of odd integers. The hologram thus formed is essentially a zone plate 
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with the transmittance varying sinusoidally in contrast to the Fresnel zone 
plate (sce Sec. 16.3). 


17.3 Requirements 


Since holography is essentially an interference phenomenon, certain 
coherence requirements have to be met with. In Chapter 14 we had 
introduced the notion of coherence length. Thus, if stable interference 
fringes are to be formed (so that they are recordable), the maximum path 
difference between the object wave and the reference wave should not 
exceed the coherence length. Further, the spatial coherence is important 
so that the waves scattered from different regions of the object could inter- 
fere with the reference beam. 

During reconstruction, the reconstructed image coordinates depend 
both on the wavelength and the position of-the reconstructing source. 
Hence ifthe resolution in the reconstructed image has to be good, the 
source must not be broad and must be emitting a narrow band of wave- 
lengths. It may be worthwhile mentioning here that the reconstruction 
process has associated with it aberrations similar to that in the images 
formed by lenses. If the reconstruction source is of the same wavelength 
and is situated at the same relative position with respect to the hologram 
as the reference source, then the reconstructed image does not suffer from 
any aberrations. 

Another critical requirement in making holograms is stability of the 
recording arrangement. Thus, the film, the object and any mirrors used 
in producing the reference beam must be motionless with respect to one 
another during the exposure. One more requirement which is not so 
obvious (but is a necessity) is the resolution of the film. Two plane 
waves making angles + 0 and — 0 with the axis, produce an interference 
2 SI Assuming 0 = 15* and A = 6328 A (He- 

Ne laser), one obtains d = 1.222 x 10? mm; thus the spatial frequency is 
‘818 lines/mm. Thus the photographic plate should be able to record 
fringes as close as 0.1222:x 10-* mm apart. This requires special kinds of 
material which tend to be exceedingly slow thus taking the stability 
"requirements even further. Some of the holographic materials are 649 
‘Kodak or I0£ or 8E 75 Agfa-Gaevert films and plates. 


pattern with spacing d= 


174 Some Applications 


The. principle of holography finds applications in many diverse fields. 
The, ability to record information about the depth finds application in 
studying transient microscopic events. Thus, if one has to study some 
transient phenomenon which occurs in a certain volume, then using 
ordipary microscopic techniques it becomes difficult to first locate the 
positi and make observation. If a hologram is recorded of the scene, 
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then the event gets frozen into the hologram and hence one can focus 
through the depth of the reconstructed image and study the phenomenon 
at leisure. 

One of the most promising applications of holography lies in the field 
of interferometry. The ability of the holographic process to release the 
object wave when reconstructed with n reconstruction wave allows us to 
perform interference between different waves which exist ut different times. 
Thus, in the technique called double exposure holographic interferometry, 
the photographic plate is first partially exposed to the object wave and 
the reference wave. Then, the object is stressed and the photographic 
plate is again exposed along with the same reference wave, The photo- 
graphic plate after development forms the hologram. When this hologram 
is illuminated with a reconstruction wave, then two object waves emerge 
from the hologram; one of them corresponds to the unstressed object and 
the other to the stressed object. Since the object waves themselves have 
been reconstructed, they interfere and produce interference fringes. These 
interference fringes are characteristic of the strain suffered by the body, 
A quantitative study of the fringe pattern produced in the body gives the 
distribution of strain in the object. 

To understand the formation of the fringe pattern, we assume that the 
deformation of the object has been such as to alter only the phase 


distribution. Thus, if 
O (x, y, 1) = A (x, Y) cos [e (x, y) — or] (07.4-1) 


represents the object wave (in the hologram plane) when the object is 
unstressed [see Fig. 17.4 (a)] and if O' (x, y, 1) represents the object wave 
when the object is stressed [see | iy. 17.4(b)] then we may write 


O' (x, y, t) = A (x, X) cos [s (x, y) — of] (17.4-2) 


where the phase distribution has been assumed to change from (x, y) to 
4! (x, 3). On reconstruction, each of the above two object waves emerge 
from the hologram and what would be observed will be the intensity 
pattern due to interference of the two waves which would be given by* 


I(x, y) = <[A (x, y) cos [e (x, )) — or + A(x, 9) 008{9' (x,y) — of)? > 
= A (x, y) + A(x, 3) cos [9 (x, 9) — Gs y) (17.4.3) 


Thus, whenever, 


v (x, y) — 9 Qr, I= 2mm; m0, 1,2 ... (17.444) 


the two waves would interfere constructively and whenever, 
*The reconstruction process produces other wave components also but as was 


observed earlier, these components travel along different directions, Here we are 
concerned only with the object waves. 
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Fig. 17.4 (a) Recording of the unstressed object wave, (b) Recording of the 
stressed object wave on the same emuision to produce the doubly 
exposed hologram. 


963) — (3) m Qn D: m—0,,2....,. (17.45) 


the two was es interfere destructively. Thus, depending on [¢’ (x, y) — o (x, »)], 
one obtains, on reconstruction, the object superimposed with bright and 
dark fringes (see Plate 19). 

We will consider here a simple application of the above technique in 
the determination of the Young's modulus of a material. If we have a 
bar fixed at one end and loaded at the other and if it results in a displace- 
ment à of the end of the bar, then one can show that [see, e.g. Worsnop 
and Flint (1951), p. 75] 

WL 
E 


3 (17.4-6) 


where W is the load, L is the length of the bar, J is the moment of 
inertia of cross-section which for a rectangular bar of width a and 
thickness 5, is given by Z= ab*/12; Y represents the Young's modulus 
of the material of the rod. Thus if we could determine 3 for a given 
load, then Y can be determined from Eq. (17.4-6). 

We will first determine an expression for (¢’— 9). In Fig. 17.4 we 


es produced in the measurement of Young's modulus using 
(Photograph courtesy Dr, R. S. Sirohi.) 


Plate 19 Interference fring 
double exposure interferometry. 
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have shown the undisplaced and displaced positions of the cantilever 
illuminated by a laser light along a direction making an angle 0, with the 
z-axis. We observe the cantilever along a direction making an angle 6, 
with the z-axis. The phase change when the cantilever undergoes a 
displacement à as shown in Fig. 17.4(b) would be 


*—9? =E (bcos), +8 cos 0) 
= 785,680, + cost) (17.47) 


If there are N fringes over the length L of thecantilever, then since a phase 
difference of 2x corresponds to one fringe [see Eq. (17.4-4)] we can write 


TE a (cos 0, + cost) = N-2n 
or 


Thus by measuring N, 0, and 0, and knowing À, 3 can be determined. 

Plate 19 shows the reconstruction of a double exposed hologram 
of an aluminum strip of width 4cm, thickness 0.2 cm and of length 
12cm. From the number of fringes formed, one can calculate 
Young's modulus (see Problem 3). 


1. What is the difference between the intensity distribution in a Fresnel zont-plate 

(see Sec. 16.3) and the one given by Eq. (17, 2-23)? 

Consider the reconstruction of the hologram as formed in the configuration of 

Example 17.2, by a plane wave travelling along a direction parallel to the z-axis. 

Show the formation of a virtual and a real image. sl 

3. Plate 19 corresponds to the reconstruction of a doubly exposed hologram, 
objects corresponding to the unstrained and strained positions of an aluminum 
bar of width 4 cm, thickness 0.2 cm and length 12cm. 1f the strained position 
c to a load of 1 gm force applied at the end of the bar, calculate 
the Young's modulus of aluminium. Assume 0; 0, 0v 0. (Hint: M represents 


uced over the length of the cantilever), 
the number of fringes prod (Am. 0.7 x 109 N/mf) 
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18 Polarization and 
Double Refraction 


... AS to the other emanation which should produce 

the irregular refraction, I wished to try what Elliptical 
waves, or rather spheroidal waves, would do; and these 
I supposed would spread differently both in the ethereal 
matter diffused throughout the crystal and in the 
particles of which it is composed... 
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18.1 Introduction 


If we move one end of astring up and down then a transverse wave is 
generated [see Fig. 18.1(a)]. Each point of the string executes a sinusoidal 
oscillation in a straight line (along the x-axis) and the wave is, therefore, 
known as a linearly polarized wave. It is also known as à plane polarized 
wave because the string is always confined to the x-z plane. The displace- 
ment for such a wave can be written in the form 


x (z, t) =a cos (kz — ot + 9) (18.1-1) 


where a represents theamplitude of the wave and 9, is the phase constant 
tobe determined from the boundary condition; the y-coordinate of the 
displacement is always zero. At any instant the displacement will bea 
cosine curve as shown in Fig. 18.1 (a). Further, -an arbitrary point Z= 
will execute a simple harmonic motion with amplitude a. The string can 
also be made to vibrate in the y-z-plane [see Fig. 18.1 (b)] for which the 


displacement would be given by 


y (Z, t) =a cos (kz — ot + 9a) (18.1-2) 


and 
x(z, 1) =0 


In general, the string can be made to vibrate in any plane containing the 


z-axis. 
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Fig, 18.1 (a) A linearly polarized wave on a string with the displacement con- 
fined to the x-z-plane; (b) A linearly polarized wave on a string with 
the displacement confined to the y-z plane; (c) A circularly polarized 
wave on a string. 


If one rotates the end of the string on the circumference of a circle 
then each point of the string will move in acircular path as shown in 
Fig. 18.1 (c); sucha wave is knownas a circularly polarized wave and 
the corresponding displacement would be given by 

a 


x(z, t)h= vit (kz — ot + 9) 
y = Fe cos (kz — ot + 9) (18.1-3) 


We next consider a long narrow slit S, placed in the path of the string as 
shown in Fig. 18.2 (a). If the length of the slit is along the direction of 
the displacement then the entire amplitude will be transmitted as shown in 
Fig. 18.2 (a). On the other hand, if the slit is at right angles to the 
direction of the displacement then almost nothing will be transmitted to 
the other side of theslit [see Fig. 18.2 (b). This is because of the fact 
that the slit allows only the component of the displacement, which is along 
the length of the slit, to pass through [see Fig. 18.2(c)]. We must 
mention here that if a longitudinal wave was propagating through the 
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string then the amplitude of the transmitted 
a wave would 
same for all orientations of the slit. Thus, IU arban dun 


le) 


Fig. 18.2 If a linearly polarized transverse wave (propagating on a string) is 
incident on a long narrow alit, tben tho slit will allow only the com- 
ponent of the displacement, which is along the length of the slit, to 


pass t 


of the transmitted wave with the orientation of the slitis due to the 
transverse character of the wave. Indeed, an experiment which is, in 
principle, very similar to the experiment discussed above proves the 
transverse character of light waves. However, before we discuss the 
experiment with light waves we must define an unpolarized wave. We 
once again consider transverse waves generated at one end of a string. If 
the plane of vibration is changed in a random manner in very short 
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intervals of time, then such a wave is known as an unpolarized wave." If 
an unpolarized wave falls on a slit then the displacement associated with the 
transmilted wave will be along the length of the slit and a rotation of the 
slit will not effect the amplitude of the transmitted wave although the plane 
of polarization of transmitted wave will depend on the orientation of the 
slit. Thus, the transmitted wave will be linearly polarized and the slit S, 
is said to act as a polarizer. If this polarized beam falls on another slit S, 
(see Fig. 18.3) then by rotating the slit S, we obtain a variation of the 
transmitted amplitude as discussed earlier; the second slit is said to act as 
an analyzer. 


os 
Wave 


Linearly 


Polarized 
Wave 


5i Ss 


Fig 18.3 If an unpolarized wave propagating on a string is incident on a long narrow 
slit S, then the transmitted beam will be linearly polarized and its ampli- 
tude will not depend on the orientation of Sy. If this polarized wave is 
allowed to pass through another slit Sa, then the intensity of the emerging 
wave will depend on the relative orientation of Sẹ with respect to 5j. 


Let us next consider an ordinary light beam falling on a polaroid** P, 
as shown in Fig. 18.4 (a). If the position of the eye is as shown in the 
figure, then one will observe no variation of intensity if the polaroid is 
rotated about the z-axis. However, if we place another polaroid P, 
[see Fig. 18.4 (b)], then by rotating this polaroid (about the z-axis) one 
will observe variation of intensity and at two positions there will be almost 
complete darkness [see Fig. 18.4 (c). A similar phenomenon will also be 
observed if instead of rotating this polaroid P, we rotate P,. On the basis 
of our earlier discussions, this phenomenon proves the transverse character 
of light; i.e. the displacement associated with a light wave is at right angles 
to the direction of propagation of the wave. The polaroid P, acts as a 
polarizer and the transmitted beam is linearly polarized. The second 
polaroid acts as an analyzer, 


f *By a short interval, we imply times which are short compared to the detection 
time; however, for the wave to be characterized with a certain frequency, v this time 
has to be much greater than 1/v, so that in the short interval it executes a large 
number of oscillations (see also Sec. 14-1). 
**A polaroid is a plastic-like material used for producing polarized light; it will be 
discussed in detail in the next section. (Instead ofa hing we ER also use à 
tourmaline crystal). 
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Fig18.4 Ifan ordinary light beam is allowed to fall on a polaroid, then the 
emerging beam will be linearly polarized and if we place another 
polaroid Pa, then the intensity of the transmitted light will depend 
on the relative orientation of Pg with respect to P}. 

The transverse character of light waves was known in the early years of 
the nineteenth century; however, the nature of the displacement associated 
with a light wave was known only after Maxwell had put forward his 
famous electromagnetic theory. We will discuss the basic electromagnetic 
theory in the next chapter where we will show that associated with a plane 
electromagnetic wave there is an electric field E and a magnetic field B 
which are at right angles to each other. For a linearly polarized wave 
propagating in the z-direction the electric and magnetic fields can be 
written in the form 

E, = Ey cos (kz — ot), Ey= 0, E, = 0 (18, 1-4) 


and 
B, — 0, By = Bo cos (kz — ot), B. = 0 (18.1-5) 
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where 
ke S eV. (18.1-6) 


and "S 
v=] Weu (18.1-7) 


represents the velocity of the waves, € and y are the dieiectric permittivity 
and the magnetic permeability of the medium. Since E, = 0 and B: = 0, 
the wave is transverse. Equations (18.1-4) and (18.1-5) also show that 
Eand B are at right angles to each other and both the vectors are at 
right angles to the direction of propagation. In fact, the direction of 
propagation is along the vector (EXB). The electromagnetic theory also 
tells us that [see Eq. (19.2-20)] 


B=} Eo (18.1-8) 


In general, an ordinary light beam (like the one coming from a sodium 
lamp or from the sun) is unpolarized, i.e. the electric vector (in a plane 
transverse to the direction of propagation) keeps changing its direction in 
a random manner [see Fig. 18.5 (2). When such a beam is incident on 


ü 
y + 
E 
oe x Bus 
(a) (b) 


Fig. 18.5 (a) For an unpolarized wave propagating in the +z-direction, the 
electric vector (which lies in the x-y plane) keeps on Changing its 
direction in a random manner. (b) For a linearly polarized wave, 
the electric (or the magnetic) vector oscillates along a particular 
direction. 


a polaroid the emergent light islinearly polarized with its electric vector 
oscillating in a particular direction as shown in Fig.18.5(b) The 
direction of the electric vector of the emergent beam will depend on the 
orientation of the polaroid. As will be shown in Sec. 18.2 the component 
of E along a particular direction gets absorbed by the polaroid and the 
componentat right angles toit passes through. The direction of the 


electric vector of the emergent wave is usually called the pass axis ofthe 
polaroid. 


18.2. Production of Polarized Light 


In this section we will discuss various methods for the production of 
linearly polarized light waves. 
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18.21 The Wire Grid Polarizer and the Polaroid 

The physics behind the working of the wire grid polarizer is probably the 
easiest to understand. It essentially consists of a large number of thin 
copper wires placed parallel to each other as shown in Fig. 18.6. When 


Hi 


Polarized 


Wove 


ye 


les 3 
Incident 
Unpolarized Wove 
y 
Fig. 18.6 The wire-grid polarizer. 


an unpolarized electromagnetic wave is incident on it then the component 
of the electric vector along the length of the wire js absorbed. This is due 
to the fact that the electric field does work on the electrons inside the thin 
wires and the energy associated with the electric field is lost in the Joule 
heating of the wires. On the other hand, (since the wires are assumed to 
be very thin) the component. of the electric vector along the x-axis passes 
through without much attenuation. Thus the emergent wave is linearly 
polarized with the electric vector along the x-axis. However, for the 
system to be effective (i.e. for the E, component to be almost completely 
attenuated) the spacing between the wires should be < A. Clearly, the 
fabrication of such a polarizer for a 3 cm microwave is relatively easy 
because the spacing has to be < 3cm. On the other hand, since the 
light waves are associated with a very small wavelength (~ 5x 1075 cm), 
the fabrication of a polarizer in which the wires are placed at distances 
< 5x 10-5 cm is extremely difficult. Nevertheless, Bird and Parrish did 


succeed in putting about 30,000 wires in about one inch." 

As already pointed out, it is extremely difficult to fabricate a wire grid 
polarizer which would be effective for visible light. However, instead of 
long thin wires, one may employ long chain polymer molecules that 
contain atoms (like iodine) which provide high conductivity along the 
length of the chain. These long chain molecules are aligned so that they 
are almost parallel to each other. Because of the high conductivity 


*For further details see Shurcliff and Ballard (1964). The details of the procedure 
for making this wire grating are also discussed in this book. The original work of 
Bird and Parrish was published in the Journal of the Optical Society of America, 


50, 886 (1950). 
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provided by the iodine atoms, the electric field parallel to the molecules 
gets absorbed. A sheet containing such long chain polymer molecules 
(which are aligned parallel to each other) is known asa polaroid. When 
a light beam is incident on such a polaroid, the molecules (aligned parallel 
to each other), absorb the component of the electric field which is parallel 
to the direction of the aligament because of the high conductivity provided 
by the iodine atoms; the component perpendicular to it passes through. 
Thus the aligned conducting molecules act similar to the wires in the wire 
grid polarizer and since the spacing between two adjacent long chain 
molecules is small compared to the optical wavelength, the polaroid is 
usually very effective in producing polarized light. The aligning of the 
long chain conducting molecules is not very difficult and the experimental 
details of producing the polarizer are given by Schurcliff and Ballard 
(1964). 


18.2.2 Polarization by Reflection 


Let us consider the incidence of a plane wave on a dielectric. We assume 
that the electric vector associated with the incident wave lies in the plane 
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Fig. 18.7 (a) Ifa linearly polarized wave (with its E in the plane of incidence) is 
incident on the interface of two dielectrics with the angle of incidence 
equal to 8, (= tan-! mg/m) then the reflection coefficient is zero. 
(b) Thus, if an unpolarized beam is incident at this angle, the reflected 
beam is planc polarized whose electric vector is perpendicular to the 
plane of incidence. The transmitted beam is partially polarized and if 
this beam is made to undergo several reflections, then the emergent 
beam is almost plane polarized with its electric vector in the plane of 
incidence. 
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of incidence as shown in Fig. 18.7(a). It will be shown in Sec, 20.2 that 
if the angle of incidence (0) is such that 
0 —6, —tan-t (3) (18.2-1) 
1 
then the reflection coefficient is zero. Thus, if an unpolarized beam is 


incident at this angle, then the reflected beam will be linearly polarized with 
its electric vector perpendicular to the plane of incidence [see Fig. 18.7 (b)]. 
Eq. (18.2-1) is referred to as the Brewster's law and at this angle of inci- 
dence, the reflected and the transmitted rays are at right angles to each 
other; the angle 0 is known as the polarizing angle or the Brewster angle. 

For the air-glass interface, n, — 1 and m œ 1.5 giving 0,2« 57". The 
transmitted beam is partially polarized and if one uses a large number of 
reflecting surfaces, one would obtain a nearly plane polarized beam 
[see Fig. 18.7 (b)]. 


18,2.3 Polarization by Double Refraction 

In Secs. 18.5 and 18.9 we will discuss the phenomenon of double refraction 
and will show that when an unpolarized beam enters an anisotropic crystal, 
it splits up into two beams each of them being characterized by a 
certain state of polarization. If by some method, we could eliminate 


one of the beams then we would obtain a linearly polarized beam.. ; 
A simple method for eliminating one of the beams is through selective 
absorption.* A crystal like tourmaline has different coefficients of 


y 


Incident Unpolarized 
Light 


Linearly Pojarized 
Wave 


Tourmaline 
crystal 


Fig. 18.8 When an unpolarized beam enters à dichroic crystal like tourmaline, 
it splits up into two linearly polarized components, One of the 
bsorbed quickly and the other component passes 


components gets al s 
through without much attenuation. [Adapted from Alonso and Finn, 


1970; used with permission.] 


*This property of selective absorption is known as dichroism. 
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absortion forthetwo linearly polarized beams into which the incident beam 
splits up. Consequently, one of the beams gets absorbed quickly and the 
other component passes through without much attenuation. Thus, if an 
unpolarized beam is passed through a tourmaline crystal, the emergent 
beam will be linearly polarized (see Fig. 18.8). 

Another method for eliminating one of the polarized beams is through 
total internal reflection. We will show in Sec. 18.5 and 18.9 that the two 
beams have different ray velocities and as such the corresponding refra- 
tive indices will be different. If one can sandwich a layer of a material 
whose refractive index lies between the two, then for one of the beams, 
the incidence will be at a rarer medium and for the other it will beat a 
denser medium. This principle is used in a Nicol prism which consists 
of a calcite crystal cut in such a way that for the beam, for which sand- 
wiched material is a rarer medium, the angle of incidence is greater than 
the critical angle. Thus this particular beam will be eliminated by total inter- 
nal reflection, Fig. 18.9 shows a properly cut calcite crystal in which a 


Calcite 


E -ray 


Fig.18.9 The Nicol prism. The dashed outline corresponds to the natural 
crystal which is cut in such a way that the ordinary ray undergoes 
total internal reflection at the Canada balsam layer. 


layer of Canada Balsam has been introduced so that the ordinary ray 
undergoes total internal reflection. The extraordinary component passes 
through and the beam emerging from the crystal is linearly polarized. 


18.2.4 Polarization by Scattering 


If an unpolarized beam is allowed to fall on a gas, then the beam scat- 
tered at 90° to the incident beam is linearly polarized. This follows from 
the fact that the waves propagating in the y-direction are produced by the 
x-component of the dipole oscillations (see Fig. 18.10). The y-component 
of the dipole oscillations will produce no field in the y-direction (see 
Sec. 19.4). It may be of interest to mention that it was through scatter 
ing experiments that Barkla could establish the transverse character o' 
X-rays. . Clearly, if the incident beam is linearly polarized with its electri: 
vector along the x-direction. then there will be no scattered light along 
the x-axis. As such, one can carry out an analysis of a scattered wav 
by allowing it to undergo a further scattering [see Fig. 18. 10(b)]. 
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18.3 Malus' Law 


Let us consider a polarizer which has a pass-axis parallel to the ;-axis*; 
ie. if a beam propagating in th» z-direction is incident on the polarizer, 
then the electric vector associated with the emergent wave will oscil- 
late along the y-axis. Consider the incidence of a linearly polarized beam 
with its electric vector oscillating along a diréction which makes an angle 
0 with the y-axis (see Fig. 18.11). If the amplitude of the electric field is 


Fig. 18.11 Incidence of a linearly polarized plane wave on a polaroid whose 
pass-axis is along the y-direction. 


Eo, then the amplitude of the wave emerging from the polaroid will be 
E, cos 0 and thus the intensity of the emerging beam will be given by 


I= h cos? 0 (18.3-1) 


where J, represents the intensity of the incident beam. Eq. (18.3-1) 
represents the Malus’ Law. Thus, if a linearly polarized beam is inci- 
dent on a polaroid and if the polaroid is rotated about the z-axis, then 
the intensity of the emergent wave will vary according to the above law. 
For example, if the polaroid shown in Fig. 18.11 is rotated in the clock- 
wise direction, then the intensity will increase till the pass-axis is parallel 
to OE a further rotation will result in a decrease in intensity till the pass- 
axis is perpendicular to OE, where the intensity will be almost zero. If 
we further rotate it, it will pass through a maximum and again a minimum 
before it reaches its original position. 


18.4 Superposition of Two Disturbances 
Let us consider the propagation of two linearly polarized electromagnetic 
*It should be noted that if the polarizer is a polaroid, then for the pass axis 


to be along the y-direction, the long chain molecules must be aligned along the 
x-axis. 
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waves (both Propagating along the z-axis) with their electric vectors 
oscillating along the x-axis. The electric fields associated with the waves 
can be written in the form 


E, == ‘Xa, cos (hz — or +0,) (154-1) 
E,— Xa, cos (A> at} 0,) (18.4-2) 


where a, and a, represent the amplitudes of the waves: X represents the 
unit vector along the x-axis and 0, and 0, are phase constants, ‘The result- 
ant of these two waves would be given by 


E=E,+E, (18. 4-3) 
which can always be written in the form 
E = acos (kz — ot +0) (18. 4-4) 
where 
a= [a," +4, + 2a, a, cos (0, — 0] (18.4-5) 


represents the amplitude of the wave. Eq. (18.4-4) tells us that the 
resultant is also a linearly polarized wave with its electric vector oscillating 


along the same axis. 

We next consider the superposition of two linearly polarized electro- 
magnetic waves (both propagating along the z-axis) but with their electric 
vectors oscillating along two mutually perpendicular directions. Thus, 
we may have 


E, 2 Xd, cos (kz — ot) (18.4.6) 
E, = Ya, cos (kz — ot +0) (18,427) 


For 0—nz, the resultant will also be a linearly polarized wave with its 
electric vector oscillating along a direction making a certain angle with the 
x-axis; this angle will depend on the relative values of a, and dy. 

In order to find the state of polarization of the resultant field, wo 
consider the time variation of the resultant clectric field at an arbitrary 
plane perpendicular to the z-axis ‘which we may, without any loss of 
generality, assume to be z= 0. Hf Ex and E, represent the x- and 
y-components of the resultant field E (== E, + £,), then 


Ey = a, cos ot (18.4-8) 


and 
: Ey = acos (ot — 0) (18.4-9) 


where we have used Eqs. (18.4-6) and (18.4-7) with z=. For | m, 
the above equations simplify to 


Ex=a,coswt and Ey (— 1)" a; cos ot (18.4-10) 
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from which one obtains 


+ (independent of 1). (18:4-11 


where the upper and lower signs correspond to n even and 5 odd 
respectively. In the £y- Ey plane, Eq. (18.4-11) represents a straight line; 
the angle (7) that this line makes with the Fy axis depends on the ratio 
aua, In fact 

san (s 2) (18.4-12) 

Uy 

The condition O= nm implies that the two vibrations are cithi; in phase 
(n — 0,2. 4, ...) or out of phase (# = 1,3, 5, ...). Thus, the superposition 
of two linearly polarized electromagnetic waves with their electric fields 
at right angles to cach other and oscillating in phase, is again a lincarly 
polarized wave with its electric vector, in general, oscillating in a. direction 
which is different from the fields of either of the waves. Fig. 18.12 is a 
plot of the resultant field corresponding to Eq. (18.4-10) for various values 
ofaa, The tipof the electric vector oscillates (with angular frequency «) 


Y 
a 
Ex 
a,=0 
ta) 
Ey 
Ex 
| 8: T 
$,:0 o, 0.50 
(e) (d) 


Pus 18,12 The superposition of two linearly polarized waves with. their clectric 
ficlds oscillating in phase along the x-axis and the y-axis, is again a 
linearly polarized wave with its electric vector. oscillating in a 
direction making an angle @ with the x-axis, 
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alongthe thick lines shown in the figure. The equation of the straight line is 
given by Eq. (18.4-11). 

For 0-4 nm, (n = 0, 1, 2...) the resultant electric vector does not, in 
general, oscillate along a straight line. We first consider the simple case 
corresponding to 0 = z/2 with a, =a, Thus, 

Ey == a, 005 ot (18.413) 
Ey = a, sin ot (18. 4-14) 
If we plot the time variation of the resultant electric vector whose x and 
y-components are given by Eqs: (18.413) and (18.4-14), one would lind 


^ 


2 
E 8 6 8:Ty? 
22 (>) (c) 
y" m hen 
\ AJo ti 
N, «X " d 
a J 
say aliy 
gagi} g:n 6267/3 
(g? (e) (t) 
H / 
^ Jd t a 
ae: ee 
0:312 8:51/3 8:21T 
(g) (thy (4) 


i i of Ocorresponding to a, e o, 
ig. 15,13 States of polarization for various values 
"ind Ne 0. (13.4-8) and (18.4). For example, (c) and (g) correspond 
to risht circularly and left circularly polarized light respectively, 
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that the tip of the electric vector rotates on the circumference of a circle 
(of radius a,) in the anti-clockwise direction [see Fig. 18.13(c)]. Such a 
wave is known as aright circularly* polarized wave. That the tip of the 
resultant electric vector should lie on the circumference of a circle is also 
obvious from the fact that 

E+ E}=aj (independent of 1)  (18.4-15) 


For 6 = 32/2, one would have had 
Ex = a, COS ot (18.4-16) 
£y = — a, Sin of (18.4-17) 


which would also represent a circularly polarized wave; however, the 
electric vector will rotate in the clockwise direction [see Fig. 18.13(g)]. 
Such a wave is known as a left circularly polarized wave. : 


For 0 97 (m = 0, 1, 2...), the tip of the electric vector rotates on 


the circumference of an ellipse (see Fig. 18.13, which corresponds to 
various values of 0). As can be seen from the figure, this ellipse would 
degenerate into a straight line or a circle when 0 becomes an even or an 
odd multiple of 7/2. 

In general, when 4, a, one obtains an elliptically polarized wave 
which degenerates into a straight line for 65 0, 7,25, ..., etc. We will 
show this mathematically in Sec. 18.4.1. 

It may be mentioned that the different states of polarization is a 
characteristic of any transverse wave. For example, as discussed in 
Sec. 18.1, if we move a streched string up and down, we will generate à 
linearly polarized wave with its displacement confined to the- vertical plane. 
Similarly, we may generate a linearly polarized wave with its displacement 
confined to the horizontal plane. Further, we may rotate the end of the 
Tope on the circumference of a circle (or an ellipse) to produce a circularly 
polarized (or an elliptically polarized) wave.** For such a wave, the 
particles of the string actually move on the circumference of a circle (or an 
ellipse). On the other hand, for an elliptically polarized electromagnetic 
wave, it is the electric (or the magnetic field) which changes its magnitude 
and direction at a particular point.*** In particular, for a circularly 
polarized wave, the magnitude of the field remains the same; the direction 
changes with an angular frequency o. Similarly, for a linearly polarized 


“Our convention for labelling left and right circularly 
polarized light is consistent 
wish Lone used by Feynman (1963) but in some books the opposite convention is used. 
‘Similar to the case of an electromagnetic wave, one may produce an elliptically 
mann wave by allowing two linearly polarized waves to propagate through the 
string. 
Me presenc> of these fields can be felt by their interaction with a charged 
iele, 
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wave, the direction of the field does not change; it is the magnitude which 
keeps on oscillating about the zero value with the angular frequency of the 
wave. 


18.4.1 The Mathematical Analysis 


In this section, we will explicitly show that if we eliminate ? from 
Eqs. (18,4-8) and (18.4-9) we will obtain the equation for an ellipse. We 
rewrite these equations 


7, = A, COS wt (18.4-18) 
Ey = acos (wf — 0) = a, COS wi cos 0 4- a, sin ot sin Ü 


= a, cosot cos 8 d- a, y/ 1 — cos? ot sin 


a 
=“ rct fi (2) a, Sin 0 (18. 4-19) 
a, a, 


2 a 
(2-3 Ex cos) =a sinto[ 1 -(&) ] 
a 2r 
Rearranging. we get 
pi 2 
Ex Ey. 2Ex E cos0 = sin? (18.4.20) 


T 
di ai a;l; 


For 0 = im; (n=0, 1, 2...) Eq (18.4-20) becomes 


or 


a 
ie. 
Ey =(— 1} (18.4-21) 
E, ( ) "n 


ts the equation of a straight line, implying a linearly 


hich rese 
Mero (n 2 0,1,2, -.-), Eq. (18.4-20) becomes 


polarized wave. For 0 = (n+ DEZ 


a 


which represents an ellipse with its m 
y-axes. If we further have a,—4» 


circle. : , : 
In general, Eq. (18.4-20) represents an ellipse and if o is the angle 


between the coordinate axes and the axes of the ellipse then 


2 
Hy Bat (18.4-22) 


inor and major axes along the x-and 
then Eq. (18.4-22) will represent a 


2a,a, cos 0 
tan 29 = 7 (18. 4-23) 


(see Problem 16). 
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18.5 The Phenomenon of Double Refraction 


If we place a calcite crystal on a point marked in a piece of paper, we 
will, in general, see two images of the point. The appearance of the two 
dots is due to the phenomenon of double refraction. In general, a ray 
entering such a crystal will split up into two rays and for a crystal like 
calcite, one of the rays will follow the Snell’s law of refraction and the 
other will not. The former is referred to as the ordinary ray and the 
latter as the extraordinary ray. The velocity of the ordinary ray is the 
same in all directions whereas the velocity of the extraordinary ray is 
different in different directions. Along a particular direction. the two 
velocities are equal; this direction is known as the optic axis of the 
crystal.** Indeed, if we imagine a point source imbedded in a crystal 
like Calcite, then we will have two different sets of wavefronts, one 
corresponding to the ordinary ray which is spherical and the other 
corresponding to the extraordinary ray which is an ellipsoid of revolution. 
An ellipsoid of revolution is a surface obtained by rotating an ellipse about 
either the major or the minor axis; this axis of rotation is along the optic 
axis (see Fig. 18.14). If the ellipsoid of revolution lies completely 


Negative Crystal Positive Crystal 


(a) (5) 


Fig. 18.14 The ellipsoid of revolution (which corresponds to the extraordinary 
ray) lies outside the sphere (which corresponds tothe ordinary ray) in 


a negative crystal as shown in (a); in a positive crystal, the converse 
is true-see (b). 


outside the sphere (ie. if the velocity of the extraordinary ray is 
everywhere greater than the ordinary ray [see Fig. 18.14(a)] then the 
crystal is known as a negative crystal. This is indeed the case for calcite. 


*A substance which exhibits different properties in different directions is called 
an anisotropic substance. 

ë **In a crystal like calcite, the two waves have the same speed only along one 
direction (which is the optic axis); such crystals are known as uniaxial crystals. In 
general, there may be two directions along which the two waves have the same 
speed; such crystals are known as biaxial crystals—see Sec. 18.8. 
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On the other hand, if the ellipsoid of revolution lies completcty inside the 
sphere, ie. if the velocity of the extraordinary ray is everywhere less than 
the ordinary ray [see Fig. 18.14(b)], then. the crystal is known as a 
positive crystal which is the case for quartz. - In either case, the velocities 
of the ordinary and the extraordinary rays are given by the following 
equations :* 


Vro = Vx (ordinary ray) (18.5-1) 
1  sin*0 cos K 
y, = T r1 (extraordinary ray) (18.5-2) 
z x 


where 0 is the angle that the ray makes with the optic axis, which we will 
assume to be parallel to the z-axis; vx and v; are constants of the crystal.** 
If we plot Vre as a fi unction of 0 we will obtain an ellipsoid of revolution; 
on the other hand, since Vro is independent of 0, if we plot Vro (as à 
function of 0), we will obtain a sphere. Along the optic axis, 0 = 0 and 
Vro = Vree When Vz < Vx, Vs will be greater than Vro (ie. it will be 
negative crystal) and conversely. 

Both the ordinary and the extraordinary rays are linearly polarized, 
the vibration corresponding to the ordinary ray is always at right angles 
to the direction of the ray as well as to thé optic axis. On the other 
hand, for the extraordinary ray, thè direction of vibration is at right angles 
to the propagation vector k and lies in the plane containing the optic axis 


and the ray direction.*** In this section, we will consider the refraction of 


a plane electromagnetic wave incident on a negative crystal like calcite. 


Similar analysis can be carried out for positive crystals also. 


A. Normal incidence 

We first consider the refraction ofa plane electromagnetic wave bya 
uniaxial crystal. The direction of the optic axis is shown às à dashed 
line in Fig. 18.15. In order to determine the ordinary ray we draw 
a sphere of radius v, from the point B. Similarly, we draw another 
sphere from the point D. The common tangent plane to these spheres 
is shown as 00 which represents the wavefront corresponding 
to the ordinary refracted ray. In order to determine the extraordinary 
ray, we draw an ellipse (centred at the point B) with its minor 
axis along the optic axis. The ellipsoid of revolution 15 obtained by 


si i en derived in Sec. 18 S. j 
Merge cero that v, and v, are not the velocities of the extraordinary 
ray when it propagates along the x-and z-axis, in fact it is just the reverse; Ya and vs 
are the velocities of the extraordinary ray when it propagates along the z-and x-axes 
ic plane wave, the space and time dependence of the vectors E, D, B and H 
are of the form exp {i (ker—ot)], where k denotes the propagation vector and 
represents the direction normal to the phase fronts. We will ‘show in Sec. 18.8 
that D is always at right angles to k and hence the direction of D is chosen as the 


direction of “vibrations”. 
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rotating the ellipse about the optic axis. Similarly, we draw another 
ellipsoid of revolution from the point D. The common tangent plane to 
these ellipsoids (which will be perpendicular to k)is shown as EE’ in 
Fig. 18.15. If we join the point B to the point of contact O, then 


Fig. 18.15 (a) and (b) The refraction of a planc wave incident on a negative 
crystal whose optic axis is along the dashed linc. (c) For aray 
incident normally, if the crystal is rotated about a linc which is 
normal to the surface, the extraordinary ray will rotate on the peri- 
phery of a cone. 


corresponding to the incident fay AB. the direction of the ordinary ray 
" be along BO. Similarly. if we join the point B to the point of contact 
^ ibetween the ellipseid of revolution and the tangent plane EE’), then 
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corresponding to the incident ray AB, the direction of the extraordinary 
ray* will be along BE. 

Obviously. if we have a different direction of the optic axis 
[see Fig. 18.15(b)] then although the direction of the ordinary ray will 
remain the same, the extraordinary ray“ will propagate in a different 
direction. Thus if a ray is incident normally on a calcite crystal and if the 
crystal is rotated about the normal, then the extraordinary ray will also 
rotate (about the normal) on the periphery of a cone; each time the ray 
will lie in, the plane containing the normal and the optic axis 
[see Fig. 18.15(c)]. 

As mentioned earlier, the direction of vibrations for the ordinary ray 
is normal to the optic axis and the ordinary ray; as such, in this case, they 
will be norma! to the plane of the paper. Therefore, the direction of these 
vibrations have been shown as dots in Fig. 18.15, Similarly, since the 
direction of vibrations for the extraordinary ray is perpendicular to k and 
lies in the plane containing the extraordinary ray and the optic axis, 
they are along the small straight lines drawn on the extraordinary ray in 
Fig. 18.15. 

Thus. an incident ray will split up into two rays propagating in different 
directions and when they leave the crystal, we will obtain two linearly 
polarized beams. 

In the above case, we bave assumed the optic axis to make an arbitrary 
angle æ with the normal to the surface. In the special cases of a= 0 and 
x = x2. the ordinary and the extraordinary rays travel along the same 
direction as shown in Figs. 18.16 (a) and 18. 16(b). big. 18. 16(c) corres- 
ponds to the case when the optic axis is normal to the plane of the paper; 
and as such, the section of the extraordinary wavefront in the plane of the 
paper will be a circle. Once again, both the ordinary and the extraordinary 
he same direction. It may be mentioned that 
c) indeed correspond to the same configuration; 
fferent cross-sections of the same set of 


rays travel along t 
Figs. 18.16 (a) and 18.16 (c) in 
in fact, they represent two di 
spherical and ellipsoidal wavefronts. ike 

Notice that in the configuration shown in Fig. 18. 16(a), although both 
the rays travel in the same direction, they propagate with different velo- 


cities. This phenomenon is used in the fabrication of quarter and half- 


wave plates (see Sec. 18.6). On the other hand, in the configuration shown 


in Fig. 18.16(b), both the rays not only travel in the same direction but 
they also propagate with the same velocity. 


*The ray refractive index corresponding to the extraordinary ray (Mre) will be 


given by et 
c 2 fg? 
fam [n5 cos? 0 + my sin oy 
i dinary ray 
=c), L eh; ve and v, are the velocities of the extraor y ray 
issue cen nil and 3 he optic axis. If one starts with 


and perpendicular to t 
ter principle to obtain the refracted ray, the 


nes obtained in this section (see Sec. 2.4). 


when it propagates parallel 
the above equation and uses Fe! 
results. will be consistent with the o! 


"is E 
ESI 
=i y 

SL Az 
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(c) | 


Fig. 18,16 Propagation of a plane wave incident normally on a negative uniaxial 
crystal. In (a) and (b) the optic axis is shown as parallel straight 
lines and in. (c) the optic axis is perpendicular to the plane of the 
figure and is shown as dots, In each case, the extraordinary and the 
erdinary rays travel in the same direction, 


B. Oblique incidence 


axes v4t and v;t respectively; the semi-minor axis is along the optic axis. 
From the point F we draw tangent planes FQ and FE to the sphere and the 
ellipsoid of revolution respectively. These planes would represent the 
refracted wavefronts corresponding to the ordinary and the extraordinary 
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rays respectively. If the points of contacts are O and E, then the ordinary 
and GE refracted rays will propagate along BO and BE respec- 
tively.* The direction of vibrations of these rays are shown by dots and 


Optic Axis Normal 
to the Page 


d 
N 
\ 


wave incident obliquely on a negative uniaxial 
direction of the optic axis is along the dashed 


Fig. 18.17 Refraction of a plane 
is is perpendicular to the plane of the paper. 


crystal. In (a) the 
line. In (b), the optic ax 
*This can also be shown by using Fermat’s principle—Sce Sec. 2.4. 
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small lines respectively and are obtained by using the general rules discussed 
earlier. The shape of the refracted wavefronts corresponding to the 
particular case of « = 0 and « = 7/2 can be obtained very easily. 

Fig. 18.17 (b) corresponds to the case when the optic axis is normal to 
the plane of incidence. The sections of both the wavefronts will be circles; 
consequently, the extraordinary ray will also satisfy Snell's law and we will 
have 


OR 
EAN (18. 5-3) 


Indeed the refractive index of the extraordinary ray for a negative crystal 
is defined by 
c 
7 maximum velocity of the extraordinary wave 
c 


Vz 


Ne 


Similarly for a positive crystal, the refractive index is given by 


S 
~ minimum velocity of the extraordinary wave 


He 


These refractive indices are kaown as the principal refractive indices. For 
example, for calcite, which is a negative crystal, the values of my and n, are 
1.65836 and 1.48641 respectively; for quartz, which is a positive crystal, 
ny and ne are 1.54425 and 1.55336 respectively." Here n, represents the 
refractive index for the ordinary ray. 


18.6 Interference of Polarized Light 


In Sec. 18.5 we had considered how a ray (incident on a doubly refracting 
crystal) splits up into two rays each characterized by a certain state of 
polarization. The direction of vibration associated with the ordinary ray is 
at right angles to the direction of the ray as well as to the optic axis; and 
the direction of vibration for the extraordinary ray lies in the plane con- 
taining the optic axis and the ray direction and is perpendicular to k. The 
considerations in Sec. 18.5 assumed that the incident beam was unpolarized. 
In this section, we will consider the normal incidence of a plane polarized 
beam and study the state of polarization of the beam emerging from the 
crystal. 

We assume the optic axis to be parallel to the surface of the crystal 


*These values correspond to 18°C for à = 5892.90 A; quoted from Jenkins and 
White (1976), 
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[see Fig. 18.16(a)}. 1f the direction of vibration of the incident ray is 
perpendicular to the plane of the paper [see Fig. 18.18(a)], then the ray will 
pass through as an ordinary ray and the extraordinary component will be 
absent; the plane of the paper is assumed to contain the optic axis. Simi- 
larly, if the direction of vibration of the incident ray lies in the plane of the 
paper [see Fig. 18.18 (b)], then the ray will pass through as an extraordinary 


Fig. 18.18 A linearly polarized wave is incident normally on à crystal whose 
optic axis is parallel to the surface which is shown as parallel straight 
lines. The dots and dashes, in (a) and (b), denote the direction of 


polarization. 


nd the ordinary component will be absent. For any other state of 
polarization (of the incident beam), both the extraordinary and the ordinary 
components will be present. Let the electric vector associated with the 
incident polarized beam make anangle e with the z-axis; the z-axis is chosen 
to be parallel to the optic axis and the direction of propagation is along the 
x-axis [see Fig. 18.18 (c)]. Such a beam can be assumed to be a super- 
position of two linearly polarized beams (vibrating in phase), polarized 
along the y- and z-directions with amplitudes E sin ọ and E cos ọ respec- 
tively. The z-component (whose amplitude is E cos ) passes through as 


an extraordinary beam. propagating with speed ¢/Me (see Sec. 18.5), The 
hrough as an ordinary 


y-component (whose amplitude is Æ sin 9) passes t r 
beam propagating with speed ¢/Mo- Since Me Mo, the two beams will 


propagate with different velocities and, as such, when they come out of the 
crystal, they will not be in phase. Consequently, the emergent beam (which 
will be a superposition of these two beams) will be, in general, elliptically 
polarized. 

Let the plane X = 0 represent the s 
beam is incident. The y- and z-compo 


written in the form 


fay a 


urface of the crystal on which the 
nents of the incident beam can be 


Ey =E sin ¢ cos (kx — ot) 
(18,6-1) 


E, = E cos 9 cos (kx — of) 
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where k (= «/c) represents the free-space wave number. Thus, at x= 0, 
we will have 


Ey (x =0) = E sin 9 cos ot 
(18.6-2) 
E, (x — 0) = E cos 9 cos wt 
Inside the crystal, the two components will be given by 
Ey = E sin 9 cos (mkx — o) 
(18.6-3) 


E: = E cos ? cos (kx — or) 


If the thickness of the crystal is d, then at the emerging surtace, we will 
have 


Ey = E sin 9 cos (wt — 0, 
(18. 6-4) 
E; = E cos 9 cos (ot — 0,) 


where 0, — mkd and 0,— n,kd. By appropriately choosing the instant 
1 — 0, the components may be rewritten as 


Ey = E sin 9 cos (ot — 0) 
(18.6-5) 
E; = E cos 9 cos wt 
where 


0 = 0, — 0, = kd (m — n) =F (h —n)d | (18.6-6) 


represents the phase difference between the ordinary and the extraordinary 
beams. Clearly, if the thickness of the crystal is such that 0 = 2z, 4z, ... 
the emergent beam will have the same State of polarization as the incident 
beam [see Fig. 18.13 (a)]; if 0= x, 37, ... the emergent beam will again be 
linearly polarized but the electric vector will be along a direction as shown 
in Fig 18.13(e). For any other value of 0 the emergent beam will be ellip- 
tically polarized; in Fig. 18.13 we have plotted the different states of 
polarization corresponding to 9 — 7/4 with 6 — 0, z/3, x/2,... etc. 

As an example, let us consider the case when 9 = z/4 and 0 — 7/2; 
ie. the y- and 2-components of the incident wave have equal amplitudes 


and the crystal introduces a phase difference of 7/2. Thus, for the emergent 
beam we have 


E, wm. sin of 
(18,6-7) . 


E, he cos of 
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which represents a circularly polarized wave because 


2 
pp- (18. 6-8) 


In order to determine the direction of rotation of the electric vector, we 
note that at t = 0, 


E 
E,—0, E, — — 
y =A (18.6-9) 
and at t=At 
E E 
Bids ait mila (18.6-10) 


The above equations show that as time increases, the electric vector rotates 
in the clockwise direction and hence the beam is left circularly polarized. 

In order to introduce a phase difference of 7/2, the thickness of the 
crystal should. have a value given by the following equation : 


c 
© (Io — Ne) 


movi ^ 
274(m-—n) (18.6-11) 


where A is the free-space wavelength. For calcite 


ny = 1.65836, m-— 1.48641 (18, 6-12) 


which correspond to A= 5893 A and. at 18°C. Substituting these values, 


we obtain 


5893 x 107* 
dz 43.0. ]7195 0! = 0.000857 mm (18.6-13) 


Thus a calcite crystal of thickness 0.000857 mm with its optic axis para- 
llel to the surface will introduce a phase difference of x/2 (and hence a 
path difference of 3/4) between the ordinary and the extraordinary compo- 
nents at A= 5893 A. Sucha plate is known as à quarter wave plate. 
Itshould be pointed out that if the thickness is an odd multiple of the above 


quantity, i.e. if 
(18.6-14) 


d- (2m 4- V) E EU m=0, 1, 2,.+ 


rence of M4. In the example considered 
easily be shown that the emergent beam 
..and right circularly 


it will still produce a path diffe: 
above (i.e. when 9 = 7/4), it can 
will be left circularly polarized for m=0, 2, 4. 
polarized for m= 1,3, 4. 
For a positive crystal 
written in the form 


Gike quartz), ne > ns and Eq. (18.6-5) should be 
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Ey = E sin 9 cos (wt + 0) (18.6-15) 


E, = E cos 9 cos ot 
where 6' = z d (ne — nj. For a quarter wave plate 


À 


de (m+) aay 


;m=0,1,2,... (18.6-16) 
However, in this case, for ? = 7/4, the emergent beam will be right circular- 
ly polarized for m = 0, 2, 4. . .and left circularly polarized for m = 1,3, 5... 
When the thickness of the crystalis such,that it introduces a path 
difference of A/2, then it is referred to as a half-wave plate. Thus, fora 
half-wave plate, the thickness (for a negative crystal) would be given by 


d=(2m-+ 1) 3 ———— (18.617) 


Example 18.1 A left circularly polarized beam (A = 5893 À) is incident 
normally on a calcite crystal (with its optic axis cut parallel to the surface) 
of thickness 0.005141 mm. What will be the state of polarization of the 
emergent beam? 

Solution. The electric field for the incident beam at x = 0 would be 


Ey M. sin @/ 
V2 


E: = EO COS wf 
2 


Now, 
= (m —n)dx2z — 0.17195 x0.005141 x2r 
A oy 5893 x 10-7 
cn 


Thus the emergent wave will be [cf. Eq. (18.6-5)] 
d» Ae E 
£y = — sin (ot — 37) = — — 
y và (t m) Và sin wf 
[A e cos wt 
2 


which represents a right circularly polarized beam. 


Example 18.2 A left circularly polarized beam (A = 5893 A) is incident 
on a quartz crystal (with its optic axis cut parallel to the surface) of thick- 
ness 0.025 mm. Determine the state of polarization of the emergent beam. 
Assume zi and 7e to be 1.54425 and 1.55336 respectively. 
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Solution. Asin the previous example, the electric field for the incident 
beam at x = 0 would be given by Eq. (18.6-15). Further, 


? 2r ý Jj 
9 = (m= m) d 2n Os LO ae. TI 


Thus the emergent beam will be 
E, = A sin (ot 4- 0.77 7) 
E- 3 cos wt 
which will represent a right elliptically polarized light. 


18.7 Analysis of Polarized Light 


In the previous sections we have seen that a plane wave can be characterized 
by different states of polarizations, which may be any one of the following: 
(a) linearly polarized, (b) circularly polarized, (c) elliptically polarized, 
(d) unpolarized, mixture of linearly polarized and unpolarized, (f) mixture 
of circularly polarized and unpolarized or (g) mixture of elliptically polari- 
zed and unpolarized light. To the naked eye all the states of polariza- 
tions will appear to be the same. In this section, we will discuss the 
procedure for determining the state of polarization of a light beam. 

If we introduce a polaroid in the path of the beam and rotate it about 
the direction of propagation, then either of the following three possibilities 
can occur: 

(i) If there is complete extinction at two positions of the polarizer, 
then the beam is linearly polarized. 

(li) If there is no variation of intensity, then the beam is either un- 
polarized or circularly polarized or a mixture of unpolarized and circularly 
polarized light. We now put a quarter wave plate on the path of the beam 
followed by the rotating polaroid. If there is no variation of intensity 
then the incident beam is unpolarized. If there is complete extinction at 
two positions, then the beam is circularly polarized (this is due to the fact 
that a quarter wave plate will transform a circularly polarized light into a 
linearly polarized light). If there is a variation of intensity (without com- 
plete extinction) then the beam is a mixture of unpolarized and circularly 
polarized light. 

(iii) If there is a variation of intensity (without complete extinction) 
then the beam is either elliptically polarized or à mixture of linearly 
polarized and unpolarized or à mixture of elliptically polarized and 
unpolarized light. We now put à quarter wave plate in front of the 
polaroid with its optic axis parallel to the pass-axis of the polaroid at the 
position of maximum intensity. The elliptically polarized light will transform 
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to a linearly polarized light and thus if one obtains two positions of 
the polaroid where complete extinction occurs, then the original beam is 
elliptically polarized. If complete extinction does not occur, and the 
position of maximum intensity occurs at the same orientation as before, 
then the beam is a mixture of unpolarized and linearly polarized light. 
Finally, if the position of maximum intensity occurs at a different 
orientation of the polaroid, the beam isa mixture of elliptically polarized 
and unpolarized light. 


18.8 Plane Wave Propagation in Anisotropic Media 


In this section, we will discuss the plane wave solutions of Maxwell's 
equations in an anisotropic medium and will prove the various assumptions 
made in Sec. 18.5. The difference between an isotropic and an anisotro- 
pic medium is in the relationship between the displacement vector D, and 
the electric vector E. Inan isotropic medium, D is in the same direction 
as E and one can write 

D= rE (18.8-1) 


where € is the dielectric permittivity of the medium.* On the other hand, 
inan anisotropic medium D is not, in general, in the direction of E and 
the relation between D and E can be written in the form 


Dy = ax Ex Cry Ey + 652 E, 
Dy = eyx E, + Gy Ey 4+-G: E (18. 8-2) 
Dry = 63x Ext Gy Ey + Ger Ez 


where €x, €xy,...are constants.** One can show that xy = yxy xz = Gx 
and €yz == c, (see Problem 15). Further, one can always choose a coordi- 
nate system in which the above equations reduce to 


Dy — c, Ex 
Dy — c, Ey (18.83) 
Di GE; 


Where €x, €y and e; are known as the principal dielectric coastants. 
Let us consider the propagation of a plane electromagnetic wave; for 
such a wave the vectors E, H, Band D would be proportional to 


araen (18.8-4) 


*The displacement. vector D is defined in Sec. 19,9 and the plane wave solutions 
in an isotropic medium are discussed in Sec. 19,2, 
** Eq. (18.8-2) is usually written in the following compact form 
D-«eE 
where is a second rank tensor. 
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where k represents the propagation vector and o, the frequency of the 
wave (the proportionality constant will be independent of space and time 
coordinates). The phase velocity Vp, and the refractive index n are defined 
by the following relations: 


vwae=e (18.85) 


In the absence of any currents (i.e. J=0) Maxwell's curl equations 
[see Eqs, (19. 1-7) and (19. 1-8)] become 


yxEc — 2 Zio B= ios H (18.8-6) 
and 
VxH=2 =—iwD (18.87) 


where we have assumed the medium to be non-magnetic (i.e, B= pH). 
Now, if 


E = E, exp [i(k.r—o)] (18.8-8) 
then 
dl ike — 
Vano (F E) = Why Bae ika Et" zot) 

= i (kX E)x 
Thus 

VXxE- i(kxE) = ispo H sH- (18.8-9) 
and Hxk 


YxH=i(kxH) ——ioD = D=- (18.8-10) 


Eqs. (18.8-9) and (18.8-10) show that H is at right angles tok, E and D; 
thus k, E and D must lie inthe same plane. Further D is at right angles 
to k (sec Fig. 18.19). Substituting for H in Eq. (18.8-10) we get 


1 
D= zp EXE xt] 


T (18.8-11) 
ï z 
° $ 
gc oa 


Fig.18.19 In an anisotropic medium, D.x = 0, E.s=0 and H is normal to E, 


D, s and v. 
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where we have used the vector identity 


(AxB)XxC = (A.C) B — (B.C) A (18.8-12) 
Thus 
k? k? 
D =r [E E) do us E (18.8-13) 
where 
k 
7 (18. 8-14) 


represents the unit vector along k, and E, represents the component of E 
perpendicular to k (and hence along D, see Fig. 18.19). The direction of 
energy propagation (or the ray propagation) is along the Poynting vector 
S which is given by 

p S=ExH (18.8-15) 


Clearly, Sis at right angles to E and Hand will, therefore, be in the 
same plane containing the vectors k, E and D (see Fig. 18.19). As can 
be seen from the figure, the direction of propagation of the wave (x) 
isnot along the direction of energy propagation (s), where s is the unit 
vector along S. The ray velocity (or the energy transmission velocity) v, 
is defined as 

S 


wm (18.8-16) 
where u is the energy density. Now, 
u=}(D.E + B.H)—4 (D.E + uH.H) (18.8-17) 


[see Eq. (19.4-6)]. Substituting for H and D from Eqs. (18.8-9) and 
(18.8-10), we obtain 


w= 5h (HXk).E + (kx E). H] 
1 
= zg K (EX H) + k. (Ex H)] 
1 
= aks (18. 8-18) 
Thus Eq. (18.8-16) becomes 


oS a M 
ce V 2 P. - 
SES kcoso cose ala 


where 9 isthe angle between «and s. The ray refractive index m is 
defined as 


c € 
MM MS cos 9 =n cos 9 (18.8-20) 
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In order to express E in terms of D, we note that (D.£) Ê represents the 
component of D along E (see Fig. 18.19); here E represenis the unit vector 
along E. Now, the component of D along E is also [D—s(D.s)]. Thus 


se 


D—s(D.s)=(D. ĝt-2E E pa 


or 


pe" [D s (D.$)] (18.8-21) 


Using Eqs. (18.8-13) and (18.8-5), we also have 
= p- 18.822) 
D EDS [E — x («.E)) ( 


If we write the x, y and z-components of the above equations, then we 


would obtain 
dm [Dj — 5j D.s) (18.823) 
J 

and 


€j ET. [Ej — xj (x. E)] (18.8-24) 


f the 
where j = x, y, Z; sj and. xy represent the Cartesian components o! 
unit vectors s and x, and use has been made of Eq. (18.8-3). Rearranging, 


we obtain 
51 (D.s) 


Dim " (18.825) 
ee 
( my 
and 
P EE” (x. E) (18.8-26) 
á 1 a) 
Thus- f " 
D.s= S Dij Ds L— (18. 8-27) 
2 
or 


X - L a m 5 (18, 8-28) 
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The last step follows from the fact that s is a unit vector. If we define 


nj — C / ast) » (18.8-29) 
Eq. (18.8-28) becomes 


ig 


or 
“Sea 
- ny — ne 
Thus 
H 2 #_=0 (18.8-30) 
montoi o 
Similarly 
Li 1 2 
£x UL UUNITEE BU TN 18.8-31) 
4-4 wowtucs 
where 
I 
yy m jj x. yz. (18.8-32) 
1 VO 4 


Eq. (18.8-30) can be rewritten as 
Sž (nt — nj) (n — r5) 4-55 (n? — 5) (r —3) 
sim — ni) (nt — n) =0 (18. 8-33) 
The solution of the above equation will give the variation of s, with the 


direction of the ray (ie. with sx, s, and sj). We label the x, y and z-axes 
such that 


Dx > ny >M: (18. 8-34) 
We introduce two positive quantities a and b such that 
m-nj-a and m= n yh (18.8-35) 
and introduce a parameter £ defined by the following equation: 


m= +E (18. 8-36) 
Thus Eq. (18.8-33) reduces to 


: SE Ea) 556 — 5) +a) ost b) £0 
or 


B + (asx — bsy + as$ — bs) E — abs? — 0 (18.8-37) 
where we have used the fact that 
pst 4 st (18 .8-38) 
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If the two roots of Eq. (18.8-37) are denoted by £, and &,, then 


EY EE — abs) (18.8-39) 
Ey E = — (as — bs} + as — bs) (18.8-40) 


Since by definition a and b are positive, £, and č, would, in general, be of 
opposite signs. Thus, ifalonga certain direction, the two roots are equal 
(i.e. if č, — Éa) then we must have & = 5, = 0, implying 


sy —0 and ast — bs = 0 (18.8-41) 
The directions along which the ray refractive indices are equal are known 


as the optic axes. Since sy =0, these will lie in the x-z plane. If a is 
the angle made by the optic axes with the z-axis then 


Ss [pale rig Ls 
tana es fo 2-4 (18.842) 


Thus there will be two ray directions along which the refractive indices 
will be equal (sce Fig. 18.20). If mx = "ny (i.e. if ex = €y), a = 0 (or 7) and 


Y L Optic Axes 


n> ny >, "2 


Fig. 18,20 The two directions of the optic axes in a biaxial crystal. 


a = n[2 (or 37/2); in either case the directions of 


if n, = ny (i.e. if €= 6) f ions « 
and hence the medium has only one optic axis; 


the two optic axes coincide T n 
such a medium is known as à uniaxial* medium. o 
| restrict our attention to uniaxial crystals; 


In all what follows we will ten ^ 
we will assume m. = My, 50 that the optic axis is along the z-axis. Thus 


Eq. (18. 8-33) can be written in the form 
quà — n) [92 o — "2 + si ni — ni) +85 (07 — n3) 0 


are known as isotropic crystals, Crystals belong- 
» Ny 7 n, are known as 


(18.8443) 


*Crystals in which n = "s = LA 
ing to the cubic system are isotropic. Crystals in which a 


biaxial crystals (because they have two optic axes). 
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Thus, we must either have 3 

n, = Nx (ordinary ray) (18.8-44) 
or 

nin — $3) + nS: 


=r sin? 6 +n cos*® (extraordinary ray) (18.8-45) 
where 0 is the angle made by the direction of the ray with the optic axis 


and use has been made of Eq. (18.8-38). Eqs. (18.8-44) and (18. 8-45) can 
be written in the form 


Vr = Vx (ordinary ray) (18.8-46) 
and 


| — sin?6 i cos? 8 
sie UN H 


(extraordinary ray) (18.8-47) 


where we have used Eq. (18.8-20). Eq. (18.8-46) corresponds to the 
ordinary ray because the ray velocity is independent of the direction of 
the ray. On the other hand. if we use Eq. (18.8-47) to plot the variation 
of v, with 0 in the x-z plane we will get an ellipse* as shown in Fig. 18.14. 
In three-dimensions, Eq. (18.8-47) will represent an ellipsoid of revolution 
with the optic axis as the axis of revolution. Thus, in a uniaxial medium. 
for every direction of propagation, the ray can have two velocities, the 
one which is independent of 9 corresponds to the ordinary ray and the 
other which depends on 9 represents the extraordinary ray. 

It has been shown earlier that in an anisotropic medium, D is at right 
angle to k whereas E is not, in general, at right angles to k. Thus the 
wave is said to be transverse for D and the direction of vibration is usual- 
ly shown along D. 

Now, if we write the three components of Eq. (18.8-25), we would obtain 


E 1 
p. (1 =") =S<(D-s) | 
nx 


p(1-)- W:s $ (18.8-48) 
i 


».(1 ED ‘z (D.s) j 


*Inthe x-z plane, the equation of an ellipse is of the form 
x 2 
atam! 


If we use polar coordinates then x = r sin 0, z =r cos 0. Thus the above equation 
becomes 

1 _ sin?@ , costo 

BT t 
which is similar to Eq. (18.8-47) 
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For the ordinary ray, since n, = nz, we must have 
D.s—0 (18.8-49) 


and also D; — 0. Thus D is at right angles to the direction of the ray 
as well as to the optic axis. Further, D will be parallel to E. 

In order to determine the direction of D for the extraordinary ray (for 
which n, # nx), we consider the vector 


^ ^ ^ ^ ^ 
N—2ZXS-—ZX(SxX + Sy y + $:2) 


^ ^ 
== Sx Y — Sy X 


which will be at right angles to 2 (which is along the optic axis) and the 
ray direction s. Using Eq. (18.8-48) we get 
DN y nb di m 
-N = — Dx sy + Dysx = AR gave] 
=0 


Thus, the direction of vibration, which is along D, lies in the plane 


containing the optic axis and the ray direction. 
The above mathematical analysis justifies the various geometrical 


constructions made in Sec. 18.5. 


PROBLEMS 


1. Discuss the state of polarization when the x- and y-components of the electric 
field are given by the following equations: 
(D Ex = Eq cos (ot + kz) 


E, 
ET cos (wt + kz + 7) 


(i) Ex = Eg sin (ot + kz) 
Ey = Ey cos (ot + kz) 
(ii) Eq = Eo sin (kz— of + 1/3) 
« Ey= Ep sin (kz — of — 7/6) 
(iv) Ez = Eo cos (kz — ot + 7/4) 
asad ye 
Ey= Vi sin (kz — et) 
2. How will you convert right circularly p 
light? 
3. An elliptically polarized light is incident on quartz quarter wave plate. Atz — 0, 
the fields are given by (sce Fig. 18.18) 
Ey = a cos of 
E, = a cos (ot + x/3) 
zation of the wave emerging from the crystal? 


What will be the state of polari: í l 
4. What will be the Brewster angle for a glass slab (n = 1.5) immersed in water 


(n= 1.33). (Ans. 48.4^) 


olarized light into left circularly polarized 


L 
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T 


10. 


M. 


12. 


13. 


14. 


15. 


Prove that when the angle of incidence corresponds to the Brewster angle, the 

reflected and refracted rays are at right angles to each other. 

(a) Consider two crossed polaroids placed in the path of an unpolarized beam 
of intensity J, [see Fig. 18.4 (c). If we place a third polaroid in between 
the two then, in general, some light will be transmitted through. Explain this 
phenomenon, 

(b) Assuming the pass axis of the third polaroid to be at 45° to the pass axis of 
either of the polaroids, calculate the intensity of the transmitted beam. 
Assume that all the polaroids are perfect. (Ans. 1/8 Jo). 

A quarter wave plate is rotated between two crossed polaroids, If an unpolarized 

beam is incident on the first polaroid, discuss the variation of intensity of the 

emergent beam as the quarter wave plate is rotated. What would happen if we 
have a half-wave plate instead of a quarter-wave plate? 

Tn the above problem if the optic axis of the quarter-wave plate makes an angle 

45° with the pass axis of either polaroids, then show that only a quarter of the 

incident intensity will be transmitted. If the quarter-wave plate is replaced by 

a half-wave plate show that half of the incident intensity will be transmitted 

through. 

The formulation developed in Sec, 2.4 corresponds to a positive crystal. 

Modify the analysis for a negative crystal like calcite and show that if the optic 

axis makes an angle 45° with the surface then for a normally incident beam, the 

angle of refraction corresponding to the extraordinary ray will be approximately 

6°. You may assume no = 1.658 and ne = 1.486, 

For calcite the values of mp and n, for ^ = 4046 Aare 1.68134 and 1.4969. 

respectively; corresponding to à = 7065 A the values are 1.65207 and 1.48359 

respectively. We have a calcite quarter-wave plate corresponding to » = 4046 A. 

A left circularly polarized beam of à = 7065 A is incident on this plate. Obtain 

the state of polarization of the emergent beam. 

When the optic axis lies on the surface of the crystal and in the plane of inci- 

dence, show (by geometrical considerations) that the angles of refraction of the 

ordinary and the extraordinary rays (which we denote by rg and re respectively) 
are related through the following equation; 


tan ro _ Mo 
tanr, My 


Show that the above result can also be obtaincd by using Eq. (2.4-10). [In 
Eq. (2.4-10) we must put 9 = 7/2, 0 = r, — 7/2, nn = ng and ni ne). 

A beam of monochromatic light (à= 5890 A) is incident at an angle of 30° 
(with the normal to the surface) on a calcite crystal. The optic axis lies on the 
surface of the crystal and is also in the plane of incidence. Using geometrical 
method, calculate the angles of refraction for the ordinary and the extraordinary 
rays and compare the results with the formulae derived in Sec. 2.4. 

Mica is a biaxial crystal with mg = 1.5977, ny = 1.5936 and n, = 1.5601; these 
values correspond to the D-lines of sodium. Calculate the angles that the 
optic axes make with the z-axis, (It may be mentioned that mica cleaves in 
planes perpendicular to the bisector of the angle between the optic axes). 

Derive Eq. (18. 8-31). 

Prove that €, = ty, ty, = Czy and ez, = typ} 
[Hint: Use the fact that 


€. the dielectric tensor is symmetric. 


?D 
a 


The above equality follows from the fact that both sides represent the change of 
electric energy density; see Eqs. (18.4-3) and (18. 4-6). 


2 qg.D)- E 
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16. Show that Eq. (18.4-20) represents an ellipse. ~ 
[Hint: If the major axis is along the x’-axis, then in the x'-y' coordinate system 


[see Fig. 18.13 (b)), the equation of an ellipse will be 


ee 
qeu 
But 
x =xcose+y sing and y --—xsin ey cote 
Thus 
derer d i sint, com? sin 2. 2 at 1 
puer) rnm 
On dividing Eq. (18.4-20) by sin? 6 we get 
A aa rà Su imi 
a sin? 6 * aj sin? *Y aya, sin? 6 


Comparing the above, two equations we get 
1 cos? 9 sin? 
dismo 5 ta 
1 — sing, cosg 
mmo 4 A 


and 
2 cos 0 a d^ on AR 
zasini 7 sin 2 mr ) 
Simple manipulations will give Eq. (18.4-23)]. 
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19 Electromagnetic Waves 


And God said "Let there be light"; and 
there was light. 
GENESIS 


Nature, and Nature's laws, lay hid in night; 
God said, Let Newton be! and all was light. 


ALEXANDER POPE 


Maxwell could say, when he was finished with his 
discovery, ‘Let there be electricity and magnetism, 
and there is light.’ 

FEYNMAN 


19.1 Maxwell’s Equations 

All electromagnetic phenomena can be said to follow from Maxwell’s 
equations. These equations are based on experimental observations and — 
are given by the following equations: 


the M 4 Bice (19.129) 


B. B, 
a DOM a Gn tia " ao 
8E Ey. 0Bs 
9y az "er 
E ôE: _ B, 
= pas S m (19, 1-3) 
sisal te _ 2B: Í 
ex oy T Uat: 
and 
ôH: um aD, 
ye tae | 
aH, i ôD, | 
FRA os EP or. (19.14). 
0H, 0H, aD: / 


Ber xy DX Rey a 
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where e represents the charge density and J the current density; E, D, B 
and H represent the electric field, electric displacement, magnetic induction 
and magnetic field respectively. The physical implications of each 
equation will be discussed in Sec, 19.9; we may note here that using vector 
notations the above equations can be written in the following compact 


form: 
divD—e (19.1-5) 
div B=0 (19.1-6) 
eB 
curl E = "irn (19. 1-7) 
ôD 
curl H=J + ar (19. 1-8) 


the ‘constitutive relations’ are 
to E. Fora linear, isotropic 
lations’ are given by the 


The above equations can be solved only if 
known which relate D to E, B to H and J 
and homogeneous medium the *constitutive rel 


following equations* 
D=cE (19.1-9) 
B=pH (19, 1-10) 
and 
J=cE (19. 1-11) 


where e, y and o denote respectively the dielectric permittivity, magnetic 
permeability and conductivity of the medium respectively. 


19.2 Plane Waves ina Dielectric 
For a non-charged current-free dielectric, we will have 


p=0 (19.2-1) 
and 
J=0 (19.2-2) 


Further, if we use the ‘constitutive relations’ [Eqs. (19.1-9)-(19. 1-11)], 
then Eqs. (19. 1-1)-(19. 1-4) become 


0E, | 0E, , OE _ } 
= ibaa ne 
dH, , 0H, , ôH: , 

Tox 2177 Tu =0 (19.2-4) 


‘constitutive relations’ depend on the properties 
For example, for an anisotropic medium ¢ is a 
for high field strengths « may itself depend on 


*It should be mentioned that the 
of the medium, field strengths, etc. 
tensor of second rank (sec Sec. 18.8); 
E (see Sec, 15.10); etc. 
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OE; OE, | OH 


Oy Os "a 


BE. DEn 0H, 


mu cum (19.23) 
8E, OE. 0H. 
ox oy MET 
and 
êH: 60H, 9E. 
er ez et 
| 
M DHe ie Er (19.2-6) 


E T Ot 


PH, OH. 2E 
Deu gy ver 


In Sec. 19.3, we will (using the above equations) derive the wave 
equation; however, in this section we will assume the existence of 
electromagnetic waves and study the properties of plane waves. For 
plane waves propagating in the + z-direction, the electric and magnetic” 
fields can be written in the form: 


E — E, exp [i (kz — of)] (19.2-7) 
and 
H = Hp exp [i (kz — «)] (19.2-8) 


where E, and Ho are space and time independent vectors; but may, in 
general be complex. Since E and H are independent of x and y, 
Eqs. (19.2-3) and (19.2-4) give 


(19.2-9) 


Since we are interested in plane-wave solutions of the type given by 
Eqs. (19.2-7) dnd (19.2-8) we must have* 


E,—0 and H,—0 (19,2-10) 
Thus the longitudinal components vanish and hence the waves are of 


“Eq. (19.2-10) does not represent the unique solution of Eq. (19.2-9). For 
example, we could have chosen E, = constant; but such a field would not have 
represented waves, 
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transverse type. Without any loss of generality, we may choose the x-axis 
to be along E; thus we may assume 


E,=0 (19.2-11) 


Using Eqs. (19.2-7), (19.2-8), (19.2-10) and (19.2-11), Eqs. (19.2-5) and 
(19.2-6) simplify to 


0 = ivp Hox (19.2-12a) 
ik Eox = iop Hoy (19.2-12b) 
and 
— ik Hoy = —iwe Eox (19.2-13a) 
ik Hox =0 (19,2-13b) 
where 


E, = X Eox Y Eoy + Z Eor | (19.2-14) 


Ho =$ Hox + Y Hoy + 2 Hor 


ie. Ew, Eoy and Ep: are the x, y and z-components of E etc. 
Eqs. (19.2-12) and (19.2-13) give us 


Hox =0 
and 
Hy k ee a 
Ew op k 
Thus, the plane waves as represented by Eqs. (19.2-7) and (19.2-8) indeed 
satisfy Maxwell's equations with 


M = oq (19.2-16) 


The waves are transverse in nature and if we assume the electric vector 
to be along the x-axis then the magnetic vector will be along the 
y-axis so that we may write 


E =Î Epere) | (19.217) 
H =9 Aye) 
with 
k 
Hom P (19.218) 


The magnetic induction would, therefore, be given by 


B = y Boel) (19.2-19) 
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where 
By= E E, Vai Ey LE, (19.2-20a) 


v ( =~) Tepresents the speed of propagation of the electromagnetic 
ep 
waves (see Eq. 19.2-21). In free-space 


By -l E, (19.2-20b) 


From the above equations we may draw the following inferences for plane 
waves: 

(i Both E and H are at right angles to the direction of propagation. 
Thus the waves are transverse (see Fig. 19.1). 


W 
y 
k TT. 


E 


Fig. 19.1 Ifa plane wave is propagating in the z-direction (which is coming 
out of the paper) and if at any instant of time the electric vector is 
along the x-axis then the magnetic vector will be along the y-axis. 


(i) The vectors E and H are at right angles to each other; thus if the 
direction of propagation is along the z-axis and if E is assumed to point 
in the x-direction then H will point in the y-direction (see Fig. 19.1). 


(ii) Since E is a real number, the electric and magnetic vectors are 


in phase; thus, if at any instant E is zero then H is also zero, similarly 
when E attains its maximum value, H also attains its maximum 
value, etc. 

(iv) The speed of propagation v ( = z) of the wave is given by the 
following equation: 


ES (19.221) 
ve 


v= 


ale 


For free-space 


€ = & = 8.8542 10-12. C!/N-m: 
(19.2-22) 


E = uS = 4x x 107 N-sec?/C? 
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Thus 
1 


= VE BS x 10-8 x dr x 10-5 


= 2.99794 x 10* m/sec (19, 2-23) 


represents the speed of propagation of electromagnetic waves in free space. 
It may be worthwhile to mention here that Eqs. (19.1-5), (19. 1-6) and 
(19.1-7) were known before Maxwell; he had only introduced the term 
En in Eq. (19.1-8) (see Sec. 19.9) and it is the presence of this term which 
leads to the prediction of electromagnetic waves.* Maxwell, using the 
then known value of «, found that the speed of electromagnetic waves 
should be 3.1074 x 10* m/sec; this he found to be very close to the velocity 
of light which was, at that time, known to be 3.14858 x 10* m/sec (as 
measured by Fizeau in 1849). Just based on these two numbers and with 
'faith in the rationality of nature' he propounded the electromagnetic 
theory of light and predicted that light must be an electromagnetic wave, 
In the words of Maxwell himself, the speed of electromagnetic waves 


*....caleulated from the electromagnetic measurements of 
Kohlrausch and Weber, agrees so exactly with the velocity of light 
calculated from the optical experiments of M. Fizeau, that we can 
scarcely avoid the inference that light consists in the transverse 
undulations of the same medium which is the cause of electric and 
magnetic phenomena.” 


(V) The refractive index (n) of a dielectric (characterized by dielectric 
permittivity « and magnetic permeability 4) would be given by 


nef uma | A. (19.2-24) 
v Coho 


For most dielectrics » = po and one obtains 
T y 
"PT 19.2-25 
n J 5 Vx ( ) 


where x (= «/«j) is known as the dielectric constant of the medium. 

(vi) The electric and magnetic waves are interdependent; neither can 
exist without the other. Physically, an electric field varying in time 
produces a magnetic field varying in space and time; this changing 
magnetic field produces an electric field varying in space and time and so 


It can be easily seen that in the absence of the term «2 on the RHS of 


Eq. (19.2-6) the plane waves, as described by Eqs. (19.2-7) and (19.2-8), will not 
represent a solution of Eqs. (19.2-3)—(19.2-6). _ 
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on. This mutual generation of electric and magnetic fields result in the 
propagation of the electromagnetic wave. 

(vii) Since Maxwell's equations are linear in E and H so, if (E,, Hj) 
and (E, H,) are two independent solutions of the Maxwell’s equations 
then (E, + Ep H, + H,) will also be a solution of the Maxwell's equations. 
This is the superposition principle according to which the resultant dis- 
placement produced by two independent disturbances is the vector sum of 
the displacements produced by the disturbances independently" (see 
Chapter 10). 

(viii) The plane wave as represented by Eq. (19.2-19) is said to be 
linearly polarized because the electric vector is always along the x-axis and, 
similarly the magnetic vector is always along the y-axis (see Fig. 19.2). 
However, we may consider two independent plane waves** 


E, = X E, cos (kz — wf) 


H, -$H, Cos (kz — wt) 
and 


E, -jE cos (xz — ot — ;) = $E, sin (kz — ot) 


2) = —S H, sin (kz — of) 


H=- $M, eos (kz — wt —F 
then 
E — E, + E, = E, [€ cos (kz — ot) +9 sin (kz — of )] 


H =H, + H, = H, [y cos (kz — or) — X sin (kz — ot)] 


will also be a solution which will represent a circularly polarized wave.*** 

(ix) There exists a wide and continuous variation in the frequency 
(and wavelength) of electromagnetic waves. The electromagnetic spectrum 
is shown in Fig. 19.3. The radio waves correspond to wavelengths in the 
range 10-1000 m whereas the wavelengths of X-rays are in the region of 
Angstroms aA= 10-1^m). The range of wavelengths of various kinds of 
electromagnetic waves are shown in Fig. 19.3 and as can be seen, the 
visible region (4 x 10-5 cm < A < 7 x 10-5 cm) occupies a very small portion 
of the spectrum. The method of production of different kinds of waves 


*Thus the superposition principle is a consequence of the linearity of the Max- 
well’s equations. If, for example, the fields associated with the electromagnetic 
wave are so high that the dielectric permittivity e depends on E itself, then Maxwell's 
equations will become non-linear and superposition principle will not remain valid. 
Indeed when we discuss any nonlinear phenomenon, the superposition principle 
does not hold. 

**We are considering the real part of the exponentials appearing on the RHS of 
Eq. (19.2-17). 

***See also Sec. 18.4. 
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are different; for example, X-rays are usually produced by the sudden 
stopping or deflection of electrons whereas radio waves may be produced 
by varying the charge ón anantenna. However, all wavelengths propagate 
with the same speed in vacuum and are always produced by accelerated 
charges. 


Fig.19.2 The arrows represent the direction and magnitude of the E and H 
vectors (at a particular instant of time) for a plane polarized wave. 
The electric vectors always lie in the x-z plane and the magnetic 
vectors (shown by dotted lines) lie in the y-z-plane. 


10” 10° 10 10° 10* cycles/sec 
Frequency | » T.» F 
Uitraviolet J 
E Microwave Broadcost 
amm = 
X - rays 
» short wave 
Hard Solt pmi 
Infrared Radar 
E x ET 7] 
v- rays Visible Y 
— 1 -— Hertzian woves ———— 
Wovelength L1 4. A te 
wpe w T o: 0* meters 
- lem 
a E 
33 


Fig. 19.3 Tho electromagnetic spectrum. 


19.3 The Three-dimensional Wave Equation in a Dielectric 


Once again, we consider a non-charged current-free dielectric (p = 0, J=0) 
and for such a case, using the ‘constitutive relations’ we had obtained 
Eqs. (19. 2-3)—(19. 2-6). Using vector notation, these equations can be 


written in the following compact form: 


divE=0 (19.3-1) 
divH =0 (19.3-2) 
curl E = — um (19.3-3) 


curl H =e (19.3-4) 
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In Sec. 19.2 we had shown that plane-wave solutions indeed satisfy the 
above equations. In this section we will show that the wave equation 
can be derived from the above equations. 
If we take the curl of Eq. (19.3-3), we would obtain 
eE 


curl curl E — — "c curl H = — ey. am (19.3-5) 


where we have used Eq. (19.3-4). If we now use the vector identity* 


curl curl E — grad div E — V*E (19.3-6) 
we obtain 
: eE 
grad div E — V^E — — n (19.3-7) 
or j 
JE 
VIE- ee ga (19.3-8) 


where we have used Eq.(19.3-1). Eq. (19.3-8) is known as the three- 
dimensional wave equation and each Cartesian component of E satisfies 


the scalar wave equation (see Sec. 8.9): 


vut (19.3.9) 


The velocity of propagation (v) ofthe wave is simply given by 


v= (19.3-10) 


A 
V 
In a similar manner, one can derive the wave equation satisfied by H 


vue oH (19.3.11) 


It can be easily seen that the solutions expressed by Eqs. (19.2-7) and 
(19.2-8) indeed satisfy Eqs. (19.3-8) and (19.3-11) provided 


o^] ET 
Bra (19. 3-12) 


*It may be worthwhile to point out that the operator V? is defined by the 
following equation: 
V3Ess grad div E—curl curl E 


à 2 ap, 
(V1 E), = div grad Eom part EE E 


ie. a cartesian component of y%E is the div grad of the Cartesian component and 
(V3 E), # div grad Ep 


However, 
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19.4 The Poynting Vector 
Let us consider Eqs. (19.1-7) and (19. 1-8) 


> 3B 
curl E — — Ta (19.4-1) 
cur s+ (19.42) 
Now 
aiv (Ex H) = H.curl E — E.curl H 
- ôB aD 
=-H.5--J.E-E.7- (19.4-3) 
For a linear material 
oB oD ôH ðE 
Hox E. = uH. TE. 
= jn d H.H) + jc gE-E) 
=} gH +D.E) 
Thus Eq. (19.4-3) can be rewritten in the form 
divS += -J.E (19.4-4) 
where 
S=EXH (194-5) 
is known as the Poynting vector and 
u=4B.H44D.E (19.4-6) 


Eq. (19.4-4) resembles the equation of continuity and for a physical 
interpretation we note that if a charge q (moving with velocity v) is acted 
on by an electromagnetic field then the work done by the field in moving 
it through a distance ds would be F.ds; thus the work done per unit time 


would be 
p EN 


= [qE + qvx B].v 


= qE.Y (19.4-7) 


If there are N charged particles per unit volume, each carrying a charge q 
then the work done per unit volume would be 


Nqv.E=J.E (19.4-8) 
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where J represents the current density. The energy appears in the form 
of kinetic (or heat) energy of the charged particles. Thus the term J.E 
represents the familiar Joule loss and, therefore, the quantity J.E appearing 
on the R.H.S. of Eq. (19.4-4) would represent the rate at which energy is 
produced per unit volume per unit time. Consequently, we may interpret 
Eq. (19.4-4) as an equation of continuity" for energy with u representing 
theenergy per unit volume. The quantities 3D.E and jB.H represent 
the electrical and magnetic energies per unit volume respectively. Further, 
we may interpret S.da as the electromagnetic energy crossing the area da 
perunittime, For plane waves in a dielectric, we may write 


E = $ E, cos (kz — wt) 
and k (19.4:9) 
H —$H, cos (kz — or) y op Ee eot (kz — or) 
Thus 
S=ExH 


e Ka 2 cos? I 
z ^j Es cos? (kz — ot) — (19.4-10) 


which implies that the energy flow is in the z-direction (which represents 
the direction of propagation of the wave) and that an amount of energy 


k 
aui. cos? (kz — wf) (19 4-11) 


crosses a unit area (perpendicular to the z-axis) per unit time. For optical 
beams w = 1075 sec- and the cos? term fluctuates with extreme rapidity** 
and any detector would record only an average value. Since 


+r 


< cos? (kz — ot) > = im n f cos? (kz — wf) dt 
- ; 
=, (19.4-12) 
we obtain 
ee ab 
pas acai rm HB (19.4-13) 


where <...> denotes the time-average value of the quantity inside the 
angular brackets. 
*The equation of continuity is always written in the form 
div J4% 2o 
where p represents the charge density and J the current density; i.e. J. da represents 


the amount of charge crossing the area da per unit time. 
**See also Sec. 11.3. 
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We must hasten to point out that S.da does not always represent the 
rate of energy flow through the area da;for example, we may have static 
electric and magnetic fields where Ex H is finite but we know that there 
is no energy flow. However, the integral ` 


f S.da (19.4-14) 


over a closed surface rigorously represents the net energy flowing out of 
the surface. This follows immediately if we carry out a volume integral 
of Eq. (19.4-4) to give 

foivsuv +5, fuar x [sear (19.4-15) 
or 


- å av =f Sedu + inar (19.4-16) 


where we have used the divergence theorem. The quantity on the LHS 
represents the rate of decrease of the total energy, this must be equal to 
the Joule loss plus the net flow out of the surface enclosing the volume. 


194.1. The Oscillating Dipole 
Consider an oscillating dipole in the z-direction: 


p= poe iota 


At large distances from such a dipole the fields are of the form* (see 
Fig. 19.4) 


PETIUAM elkr- 

e=- (Z5) sino (19.417) 
kPa) c. ehua 

n=- (%2) sino 7g (19.4-18) 


where k = wy Cono and other symbols have their usual meaning. Notice 
that the fields fall off as I/r and that they are in phase. Further, the ratio 
of the amplitudes of the magnetic and electric fields is 


okpyAr. _ oto K (19.4-19) 


k? pol Arzt CK — eue 
which is consistent with Eq. (19.2-20). 


*See, for example, Panofsky and Phillips (1962) p. 258. 
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Fig.19.4 The direction of the electric and magnetic fields and of the Poynting 
Vector from an oscillating dipole. In order to calculate the total 
energy radiated per unit time, we must integrate the Poynting 
vector over the surface of a sphere, 


Thus* 
S=ExH 
K3 p>. COS (kr — ot) a 
= Tone, Sin à Sa (19. 4-20) 


Eq. (19.4-20) shows that S falls off as l/r? as it indeed should be for a 
Spherical wave (this is the inverse square law). 


If we integrate over a 
sphere of radius r, we would obtain 


P-$sn =r'[[s-fsinodody 


akp 7 27 
Tere, 0% (kr — ot) j sintüsingd6 | de 
" 0 
oki 
= ae cos? (kr — or) (19.4-21) 


"In order to calculate the Poynting vector we musttake the products of the real 


ra ofEand H. We may note that in the complex representation, if E = E; + Ez 
Hower, Re (E) = Re (Ej) + Re (Ex) 

(Re Ej) x (Re Ea) = Re (Ej x Eg) 
Here Re(E) denotes the 


Teal part of E, 


a 


Electromagnetic Waves — 453 


where P represents the instantaneous radiated power. Since the cos? term 
fluctuates very rapidly, the average radiated power would be given by 


5. ok 
P= te (19.4-22) 


19.5 Energy Density and Intensity of an Electromagnetic Wave 


In Sec. 19.4 we have shown that the energy/unit volume associated with a 
plane wave is given by 


y= )D-E + JB-H = KE? +78 (19.5-1) 


For a linearly polarized plane wave, we may write 
Ex = E, cos (kz — ot), Ey — 0, E, ==0 (19.5-2) 
By = 0, By = Bacos (kz — ot), B; — 0 (19.5-3) 


Thus 
u= }eEĝ cost (kz — or) + 4 Bi cos? (kz — of) 


Since B, = v/«u Eo (see Eq. 19.2-20a), we get 


LT (19.54) 


2u 


Thus the energy associated with the electric field is equal to the energy 
associated with the magnetic field. If we take the time average of the cos* 


terms, we would get 
<u> =} Eo u9. 5-5) 


Further, in order to obtain the intensity of the beam we must multiply 
<u> by the speed of propagation which will give us the energy crossing 
an unit area in unit time. Thus, the intensity is given by 


Ide El = 4y e Es (19. 5-6) 


This should be consistent with Eq. (19.4-13). Indeed, if we substitute 
k = oyp in Eq. (19.4-13), we would obtain Eq. (19:5-6). In free space 


1-ycES 
= 4 (8.854 x 10-? coul?/N-m?) x (3X 10° m/sec) Eâ 
=(1.33x 10? W/V?) E$ 


For example, for a 100 W lamp, the intensity at a distance of 10m 
would be 
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100 


1— 3x (107 


=7,8x 10-? W/m? 


where we have assumed light to spread out uniformly in all directions, 
Thus 
7.8x 10 72 
5- [esses] 241.66 V/m 
It is of interest to mention here that since a laser beam is almost 
perfectly parallel, it can be focussed by a lens to a cross-sectional area of 
less than 10-5sq cm. Thus for a 10° watt laser beam, the intensity at 
the focal plane would be 
105 


= 0-5 


1 = 105 W/m? 


Thus 


‘ 1015 ua 0 a 
E= [9599] = 0.75x 10° V/m. 
Such high electric fields can cause extreme high temperatures which may. 
result in the burning of a target. 


19.6. Radiation Pressure* 


Let us consider a linearly polarized electromagnetic wave propagating 
in the +-z-direction; we assume the electric field to be along the x-direction 
and the magnetic field along the y-direction (see Fig. 19.1). The 
electromagnetic wave is assumed to interact with a charge q; the electric 
field makes the charge move up and down along the x-axis. Thus the 
charge acquires a certain velocity in the x-direction and since the 
magnetic field is along the y-axis, a force 


Four xB (19. 6-1) 


acts on the charge q. This force acts along the z-axis** (i.e. along the 
K *Reference: Feynman etal. (1963) Sec. 34-9. A rigorous analysis has been 
given by.Panofsky & Phillips (1962) Chapter 10, 


**In Sec. 6.2, we had shown that in the presence of a field E — SE, cos (kz — wt), 
the displacement is given by (see Eq. 6.2-3): 


^ 
X = X q Eg A cos (kz — wt + 9) 


per we have explicitly shown that the amplitude is proportional to g and Ep. 
us 


Y X = SE, Ao sin (kz — ot + 9) 


^ E 
Now B —yB, cos (kz — or) => = cos(kz— er). Thus 
(Contd.) 
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direction of propagation of the wave) and constitutes what is known as 


‘radiation pressure’. Thus, 


F = qv Bt (19.62) 
But 
B=Ë (19.6-3) 
(see Eq. 19.2-20) Thus 
ras (19.6-4) 


Now gEv represents the work done by the field on the charge per unit 
time (see Sec. 19.4); thus, if we consider an unit volume then 


m (19.6-5)' 


to the change in momentum per unit time. 


But the force is equal 
it volume associated with the plane 


Consequently, the momentum per uni 


wave would be given by 
p-23 (19.6-6) 


In Chapter 21, we will show that light essentially consists of corpuscles 
called photons. Each photon carries an energy equal to hy; the photon 


momentum would, therefore, be given by 


pu (19.6-7) 


e wave incident normally on a perfect absorber 


Let us consider a plan 
ea dS on the absorbing surface then the momentum 


If we consider an ar 
transferred to the area dS in time edt would be 


p dS cdt 


which represents the momentum contained in a cylindrical volume dS cdt 


(see Fig. 19.5). Thus the force acting on the area d$ would be 
pc dS 
Hence 
Pra = Cp = 4 (19.6-8) 


——— 


NE 
FpeqvxBumm -T A [cos (kz = o0] 
{sin (kz — er) cos ẹ + cos (kz — of) sin ql 


If we carry out a time averaging, then 


qu 
<F>=2 -r Asing 


Since sia ọ is always positive (sec Eq. 6.2-7) the force is always in the z-direction, 


456  Electromaguetic Character of Light 


Fig.19.5 A cylindrical volume to calculate radiation pressure, 


where Praa represents the radiation pressure due to a plane wave incident 
On a perfect absorber. On the other hand, fora perfect reflector, the 
momentum of the reflected wave is equal and opposite of the momentum 
associated with the incident wave. Thus the momentum transferred would 
be twice of the above value and hence 


Pras = 2cp = 2u (19. 6-9) 


In order to have a numerical appreciation, let us consider a light beam of 
intensity I= 3000W/m? falling on a Perfectly reflecting mirror. Since 
T= cu, we have 

3000 W/m? 


u= FX 10 mje = 10-5 J/m* 


The radiation pressure would be 
10-*N/m*? 


` which may be compared with the atmospheric pressure (= 10°N/m*). 
„It has been possible to measure the radiation pressure by allowing a light 
beam to fall on a highly polished mirror M (see Fig. 19.6).* The 


a. Torsion 
Suspension 


Fig. 19.6 An experimental arrangement to measure radiation pressure., 


*The experiment was first carried out by Lebedev in Russia in 1899: experimental 
arrangement shown in Fig, 19.6 is Of Nicheis and Hull who performed the 
experiment in 1901 and confirmed the Prediction of radiation Pressure, 
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radiation pressure caused a twist in the suspension which was measured. 
The intensity of the beam can be determined by allowing it to fall on an 
absorber (like a blackened disc) and measuring the temperature rise. 
In a particular run, the radiation pressure was found to be about 
7.01 x 10-5N/m? which was in good agreement with the predicted value 
of 7.05 x 10-5N/m?. 

For oblique incidence on a perfect reflector, the change in momentum 
per unit volume would be 2p cos 0 and the radiation pressure would be 


Pras = 2cp cos? 0 = 2u cos? 0 (19.6-10) 


where 0 represents the angle of incidence. 


19.7 The Wave Equation in a Conducting Medium 


In Sec. 19.3 we had assumed J=0. For a conducting medium 
J=cE (19.7-1) 


where c represents the conductivity of the medium. Thus, Maxwell's 
equations become 


div E 0 (19.72) 

divH.e0 (19.73) 

curl E p (19.744) 
t 

curl H E (19.75) 


Taking the curl of Eq. (19.7-4), we get 


curl curl E = — p. E curl H 


or 
" £ 3E 2E 
grad div E — V! E = — pop — HE Gig 
Using Eq. (19.7-2), we get 
vVE— poe inna Kao, (19.7-6) 
IET E : 


which is the wave equation for a conducting medium. For a plane wave 


of the type 
E = E, exp [/(kz — of)] (19.7-7) 


we obtain 
— k? + iaps + e cy =0 (19.7-8) 


458 Electromagnetic Character of Light 
which shows that k must be a complex number. If we write 
k=a+t ip (19.7-9) 
then i 
— (a? + 2iaB — B?) + impo + o* cp = 0 
Equating real and imaginary parts, we get 


^ a? — B= wte (19.7-10) 
ani 
pe ET (19.7-11) 


Substituting for 8 in Eq. (19.7-10) and solving for «, we get 
EA vw qa 
sm eve[is fi Sa] (19. 7-12) 
We must choose the positive sign, the negative sign would make « 
complex. Thus 
m TRI 
mova[ici(rs a) ] 


and (19.7-13) 
NT 
pa 2« 
Now, when k is complex, Eq. (19. 7-7) becomes 


E — E, exp (— Bz) exp[i (az — o1)] (19.7-14) 


which represents an attenuated wave. The attenuation is due to the 
Joule-loss. For a good conductor 


6 
a1 (19.7-15) 
and one obtains 
«ee ( M2)" (19. 7-16) 


Indeed if  <<1 (say > 0.01), the medium can be classified as a dielectric 


9 ` 
and if — >> 1 (say > 100), the medium can be classified as a conductor. 
For 
0.01 < < 100, 
[2.3 


the medium is said to be a quasi-conductor. Thus, depending on the 
frequency, a particular material can behave as a dielectric or as a 
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conductor. For example, for fresh water = = 80 and c = 10-* mhos/m. (Both 


e and o can be assumed to be constants at low frequencies), Thus 


c 10 


c P goxs.9x ion ^ 13x10 sec 
For 
o= 2x X 10 sec 
Sg 
ae 2x 10 
and for 


o = 2m x 10" sec! 


Z 2x10 


@e 


Thus, fresh water behaves as a good conductor for v < 10° sec" and as a 
dielectric for v z 10’ sec. On the other hand, for copper one may 
assume € zz e, and o = 5.8 x 107 mhos/m and for o = 2r X 1076 sec-* 


9. 5.8x 107 EL 
ac^ In X10 X8.9Xx 10337 


Thus even for such frequencies it behaves as an excellent conductor. 
From Eq. (19.7-14), it can be easily seen that the field decreases bya 
factor e in traversing a distance 


pcd 


B’ 
which is known as the penetration depth. For copper, 
URS po = 4r X 1077 N/amp* 

and 

ENTE LANE 2 4/2 

j 1673) ~ \2nvx An X 1077 X 5. xiv) 

2:0.065/4/» m Í 

Thus for v zz 100 sec, è= 0.0065 m = 0.65 cm whereas for v = 10* sec-*, 


32:6.5x10-* m showing that the penetration decreases with increase in 
frequency. 


19.8 The Continuity Conditions 
In this section we will derive the continuity conditions for electric and 
magnetic fields at the interface of two media. Let us first consider the 


equation 
divB =0 (19, 8-1) 


460 Electromagnetic Character of Light 


At the interface of two media, we consider a pill box which encloses 
an area SS of the interface (see Fig. 19.7). Let the height of the pill 


f, AS a 
p mur E 
"dt 
eua 
= NAS 
n2 


Fig. 19.7. A cylindrical pill box at the interface of two dielectrics 


boxbe/. Now if we integrate div B over the cylindrical volume then, 
using Gauss' theorem we obtain 


0- Javnav - faar 4 B-da +f B-da 
5i Se Ss 


where S, represents the curved surface of the cylinder. If we let /+0 then 
the third integral vanishes and we obtain 


or 
B, AS= —B,-m, AS (19.8-2) 


or : 
Ein = Ben (19.8-3) 
where the directions of n, a, and a, are shown in Fig. 19.7. Thus, the 
normal component of B is continuous across the interface. 

Similarly, in the absence of free charges 


div D=0 
and one obtains* 
Din = Den (19, 8-4) 


showing that the normal component of D is also continuous across the 
interface. 
We next consider the equation 


ôB 
curl E + — —0 
+ ar 
*Rigorously 
Di, — Don = 3 
where a represents the surface charge density. 
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Fig. 19.8 A rectangular loop at the interface of two dielectrics. 


We consider a rectangular loop ABCD as shown in Fig. 19.8. Now 


0=$ curl Enda + $ -da (19.8-5) 
s $ 


where the surface integral is over any surface bounding the loop ABCD. 
Using Stoke's theorem we get 


LET sais | Baa (19.8-6) 


(Eder 


AB BC CD DA 


or 


If we let /, and /, —0 then the integrals along BC and DA tend to zero 
and since the area of the loop also tends to zero the RHS also vanishes. 
Thus we obtain 

f Edi f E-dl=0 

AB BA 
or 


(E, te + [E C7 ble — 0 
E; = Ex 


or 


where E, and Ex represent the tangential components of E which are 
continuous across the interface. 
Similarly, Eq. (19.1-8) gives us* 


Hy = Hy 
In summary, in the absence of any sufrace current and surface charges, 


the normal components of B and D and the tangential components of H 
and E are continuous across an interface. 


19.9 Physical Significance of Maxwell’s Equations 


Let us first consider the equation 


* More rigorously 
Hy — Hae 


is equal to the normal component of the surface current density. However, if there 
are no surface currents, which is indeed true for most cases, Hs, = Hog. 
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div D=p (19.9-1) 
In free-space 
D=6E (19.9-2) 
and Eq. (19.9-1) becomes 
div E = p/c, (19.9-3) 


If we integrate the above equation over a volume V, we obtain, 
div E dV — = J e dV 
Eo 


Applying the divergence theorem we get 


fEa=: Q (19.9:4) 


which is simply the Gauss' law,* ie. the electric flux through a closed 
surface is the total charge inside the volume divided by €y. 
In a similar manner the equation 


divB=0 (199-5) 
gives 
$ Beda =0 (19.9-6) 


i.e, the magnetic flux through a closed surface is always zero; this implies 
the absence of magnetic monopoles. 
We next consider the equation 


curl E = + 28 (19.9-7) 
a 


which associates a space-and time-dependent electric field with a changing 
magnetic field. Now, Stokes’ theorem tells us that 


j E-di= | curl E.dà (19.9-8) 
[2 s 


*For a dielectric we would get 


$ nazo 


where 
D-eEAP 

P being the dipole moment per unit volume. Fora linear homogeneous medium 
P-—xkE 


where x is known as the susceptibility. Thus 


Deck 
where 

«cet x 
is known as the dielectric permittivity of the medium. 
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where the LHS represents a line integral over a closed path T and the 
RHS represents a surface integral over any surface bounding the path T. 
Thus 


$ Edi = | curl E-da -|P a (19.9-9) 
un s s 
or, 
f Bodin. | Beda (19.9-10) 
j dt J , 


where in the last step we have used the fact that the surface S is fixed.* 

The LHS of the above equation represents the induced emf in a closed 

circuit which is equal to the negative of the rate of change of the magnetic 

flux through.the circuit. This is the famous Faraday’s law of Induction. 

It is worthwhile to mention that although this law was discovered by 

Faraday, it was put in the differential form [see Eq. (19.9-8)] by Maxwell. 
We now come to the last of the Maxwell's equations i.e.** 


curl H=342 (19.9-11) 


However, Ampere’s law (which was known before Maxwell), when 
expressed as a differential equation was of the form*** 


curl H — J (19.9-12) 


which implies that a magnetic field is produced only by currents (for 
example, if we have a long wire carrying à current, we know that it 
produces a magnetic field). Since the divergence of the curl of any vector 


is zero, one obtains 
div J —0 (19,9-13) 


which may be compared with the equation of continuity 
div J 4 e 0 (19.9-14) 
ap 


Thus Eq. (19.9-13) is valid only when ài = 0. Thus, for the Ampere's law 
to be consistent with the equation of continuity, Maxwell argued that there 


*Equation (19.9-10) is not valid for a moving system (see, for example, Corson 
and Lorrain, 1962, p. 526). 


“Hek M, where M is the magnetic moment/unit volume. For a lincar 


material M = XmH and therefore B = pH, where p = uo (1 + Xv). 
***Once again, it was Maxwell, who had expressed Ampere's law asa differential 


equation. 
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must be an additional term on the RHS of Eq. (19.9-12)* 


curl H-3 4-22 


The introduction of the term D (which is known as the displacement 


current) revolutionized physics. Physically it implies that not only a 
current produces a magnetic field but a changing electric field also produces 
a magnetic field (as it indeed happens during the charging and discharging 
of a condenser).** It may be mentioned that it is the presence of the term 


pe which leads to the wave equation (see Sec. 19.3) and, therefore, the 


et 

prediction of electromagnetic waves. One can thus argue on physical 
grounds that a changing electric field produces a magnetic field which 
varies in space and time and this changing magnetic field produces an 
electric field varying in space and time, and so on. This mutual generation 
of electric and magnetic fields result in the propagation of eleotromagnetic 
waves. 


PROBLEMS 


1. On the surface of the earth we receive about 1.33 kW of energy per square 
meter from the sun. Calculate the electric field associated with the sunlight (on 
the surface of the earth) assuming that it is essentially monochromatic with 
à = 6000 A. (Ans. ~ 1000 V/m). 

2. A 100 W sodium lamp (à = 5890 A) is assumed to emit waves uniformly in all 
directions. What is the radiation pressure on <a plane mirror at a distance of 
10 m from the bulb. 

3. A1kW transmitter is emitting electromagnetic waves (of wavelength 40 m) 
uniformly in all directions. Calculate the electric field at a distance of 1 km 
from the transmitter. 


4. Ocean water can be assumed to be a non-magnetic dielectric with x € 2 = 80 
and c = 4.3 mhos;m. (a) Calculate the frequency at which the penetration 
depth will be 10 cm. (b) Show that for frequencies less than 108 scc~?, it can 
be considered as a good conductor. (Ans. (a) ~ 6 x 105 sec-). 

5. For silver one may assume p = ii, and c = 3 x 107 mhos;m. Calculate t 
depth at 108 sec-1, (Ans. =9 x 10-4 cm). 


he skin 


*Consequently 
div curl H=0= div J +$, div D 


or 
" 20 
0-divJ4 — 
Malt at 
which is the equation of continuity (we have used Eq. 19.9-1). 


**Forstatic fields? P= 0 and one obtains Ampere's law. 


6. 


10. 


1. 


12. 
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Show that for frequencies < 10® sec-!, a sample of silicon will act like a good 
hi 


"n € 
conductor, For silicon one may assume am 12 2nd o = 2 mhos/cm. Also cal- 
iJ 


culate the penetration depth for this sample at v = 108 secl. 
In a conducting medium show that H also satisfies an equation similar to 
Eq. (19.7-6). 
Consider an inhomogeneous medium characterised by a space dependent dielectric 
constant e (x, y, 2). Show that 

divE = — i E.Ve 


Using the results of the previous problem show that the wave equations satisfied 
by E and H are 


vig v [ez ve] + Gp E-0 


1 2 
WH + = (Ve) x (V XH) + Heo 


Compare the above equations with Eqs. (19.3-8) and (19.3-11) and show that 
the additional terms appearing in the above equations will be negligible if the 
variation of e is small in distances of the order of wavelength. 
Consider the propagation of electromagnetic waves between two parallel perfectly 
conducting planes. The two surfaces may be assumed to be y —0 and y e a. 
Assume that the fields are independent of x; and the z-and time-dependence to 
be of the form 
exp [i (gz — e1)] 
Assuming Es = 0, show that the condition of E vanishing on the conducting 
planes lead to the condition 
avk- =m; n=1, 2, 3,... 
The above equation gives us the allowed values of 6. Such a system is known 
as a waveguide for electromagnetic waves. What are the corresponding field 
patterns? 
The above problem corresponds to E, = 0 and the wave is known as TE (Trans- 
verse Electric). Solve the problem corresponding to TM (Transverse Magnetic) 
waves. 
Consider a layer of dielectric (of refractive index m) sandwiched between two 
dielectrics of higher refractive index nọ. Thus, the refractive index variation is 
of the form 
n=m for |x|<a 
=m for |x| >a 
There is no y- (or z-) dependence of n. (Such a slab acts as an optical wave- 
guide and is of extensive use in integrated optics). In order to consider guidance 
of the wave, assume the z- and time-dependence of E and H to be of the form: 
exp [i (pz — o)! 
Assume TE modes (i.e. E, — 0) with no y-dependence of any field. Show that 
i ay 


B 
Ha — su, Pr and H, = — ou, Ox 
where Ey satisfies the following equation 


dE, o? 
e [t-e] =o to? 
Solve the above equation, use the fact that tangential components of E and H 
are continuous and that the fields must tend to zeroas x >+ œ to show that 


tan pam dT 
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2 ig o 271/2 

p- [En j-e] v -En 
The upper and lower signs correspond to symmetric [Ey (x) = Ey.(—x)] and anti- 
symmetric [Ey (x) = — Ey(— x)] modes. The roots of the above equation would 
give the allowed values of &. (Ref. Sodha and Ghatak, 1977.) 

13. Physically interpret the field patterns corresponding to the above problem and 
show that the waves undergo total internal reflection at the interface and are 
guided through the system. 


where 
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20 Reflection and Refrac- 


tion of Electromagnetic 
Waves 


But he beholds the light, 
and whence it flows 
He sees it in his joy 


WORDSWORTH 


20. Introduction 


1n the previous chapter we had discussed the Maxwell’s equations and had 
shown the existence of e'ectromagnetic waves. We had also shown that 
at an interface, the tangential components of E and H and the normal 
components of D and B must be continuous. Using these continuity 
conditions we will, in this chapter, study the reflection and refraction of 
plane waves at an interface of two dielectrics (Sec. 20.2) and at an interface 
of a dielectric and a metal (Sec. 20.3). : 


20.1 Reflection at an Interface of Two Dielectrics 


Let us consider the incidence of a plane polarized electromagnetic wave 
on an interface of two media; we assume the plane x = 0 to represent the 
interface. Let (£, H1) and (c. pa) represent the dielectric permittivity and 
magnetic permeability of the media below and above the plane x= 0; we 
will assume both media to be lossless dielectrics, the case of reflection bya 
conducting surface will be discussed in Sec. 20.3. Let Ep E, and E, 
denote the clectric fields associated with the incident wave, refracted wave 
and reflected wave respectively. For an incident plane wave, these fields 
will be of the form 
E, = Ej exp (kir — eot] 


E, = E exp [i (kat — 0:0] (20.2-1) 
E; = Ep exp [i (ka: t — @;t)) 
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where Eo, Ey) and Ej, are independent of space and time but may, in 
general, be complex. The vectors k,, k, and k, represent the propagation 
vectors associated with the incident, refracted and reflected waves respec- 
tively. Since the fields must satisfy Maxwell's equations we must have (see 
Sec. 19.2): 


Ki = o*eu, ] 
ki = of eg (20. 2-2) 
k= oi Muri 
As discussed in Sec. 19.9, the fields have to satisfy certain boundary 
conditions at the interface (i.e. at x= 0); for example, the tangential 
component of the electric field must be continuous across it. These condi- 
tions are to be satisfied at a// space points on the interface x — 0 and at all 
times. Consequently, the coefficients of y, z and t in the exponents 
appearing in Eq. (20.2-1) must be equal. Thus 
O = 93 — 3 (20.2-3) 
showing that all the waves have the same frequency. Hence Eqs. (20.2-2) 
simplify to 
ki — ote — d (20.2-4) 
kè = weap (20. 2-5) 


Further, if kis, kıy and kız represent the x, y and z components of kı, and 
similarly for ke and ks, we must have 


kiy = key = kay (20.2-6) 
and 
kis = kos = ksz (20.2-7) 


Without any loss of generality we may choose the y-axis such that 
kay=0 

(i.e. k, is assumed to lie in the x-z plane—see Fig. 20. 1). Consequently, 
key = kay =0 (20. 2-8) 


Eq. (20.2-8) implies that the vectors k,, k, and k, will lie in the same plane. 
Further, from Eq. (20.2-7) we get 


k, sin 0, — ky sin 6, = ky sin 6, (20.2-9) 
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& 


Fig.20.1 The reflection of a plane wave with its electric vector parallel to the 
plane of incidence. 
Since k, = ks (see Eq. 20.2-4) we must have 
0, = 9, (20.2-10) 


i.e. the angle of incidence is equal to angle of reflection. Further, 


sin 0, Ka. oV Gia 
FD EMPIRE 
or 
sin 0, _ Esta 
a= J E (20.2-11) 


If v, (- L-) and v, (- L-) represent the speeds of propagation of 
Veta A es 


the waves in media 1 and 2, then 


sinô, Vi "2 x 
snb, wn (20.2-12) 


where 
: T c EL 
n (- P =a van) and ns (- [A mt Van) 


represent the refractive indices of media 1 and 2 respectively. Eq. (20.2-12) 


is the well known Snell's law. 
We will now derive expressions for the reflection and transmission 
dent on an interface of two 


coefficients when a plane polarized wave is inci 
dielectrics. We will first consider the case when the electric vector lies in 


the plane of incidence which will be followed by the case when the electric 
vector is at right angles to the plane of incidence. 
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Casel. E Parallel to the Plane of Incidence 


We will assume the electric vector to lie in the plane of incidence* as shown 
in Fig. 20.1. The magnetic vectors are along the y-axis, Clearly, the 
z-component of the electric field represents a tangential component which 
should be continuous across the surface. Thus 


Eiz + Es: En 
or 
— E, cos 0, + E, cos 0, = — E, cos 0, (20.2-13) 
Thus .— 
[— Ey exp {i (kier — 1) + Ey exp (i(k;*r — 01)]].-. cos 0, 
= [— Ey ci (eer — or], cos Op (20.2.14) 


Once again, since this condition has to be satisfied at all space points in the 
plane x — 0 and at all times, the exponents must be identically equal which 
leads to Eq. (20.2-3). Thus 


[Exo — Eso] cos 0, = Epo cos 0, (20.2-15) 


Further, the normal component of D must also be continuous and since 
D — «E, we must have 
GÉmx + G Ezr = 6, Es 
or, j 
© [Exo + Ego] Sin 0, = c, E, sin 0, (20.2-16) 


Substituting for F,, from Eq. (20.2-15), we get 


€ [Zio + Ey] sin 0, = c, sin 0, (Exe — Fal cos0, 


or, 
[ca sin 0, cos 0, + «, sin 0, cos 0,] Egy = [ts sin 0, cos 0, 
— €,sin 0, cos 0,] £, 
Thus a 
— Fa _ & Sin, cos 0, — e, sin 0, cos 6, 
Ew Sin 0, cos 0, + 6, sin 0, cos 8, 


ny (20.2-17) 


where r denotes the amplitude reflection Coefficient, the subscript || refers 
to the fact that we are referring to parallel polarization. If we now 


divide Eq. (20.2-15) by Ej, and substitute the expression for £20 from 
Eq. (20.2-17) we would get 


10 


*It is left as an exercise for the readers to show that if the electric vector asso- 
ciated with the incident wave lies in the plane of incidence then the electric vectors 
associated with the reflected and transmitted waves also lie in the plane of incidence. 
Similarly, if the electric vector associated with the incident wave is normal to the 
plane of incidence then the electric vectors associated with the reflected and trans- 
mitted waves also lie normal to the plane of. incidence. 
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[i cosine C08 asinna] 50 Ew cos 0, 


€, sin 8, cos 0, + & sin 0, cos 0 ETE OA 
or, 
2e, sin 6, cos 0. 

: — 1 1 1 i 
Ey e;Sin 8, cos 0; + e; sin 8, cos 0, (202) 
where tj denotes the amplitude transmission coefficient. 

In order to calculate the reflection coefficient we must determine the 
ratio of the x-components of the Poynting vectors (see Sec. 19.4) associated 
with the reflected and transmitted waves. The reason why we should take 
the ratio of the x-component can easily be understood by referring to 
Fig, 20.2. If S, denotes the magnitude of the Poynting vector associated 


Fig. 20.2 If the cross-sectional area of the incident beam is dA cos 0; then the 
cross-sectional area of the transmitted beam is dA cos 0s. 


with the incident wave then the energy incident on the area dA (on the 
surface x=0) per unit time would be SixdA = S,dA cos. Similarly, 
the energy transmitted through the area dA would be SoxdA = S, dA cos 0, 
and the energy reflected from the area dA would be S3. dA = Sscos6, dA. 
If R, and Tj denote the reflection and transmission coefficients then* 


xs L =$ ee z (20.2-19) 
& Enl 
_ <E,xH, > _ "Triad [See sec. 19.4] 
<E XH, > {ale ld 
By ui 
er Fal 
p? Eo 


*To calculate the Poynting vector we must use the real parts of E and H; see 
Sec. 19.4. 
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or ; " 2 
_ [ «sin, cos 6, — e, sin 0, cos | (20. 2-20) 
R= & Sin 0, cos 0, F €, Sin£, cos 0, 


T, Sox = Sa cos 0, 
“Six S,cosó, 


and 


e Eos 
dn «XH cont, isl E cos 0, 
«E,XH, cost, e 
A Ln cost, 
1 


es e, sin 6, 2e, sin 0, cos 0, ? cos 0, 
^ M6 a] & sin 9, Le, sin 0, cos 6, + c, sin 0, cos 0, | cos 8 


where we have substituted for Je from Eq. (20.2-11). Thus 
1 
he 4e € sin 0, sin 0, cos 6, cos 0, 


[cs sin, cos 6, + e, sin, cos 0,]¢ 
It can easily be seen that 


(20.2-21) 


R+%=1 (20.2-22) 


For non-magnetic media, p, = B© H= 4xX10- N/amp* and the 
expression for the amplitude reflection coefficient [Eq. (20.2-17)] simplifies 
to* 


__ "sin, cos 0, — n? sin 9, cos 0, 


Li 
; nj sin 0, cos 0, + n? sin 0, cos 0, 


But 


Therefore, 
sin? 0, : A 
sint, C05, sin 6, —sin6, cos 0, 


in? 
ange cos 9, sin 0, + sin 0, cos 0, 


"i 


= SinO, cos 0; — sin 9, cos0, 


sin 0, cosÓ, + sin}, cos 0, O23} 


or 
nike sin 20, — sin 20, = 2cos (0, + 0,) sin(0, — 0,) 


sin 20, + sin20, ~ 2sin (0, + 6,) cos (0, — 6,) 
T: tan (0, — 6,) js 
in EO (24.2.24) 


*We are using here the fact that for nonmagnetic media 


necv= E 
Thus Sotto fo 


Mut 
€ 
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Similarly, starting from Eq. (20.2-18) one easily obtains 
__ 2cos0, sin 0, 
fi — "in (9, F (20.2-25) 


From Eqs. (20.2-24) and (20. 2-25) we may deduce the following: 


(a) No reflection when n, = m 
When n, = 71, 0, = 0, and we get 


m=O and tj—1 


Thus there is no reflection when the second medium has the same refrac- 
tive index as the first medium (obviously!). 


(b) Polarization by reflection: Brewster's law 


If the angle of incidence is such that 9, 4-0, = » then r= 0, ie. there 
is no reflected beam.* Thus, if an unpolarized beam is incident at an 
angle such that 6, +0, = then the parallel component of the E-vector 


will not be reflected and the reflected light will be polarized with its 
E-vector perpendicular to the plane of the incidence (see Fig. 20.3). This 
is the famous Brewster’s Law. The corresponding angle of incidence is 
known as the Brewster angle (or the polarizing angie) and is usually 


Partially 
Polarized 


Unpolarized Linearly 
Polarized 


to) (b) 
Fig.20.3 When an unpolarized beam of light is incident on a dielectric at the 
polarizing angle (is. the angle of incidence is equal to tan ES 


then the reflected beam is plane-polarized with its E-vector perpendi- 
cular to the plane of incidence. The transmitted beam is partially 
polarized. The dashed line in (b) is the normal to the reflecting 


surface. 


*Consequently the entire energy will appear in the transmitted beam. But 
ty = 2cos? 0,—why? (See Fig. 20.2). 
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denoted by 0,. Notice that the angle of refraction will be Z 2-9 and 
therefore Snell’s law takes the form 


My sin; —— sinü, _ Ly E 
ee : —tan6, (20.2-26) 
sin (5 — 6, 
or 
0, = tan-t (&) (20.2-27) 
1 


Thus, when the angle of incidence is equal to tan-! (2) then the reflected 
1 


beam is plane polarized. Further, the transmitted beam is partially 
polarized. It is easily seen thatat the polarizing angle, the reflected ray is 
at right angles to the refracted ray. 


(c) Phase change on reflection and Stokes’ relations 
When light is incident on a denser ` medium, 0, « 0, and for 


(6; -- 8) > 5 e. 0, > 05), rj is negative implying a phase change of m. 


However, no such phase change occurs when 9, < 0p. We will discuss 
this point in detail later. 

The amplitude reflection and transmission coefficients satisfy Stokes’ 
relations (see Example 20.1). 


(d) Reflection at grazing incidence 


For grazing incidence (= 3) Eq. (20.2-23) can be written in the 
form* 


n= 2 pai sin e iama sin Qa (20.2-28) 


— nsi 
! sin e, + sina, sin a, F sina, 


sin 0, 


where n= 2 D4—5 us 9, and a,= ; — 0, and at grazing incidence both 
these TAIN will be ne Now 


*The second medium must be a denser medium (i.e. na >m) otherwise the beam 
will undergo total internal reflection [see part (e). 
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or 


: f: "OS? 12 
sin«, —[1 — cos? ~] = i-e] 
n 
Thus 
; cos? a, ]/2 172 
n sin a, — | 1 —— A PEE ef ae 
Š [ n ] TA [1 x] 


ne p 


3 M^ —— " 20. 2-29 
n sin “tfi se na, [1 -x] i ! 


where we have replaced sin «, by «, and cos a, by 1 (thus we have retained 
terms proportional to «, but neglected terms of higher order—this will be 
justified when a, is small). Thus 


gue masa ot tne e A 
ry 1 i E I 
nè / n 


~ 2n* a, 
g—|1— -J> 715220 (20.2-30) 


which shows that the reflection is complete at grazing incidence. The 
transmission coefficient tends to zero as it is indeed obvious from 
Eq.(20.2-25) Thus, if we hold a glass plate horizontally at the level of 
the eye (see Fig. 20.4) the angle of incidence will be close to 7/2 and the 
plate will act as a mirror. 


n | Eye 


n 
Fig.20.4 When light is incident at grazing angle (i.e. a; = 0) the reflection is 
almost complete. 


(e) Total internal reflection 


When an electromagnetic wave is incident on a rarer medium (i.e. 
n,« nj) then 0, 7 0, and Snell's law [Eq. (20.2-12)] can be written in the 


form 


sin 0, = sin 0, = ifs sin 0, (20.2-31) 
2 2 


where the media have been assumed to be non-magnetic, i.e. we have 
assumed 


cum dee "E (20.2.32) 
0 


Clearly 
sin0,2 1 
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when 
6, > 
where 
be = sin? (=) =sin- Az (20.2.33) 


The angle 0, is known as the critical angle. Now, for non-magnetic media 
the amplitude reflection coefficient will be given by [see Eq. (20.2-17)]: 


— €2 COS Ó, sin 0, — e, sin 0, cos 6, 


"TH Cos 6, sin 0, + €, sin 0, cos 6, 
= 098 0, — Vee v/1 — sin*8, (20.2-34) 


cos 6, + VEE, 4/1 — sin? 0, 


e je ^ El —— 
cos 0, — 4 J — sin? 0, cos 0, — g vsin” 0. — sin? 0, 
= 2 1 " - 


cos 6, bs 5 —sin:0, COs 8 + Lv sin! 0, — sin* 9, 
2 1 
(20.2-35) 


where we have used Eqs. (20.2-31) and (20.2-33). Clearly, for 9, 9; 
the quantity under the square root becomes negative and we may write 


5i / sin 0, — sin*9, ( eas iz — sint a) m, (20.2-36) 
€. € A & 


where y is a real number. Substituting this in Eq. (20.2-35) we get 


cos 0, — iy r -3 
n Goth LER. (20.2-37) 
and the reflection coefficient will be given by 


R- |n f 21 (20.2-38) 


Showing that the entire energy is reflected back into the first medium. 
This is the well known phenomenon of ‘total internal reflection’. We ma’ 
however, note two points: 

(Gi) since rj; is a complex number, the phase change on reflection lies 
between 0 and = (see Example 20.3). 

(ii) The amplitude transmission coefficient is given by 


2e, sin 0, cos 0, 
€, Sin 6, cos 0, + e, cos 8, sin 0, 


n 


which is not zero. Thus the field in the rarer medium is not zero 
(see Example 20.4). 
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Example 20.1 Fig 20.5 shows that if the , media are interchanged the 
angles of incidence and refraction are reversed. If rj and /j denote , the 


(b) 


(0) 
Fig.20,5 The angles of incidence and refraction are reversed if the media are 
interchanged. 


amplitude reflection and transmission coefficients corresponding to 
Fig. 20. 5(b), then show that 


1 4 ruri m tji (20.2-39) 
(This is one of the Stokes relation—.ee Chapter H ) 
Solution. 
.. sin 0, cos 0, — sin 6, cos 0, 20.240 
"i = Sin 0, cos 0, | sin 0, cos 0, Cz) 
(see Eq. 20, 2-23) 
4 sin 0, cos 0, — sin 0, cos0, — — 0.2 
inbi cos 0, F sin 0p cos 0, ^ " poa) 
{see Fig. 20.5) 
XA hei sin 6, cos 0, _ 
sin 0, cos 0, +2 cos 6, sin 0, 
i 
i 2 sin 0, cos 0, 
“sin 0, cos 6, + sin 0, cos 0, 
e n sint d) 
(because por ate: 
and 


2 cos 0, sin 8, 


ine sin 6, cos 6, + sin 0, cos 0z 


Simple substitutions 'give 


sin 0, cos 6, — sin 0, cos 0,7)? 
1 nr a P= i- [S 0, cos 8, + sin 0, cos 0, 

2 
-1 


Example 20.2 In deriving the reflection and transmission coefficients. 
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instead of assuming the continuity of the normal component of D, if we 
assume the continuity of tangential component of H show that the same 
results for the reflection and transmission coefficients would be obtained. 
Solutions. Itis obvious from Fig. 20.1 that the magnetic field will be in 
the j-direction* which represents a tangential component. Thus if H,, H, 
and H, represent the magnetic fields associated with the incident, trans- 
mitted and reflected waves respectively then we may write 


H, =f Hy exp [ikr — o1) 


H, =9 Hyo exp [i (kut — on] SU 
H, =f H,exp[i(Kyr— o] J 
Continuity of the y-component of the field would give 
Hio + Hyo = Hio (20.2-43) 
But 
SESE (20.2-44) 
op 
Thus K (Et E) = 12 Eye (20.245) 
eu Os 


Continuity of the tangential component of E gave (see Eq. 20.2-15) 
(Eo — Eso) cos 0, = pei Cos 0, 


uk x 3 i n + Eg) cos 6, 
or 


s cos 0, — Ky cos 6, 

Ew Ue By d 
n= =p p (20.2-46) 

ae p, c8 + cos 0, 


M (20.2.47) 


If we now use Snell's iaw, i.e. 


„sin 0, - [on 

sin sind, es 

we would get Eq. (20.2-17). However, from Eq. (20.2-35) we get the 
reflection coefficient at normal incidence 


*The vector EXH is along the direction of propagation. 
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Vies = Vales . m —n 
un UV EIS EROS 


the last relation holds only for nonmagnetic media (y, = pı = uo). Thus 


R-|z8] -(zny E 
HER, (20.2-49) 


For a beam incident from air onto glass m = 1.0, n, = 1.5 and therefore, 
R 0.04 (20.2-50) 


Thus about 4% of the light is reflected and 96% is transmitted into glass. 


Example 20.3 Calculate the phase change in the beam which undergoes 
total internal reflection. 


Solution. 
cos 0, — 
cos 0, + iy 


A us (20.2-51) 


n= 


where 
= [cos? 0, + y]? 


cos 0 I ur ae y. 
cos $7 fort F gp 5 $ = fost Fe 
Thus 
Ey = En e-*9 (20.2-52) 


and the phase change (A) is given by 


ms WY GMa dodged 16 vsin? 0, — sin? “sin? 0, y 
A —24 — 2 tan corum 2 tan’ eG com m (20.2-53) 
Example 20.4 Determine the nature of the transmitted wave when the 


beam undergoes total internal reflection. 
Solution. The electric feld associated with the transmitted wave is given 


by (see Eq. 20.2-1): 
E, = Es exp [i (k:r — of] 


= Ea, exp [i (Kax x + kzz z — ot)] 
= Ex exp [i (ky x cos 0, + ka zsin 6, — et)] (20.2-54) 


(see Fig. 20. 1) 
sin 0, E 
Now sin 8, NE 


^o sin 0, = Vale sin 0, 
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and 


Thus >: 
E, = Ep exp (— Bx) exp [i [e Jg sn a.) T at} ] (20.2.55) 


where 
6-4 Jae (20.2-56) 
i 


The field given by Eq. (20.2-55) represents a wave propagating in the 
-F z-direction with an. amplitude decreasing exponentially in. the x-direc- 
tion. Sucha wave is known as a 'surface-wave' or an ‘evanescent wave' 
(see Fig. 20.6). Such waves have many interesting applications.* 


x Evanescent Wave 


Interface 


POA 


Fig. 20.6 An evanescent wave is generated in the rarer medium when a beam 
undergoes total internal reflection. The evanescent wave is propagating 
along the z-axis and the amplitude decreases along the x-axis. 


Case2. E Perpendicular to the Plane of Incidence 

Let us next consider the reflection and refraction of a linearly polarized 
plane wave with its electric vector perpendicular to the plane of incidence; 
the reflection is assumed to occur at the interface of two dielectrics. Thus 
the electric vectors will be along the y-axis (see Fig. 20.7) and we may 
write 


E= y Ey exp [i (Ky: r — of )] ] 
E,—y Ego exp[i(kesr— of] > 
Ey =} Fay exp [i (ky-r—aot)] J 


where E, E, and E, denote the electric vectors associated with the 
incident, transmitted and reflected waves respectively. Since the y-axis is 
tangential to the interface, the y-component of E must be continuous across 
the interface; consequently 


(20.2-57) 


*See, for example, Bryngdahl (1973). 
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Fig. 20.7 The reflection and refraction of a plane wave, the electric vector lies 
perpendicular to the plane of incidence. 


Eo + Es = Exo (20. 2-58) 


The directions of the magnetic fields* are also shown in Fig. 20.7; 
they lie in the plane of incidence and are given by 


H, = Ha expli (sr — on] = Ee exp [E dr — or] ] 


Ue k: X E, i 
Hy = Hs exp [i kyr = on] e “r exp [i(k t= on]. $ (20.259) 


ks X E, ; 
s exp kart orn] y 


Hy == Hyp exp [/(k:r — o0] = 
(Notice that H lies in the plane of incidence). Since k, is at right angles 
to E, the magnitude of Hyo is simply Ae; similarly for Hg, and Hs. 

1 


It is obvious from Fig. 20.7 that for the component of the magnetic 


field to be continuous, we must have 


Hy, cos 9, — Ha, cos 0, = Hag cos 0, (20.2-60) 
or 


à (£45 — Eg) cos 0, = = Eso cos 0, (20.2-61) 
GU; 


Substituting the expression for Eso from Eq. (20. 2-58) we get 
x (Eo — Ey) cos 8, = A (Ey, + Eu) cos 0; 
p 10 » 1 Oly 10 30 $ 


*]t may be noted that since the displacement vector D has no component normal 
to the interface, the continuity of norma] component of D will not give us any 


equation. 
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Rearranging we get 


> kgs gus a cos 0, 
hn Ew oe oe (20. 2-62) 
Eo Er WR 0. 
T cos 0, + Em: cos 0, 
J cos 0, — Ji cos 0, 
pP (20.2-63) 
Ja cos 0, + JE cos 0, 
un He 
_ sin 6, cos 0, — sin 0, cos 0, _ _ sin (0, — %) (59 9 64 
~ sin 0, cos 0, + sin 8, cos6, — sin (0, + 9) and 
Further = 
2 [e cos 0, 
ate ft = LEE Re 7 _(20.2-65) 
10 10 m m 
— cos 6, - M eost 
es 2 Us x 
2 sin 6, cos 6, (20.2-66) 


= sin (0, + 6) 


where the subscript L on r and f refers to the fact that we are referring to 
the state of polarization in which the E-vector is perpendicular to the plane 
of incidence. It may be mentioned that Eqs. (20.2-62), (20.2-63) and 
(20.2-65) are exact, whereas Eqs. (20.2-64) and (20.2-66) are valid for non- 
magnetic media. Once again, one can show that when 0, > 6,, total 
internal reflection will occur and for grazing incidence the reflection is 
complete. 

We may summarize now the amplitude reflection and transmission 
coefficients for the two cases; the results being valid for non-magnetic 


media: 
(2) cos 6, — Gy — cos? 0 
r, = "2 COS 0, — m cos0, m 4 Wf n, à (20.267) 
| my cos 0, + m cos Ôa — (no TTC MN : 
(2) cos 6, + JE) — cos? 6, 
Jn m 
.. tan (0, — 0,) Ao 
BÉTTTOEXY (20.2-68) 
ny 
cos 0, — /[-3) — cos? 6 
__M, cos 8, — ity COS Oy — 1 JE) 1 
ry =n, 608 0, +7, 608 0, aS = (20.2-69) 
cos 6, + JG) — cos? 0, 
n 
— __ Sin (0, — 6) j 
sin (8, + 6,) (20.2-70) 
4 2 n, cos 9, 2 cos 0, sin 0, (20.2-71) 


= mcos 0, + n, cos 8, sin 8, cos 9; + sin 6, cos 0; 
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= 27 cos 0, _ 2 cos 6, sin 6, 
"kr n, cos 0, +7, cos 6, sin (0, +6) (20.2-72) 


=q. (20.2-67)—(20. 2-72) are known as Fresnel equations.* We write 
r—|r|et* 


The variations of |r |, |”, |. 4) and $y are plotted in Figs. 20/8 and 20.9 
for n/n, — 1.5. The direction of the E-vector in the reflected components 
are shown in Fig. 20.10. 


Lor 


0.8 


0.6 


0.4 


0.2 


Fig.20.8 Variation of [r, | and [r1 | with the angle of incidence when ng = 1.5 
and m =1.0 


Referring to Fig. 20.8 we note that when 0, = tan? (mg/m) = 56°, 
|r; |= 0. This is the Brewster’s angle. At grazing incidence (ie. as 
0, — 90°), both |7; | and |r; | tend to 1 implying complete reflection. At 


*An alternative derivation of Fresnel equations has been given by Feynmann, 
et al. (1964)—Vol. 1§ 33-6. 
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nL EE 
$ 
$i t 
(0 : n 
[] Op sd p sd 
oe ' 


b) 
(e) 


Fig.20.9 The phase change on reflection. (a) for the parallel component and 
(b) for the perpendicular component for n4—1.5 and m=1.0; $4 =x 
for all values of 0, 


? 
(0) (b) 
Z + - 
0, «0, 4 
4 " 
(c) (d) 


Fig. 20.10 For the perpendicular component there is a phase change of x at 
all angles {(a) and (b). For the parallel component "there is no 
phase.change for 6; < 0, [see (c) and (d)). Notice that at normal 
incidence, the electric field changes direction in both the cases. 


normal incidence (i.e. 0, — 0) any state of polarization can be thought of 
as parallel polarization or perpendicular polarization* and we should 
expect rj and ry to give the same result. Fig. 20.8 shows that both |r; | 
and |r; | have the same value; however Fig. 20.9 shows that whereas the 
perpendicular component predicts a phase change of =, there is no phase 
change associated with the parallel component. There is, however, no 


*This is due to the fact that at normal incidence thé direction of propagation is 
coinciden*. with the normal to the reflecting surface and amy plane containing the 
norma! could be thought of as the plane of incidence, 
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inconsistency, if we study the direction of the electric vector associated with 
the reflected component [see (b) and (d) of Fig. 20.10]. 


y z 
x n :9| 
En Al E Sp* 50° 3 
n 3 
“= Es 
A 
A 
(a) 
y y 
D = ii Eo 
ky k; 
(b) 3 (c) 


Fig. 20.11 (a) A right circularly polarized beam is incident on an air-glass 
interface at 50°. The reflected beam is left elliptically polarized 
(b) shows the direction of rotation of the E-vector. for the incident 
wave. The direction of propagation (shown as (X) is into the page 
(c) shows the direction of rotation of the E-vector for the reflected 
wave. The direction of propagation (shown as ©) is coming out 
of the page. 


Example 20.5 A right circularly polarized wave is incident on an air-glass 
interface at 50° (see Fig. 20.11a). Find the state of polarization of the 
reflected and transmitted waves. 


Solution. For a right circularly polarized wave (Fig. 20.11 b) we may write 
E, — E, — E, sin ot 
E = E, cos ot; 
E, = — Ej cos 0, = — E, sin wt cos 50 


E, = E; sin 0, = E, sin wf sin 50 
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Since the angle of incidence is less than the Brewster angle, the electric 
fields associated with the reflected wave would be 


E, — E, — — |r| E, Sin ot 
Ej — |nj| Eo cos ot 


Since |n, |<|r1| (see Fig. 20.8), the reflected beam is left elliptically polar- 
ized. Similarly the transmitted beam will be right elliptically polarized. 


20.3 Reflection by a Conducting Medium 
If we consider a plane wave incident from a dielectric onto a conducting 
medium (with conductivity c), the expressions for E/E, and E,j/E,, will 
remain the same, except for the fact that k, will now be complex (see 
Sec. 19.7). Snell's law 

Kk, sin 6, = k sin 0, (20. 3-1) 


will also remain valid, but since ką is complex sin 9, will also be complex. 
If we consider the case when the electric fields are perpendicular to the 
plane of incidence (see Fig. 20.7) we have [see Eq. (20.2-62)]: 


kı ky 
Ex ee Uem oo [A 


r= Es (20.3-2) 


k, k, 
a cos 0, m cos 0, 
where 
k,—«4 ig (20.3-3) 
«ovas [12 fr ].s-525 7 0.34 


262 
ae 


(see Sec. 19.7), For normal incidence 


r = LOB (20.3-5) 


and 


En 


He Ert (20.3-6) 


14 61 19) 
For a good conductor = >> 1 and 


a= BX ynom]? 
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Thus 
LES _1-(1+i)A 
AS E ICDA (20.3-8) 
Ex | 2 poy 
tj EETA (20. 3-9) 
where 
ou, z 
A= a (20.3-10) 


For infinite conductivity, A > oo and 


Eyo= — Ep, Exo = 05 (20.3-11) 


showing that there isa phase change of x on reflection. Further, the 
energy is completely reflected and the field inside the conductor is identi- 
cally zero.* For finite (but large) value of c, an approximate expression 
for the reflection coefficient can be obtained in the following manner: 


1 2 

NT RE ES 

Es m 
tar» 


zii 2 ANTH 

RIT (anaes A 

zia ee (20.3-12) 
9p, 


For non-magnetic media, with 
€, £i & = 8.854 x 107? C'/Nm* 
o zz 2n x 10 sec, a zz 3x 10? mhos/m (silver), R = 0.9996. 
Thus about 99.96% of light is reflected. This is the reason why metals 


are such good reflectors. Notice that the reflection coefficient increases 


with decrease in frequency. 
When the incidence is not normal one must 


expression for cos 0,: 


substitute the following 


*it should be noted that if a> œ (ie. for a perfect conductor, ry > + 1 and 
ry — 1 (see Eqs. 20.2-46 and 20.3-2) even for non-normal incidence. Thus, if a 
right circularly polarized wave is incident on a perfect conductor then the reflected 


light will be left circularly polarized. 
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1—sin9, = /1— (EY sine o 
cos 6, = 4/1 —sin =] — i) s 


1/2 
= [i = ers sin*0, ] 


cu, Sin’, 
Wope 


Sa dre 


zl 


The last expression being valid for good conductors. Thus for the trans- 
mitted wave we can write 


E, = E; exp [i (k;.r — of)] 
= Exo exp [i {ko cos 0, x + ky sin 0,2 — ot}] 
= Exo exp [i{a(1-+i) x + k, sin0, z — ot)] 
= Ey exp ( — ax) exp [i («x -+ ky sin 0,2 — ot)] 


For a good conductor a > > k, and the wave (having an amplitude 
exponentially decreasing in the x-direction) propagates a/ong the x-axis. 


PROBLEMS 


1. Consider the normal incidence of a plane wave on a dielectric slab as shown 
in Fig. 20.12. Show that the reflection Coefficient is given by 
2y (1 + cos a) ' 
R= 7 42 core fy 


n— iy. i 4znt 
: vs OSEE iie s MC. ara 


t being the thickness of the dielectric, Find the values of ¢ for which the reflec- 
tion coefficient is zero and compare with the results obtained in Sec. 12.2. 


where 


vacuum (éo) | | | | 
neces gh 


dielectricte ) t 


c IX BEN, 


vacuum 


Fig. 20.12 Normal incidence of a plane wave on a dielectric slab. 


2 Derive the expression for reflection Coefficient fora wave incident normally on 
a dielectric interface. Notice that the expression is independent of the direction 
of polarization of the incident T 
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3. Consider a magnetic dielectric with a permeability such that = = t. Show that 
J 


for such a material the reflection coefficient for normal incidence is identically 
equal to zero, This realization is equivalent ‘o the situation where the impedance 


is matched at the junction of two transmission lines. (The quantity ni © canbe 
€ 


considered as the intrinsic impedance of the medium). 

4. A right circularly polarized beam is incident on a perfect conductor at 45°, 
Show that the reflected beam is left circularly polarized, 

5. For polystrene n2«1.64. Calculate the Brewster angle. Show that at an angle 
of incidence of 60°, r, = — 0.0747, rı œ — 0.515. If a right circularly polarized 
beam is incident at this angle, show that the reflected beam is right elliptically 
polarized. 

6. Inthe above problem if the angle of incidence is 45°, show that the reflected 
beam is left elliptically polarized with the ratio of the major and minor axes 
of the ellipse equal to 3.56, Show also that the refracted beam is right 
elliptically polarized. 

7. Consider a linearly polarized beam with 

Ex = 1E, cos (k.r — or) 


DES. Eq tos (k.r — ot) 


E, = — j Eg cos (k.r — ot) 
incident at an angle of 45° on a perfect conductor. Show that the reflected 
beam is also linearly polarized with its E rotated by 90° (The x, y and z-axes are 
defined in Fig. 20.1). F 

8. In the above problem if the beam is incident on glass with m= 1,5, determine 
the state of polarization of the reflected beam. z 

9. A left circularly polarized beam of intensity 1W/cm? is incident on an air-glass 
interface at 60°. Obtain the states of polarization of the reflected and the 
refracted beams and the intensities associated with them. Interpret the result 
physically keeping in mind that the angle of incidence is close to the Brewster's 


angle. 
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PART VI 


Photons 


2] The Particle Nature of 
Radiation 


Two voices are there; one is of the sea, 

One of the Mountains; each a mighty voice: 
In both from age to age thou didst rejoice, 
They were thy chosen music 


WORDSWORTH 


211 Introduction 


In the earlier chapters, we have discussed the interference, diffraction and 
polarization of light. All these phenomena can be explained satisfactorily 
on the basis of the wave theory of light. We have also discussed the 
electromagnetic character of light waves (see Chapters 18 and 19) and 
have shown that the electromagnetic theory can be successfully used to 
explain the origin of refractive index (see Chapter 6), the phenomenon 
of double refraction (see Chapter 18) and many other ‘experimental 
results. However, there exist a large number of experimental pheno- 
mena which can only be explained on the basis of the corpuscular nature 
of radiation.* In this chapter we will discuss the famous experiments 
on the photoelectric effect and the Compton effect which establish the 
particle nature of light; a wave model is totally inadequate to explain 
these effects. 


21.2 The Photoelectric Effect 


As mentioned in Chapter 1, when light falls on certain metal surfaces 
(like sodium), electrons are emitted. These electrons are known as 
photoelectrons and can be collected by a metal plate B as shown in Fig. 21.1. 
The photoelectrons constitute a current between the plates A and B 


*In the first chapter, we discussed how one can reconcile to the dual nature of 
radiation (i.e. the wave and the particle aspects) on the basis of the quantum theory. 
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which can be detected by means of an ammeter A. When the voltage 
across the plates is varied, the current also varies; typical variations ol 


Incident Light 


CUPS 


^otoelectrons } 


Large Current 


——j-—(4-— ^ 
Weak Current 


(b) 
Fig.21.1 1f light (of certain frequency) is allowed to fall on a metal like 
sodium, electrons are emitted which can be collected by the plate B. 
(a) and (b) correspond to positive and negative voltage applied to the 
plate B. Even when the plate is kept ata low negative voltage, one 
can detect a small current. 


the current with voltage are shown in Fig. 21.2, The figure corresponds 
to monochromatic light of a particular wavelength and the different 
curves correspond to different intensities of the beam. From the figure 
one can draw the following conclusions : 

(i) At zero voltage there is a finite value of the current implying that 
some of the emitted photoelectrons reach the metal surface B. 

(ii) As the voltage is increased, the current increases till it reaches a 
saturation value; this will happen when all the emitted photoelectrons are 
collected by the plate B. 

(ii) Ifthe plate B is kept at a slightly negative potential, there is a 
weak current implying that some of the photoelectrons do manage to 
reach the plate B. However, beyond a certain voltage (which is shown 
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as -V, in the figure) the current is zero; V, is known as the cutoff voltage 
and the quantity | e| Ve will represent the maximum kinetic energy of the 
photoelectrons (e represents the charge of the electron). 

(iv) If we do not change the wavelength of the incident radiation 
but make it more intense, the magnitude of the current will become 
larger as shown in Fig. 21.2 implying a greater emission of the photo- 
electrons. Notice that the value of the cutoff potential remains the same; 
this important result implies that the maximum kinetic energy of the 
emitted -photoelectrons does not depend on the intensity of the incident 
radiation. 


Voltage of Plate B with reference to plate A 


i jati i . The upper curve 
i ical variation of the photocurrent with voltage. P u 
aic feo to light (of the same frequency) baying greater intensity. 


requency of the incident radiation is increased then the 
Mu int (and fom the maximum kinetic energy of the mien 
photoelectrons) increases. Indeed the maximum kinetic od of the 
electrons (=|e| V3 varies linearly with the frequency as s par in 
Fig. 21.3. Further, for frequencies less than a critical value (s Wen 
vein Fig. 21.3), there is no emission of photoelectrons no matter wha 
the intensity of the incident radiation may be. ) 

At first sight it appears that since electromagnetic waves carry energy 
(see Chapter 19), the wave model for light should be able to explain the 
emission of photoelectrons from a metal surface. However, there are 
certain peculiarities associated with photoelectric effect which cannot be 
satisfactorily explained by means of a wave model, The first peculiarity » 
the fact that the maximum kinetic energy of the electrons does not depen: 
on the intensity of the incident radiation, it only depends on its frequency; 
further, a greater intensity leads to a larger number of electrons constitut- 
ing a larger current. Thus, a faint violet light would eject electrons of 
greater kinetic energy than an intense yellow light although the latter 
would produce a large number of electrons. A wave model would, how- 
ever, predict that a large intensity of the incident radiation would result 
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in a greater kinetic energy of the emitted electrons. Indeed, as mentioned 
earlier, the observed maximum kinetic energy of the photoelectrons is 
linearly related to the frequency of the incident radiation and one may 
write (see Fig. 21.3) 


Trax = — B+ liy = h (v — v») (21.2-1) 
where B (= Jive) is aconstantand his the Planck's constant (= 6.627 x 10-27 
erg.-sec). The frequency v, represents the cutoff frequency and is a 
characteristic of the metal. For example, for sodium the cutoff frequency 
is 4.39 x 10! sec-1, 
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Fig.21.3 The variation of the maximum kinetic energy of the electrons as a 
function of frequency of the incident light. 


The second peculiarity is the fact that there is almost no time lag 
between the times of incidence of the radiation and the ejection of the 
photoelectron. For weak intensities of the incident beam the wave theory 
predicts a considerable time lagfor the electrons to absorb enough energy to 
leave the metal surface. This can be illustrated by considering a specific 
example. One can observe a detectable photocurrent if the surface of sodium 
metal is illuminated by violet light of intensity as low as 10-10 W/sq. cm. 
Assuming that the energy is uniformly absorbed by the upper ten layers of 
sodium, cach atom would receive energy at the rate of ~ 10-26 W* (zz 10-7 eV/ 
sec). Assuming that an electron should acquire an energy~leV to escape from 
the metal, one should expect. a time lag of order 107 sec. (z few months). 


*Ten layers of sodium will contain 


6x 1023 x 10x 10-8 
070—233  — = 21015 atoms/sq. cm, 


where we have ussumed the density of sodium to be = Igicm3, 


LE Ac LL 
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However, the experiments show that there is no detectable time lag between 
the incidence of the radiation and the emission of the photoelectrons.* 

Einstein's photon theory gives a very satisfactory explanation of the 
photoelectric effect. According to this theory, a light beam (of frequency 
v) essentially consists of individual corpuscles called photons, Each 
photon carries an energy equal to Av. This corpuscular model can explain 
all the observations discussed above. Thus, for all frequencies below the 
cutoff ve, each photon will carry energy less then Ave which will not be 
sufficient to eject the electron from the metal. For v> ve, a major fraction 
of the excess energy [= h (v — ve)] appears as kinetic energy of the emitted 
electron. Further, the non-measurable time lag between the incidence of 
the radiation and the ejection of the electron follows immediately from the 
corpuscular nature of the radiation. 


21.3 The Compton Effect 

If u represents the energy per unit volume associated with a plane 
electromagnetic wave, then Maxwell's equations predict that the 
momentum per unit volume associated with the electromagnetic wave 
would be u/c, where c represents the speed of light in freespace (see 
Sec. 19.6). Since each photon carries an energy equal to Av, it should 


have a momentum 5 this was indeed verified by Compton in 1923 by 


means of a scattering experiment. It may be mentioned that according 
to Maxwell's theory, if an electromagnetic wave is incident on an 
electron (which may be bound to an atom), then the electron executes 
oscillatory motion of the same frequency as of the electromagnetic 
wave. The oscillating electron radiates electromagnetic waves (of the same 
frequency) in all directions; indeed this scattering leads to the blue colour 
of the sky and also to the redness of the setting sun. 

On the other hand, the quantum theory tells us that since a certain 
velocity is imparted to the electron, the scattered photon must have a 
smaller energy and hence a larger wavelength. The change in the wave- 
length. can easily be calculated in the following manner. Consider the 
scattering of a photon by an electron as shown in Fig. 21.4. The scattered 
photon is assumed to have a frequency v'. Conservation of energy leads to 


hy = hy! + Ex (21.3-1) 
where Ex represents the kinetic energy imparted to the electron. Conser- 
ving the x-and y-components of the momentum, we have 

Jn I cos 0 +p cos e (21.3-2) 


c [3 


*Indeed, Lawrence and Beams (1928) had devised an experiment to find out 
whether the time lag was < 310% sec; the experiment gave a negative result. 
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and 
0 P. sin — p sin e (1.3-3) 


where p represents the momentum of the electron after collision, 0 and e 
represent the angles made by the scattered photon and the electron with 
the original direction of the photon (see Fig. 21.4). It will be shown 


Incident Photon, 


F 
momentum it Electron 


fs) 


Fig. 21.4 The Compton scattering of a photon by an electron. 


that for a measurable Compton effect, the frequency v should be in the 
X-ray orin the y-ray region.* For such high energy photons, the velocity 
imparted to the electron is comparable to the speed of light and one must 
use proper relativistic expressions for £j and p. According to the theory 
of relativity, the kinetic energy Fx would be given by 


mace 


VI-É-C moc*, — (21.3-4) 


Ey = E — nyc = me? — ing? = 


where = 5 my represents the rest mass of the electron, v the speed of the 


electron and c the speed of light in free-space; the quantities £ and nye 
are known as the total energy and the rest-mass energy of the electron. 
Further, the relativistic momentum of the electron is given by 

Um 

SHINS: u E 
Pp vi-s (21.3-5) 


Now, 
2 
Pet + mici = e +m c 


> Qunt 
ST- vč 


(21.3-6) 


*For X-rays, à < ! A and jm > Int ey. 
€ Š 
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or 
ph + ict Et = (Fx + me) = Eb net 2E (21.3-7)* 


Thus 


EE + 2E mye? = pic (21.3-8) 
Substituting for Fx from Eq. (21.3-1), we get 
ht (y — vy + 2h (v — v) me = pe (21.3.9) 
Further, Eqs. (21.3-2) and (21.3-3) can be rewritten in the form 
pcos ge 2% cos 0 (21.3-10) 
and 
psin e = sin 0 (21.3411) 


In order to eliminate , we square and add to obtain 
IM, [vy _ 2h? wi! 
p- (5) 4 (=) Ov oos 0 (21.3412) 


Substituting in Eq. (21.3-9), we obtain 


hi (S 2w vy 2h (vy — v) mye" 
es iE + hv’? — 2h? w cos 0 


or 
vse viet” = 18 (1 ~ còs 0) 


or 
, h 
ANEN m Aap hr CORED (21.3-13) 


which gives us the Compton shift.** If we substitute the values of /i, n, 


and c, we obtain 
AA eX = A 0.0485 sin? 0/2 (21.314) 


where \ is measured in Angstroms. The above equation shows that the 
maximum change in the wavelength is about 0.05 A, and as such for a 
measurable shift one must use radiation of small wavelength. In Fig. 21.5 


we have shown the wavelength of the scattered photon at different angles 


*The equation Et «e mic! + pi, is valid for all particles, For the photon, 
Em hy = pe giving a zero value for the rest mass. 

**|n the derivation of the Compton «hifi we have assumed that the electron 
is free although we know that the electrons are bound to the atoms, The assump- 
tion of a free electron is justified because the binding energy (sw flew eV) ix yetntty 
very mucii «maller in comparison to the photon energy (> 1000 cV). 
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with respect to the primary beam as obtained by Compton in his original 
experiment* in 1923. The solid curve corresponds to Eq. (21.3-14) with 
120.022 A. (Notice that the corresponding photon energy is 
~ 6.6x 10- x3 x 10!°/2.2x 1071? ergs ~ 0.5 MeV, which corresponds 
to a y-ray). The good agreement between theory and experiment proves 
that radiation behaves as if it consists of corpuscles of energy Av having 


a momentum Ay/c. 


@ Experimental points 
0.06 of Compton 


Curve X«0.022 «00485 sine 
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Fig.21.5 The vàriation of wavelength of the scattered photon with the angle of 
scattering. The solid curve corresponds to Eq. (21.3-14) with 
à= 0.022 Å. The dots represent the experimental points obtained 
by Compton. The figure has been adapted from the original paper 
of A.H. Compton on “A Quantum Theory of the Scattering of X-rays 
by light Elements”, Physical Review, 1923, 21, 382. 


In Fig. 21.6 we have given the schematic of the experimental arrange- 
ment for the measurement of the Compton shift. A monochromatic beam 
of X-rays (or y-rays) is allowed to fall on a sample scatterer and the 
scattered photons were detected by means of a crystal spectrometer. The 
crystal spectrometer allows one to find the intensity distribution (as a func- 
tion of à) fora given value of 0. The experimental findings of Compton 
are shown in Fig. 21.7; the experiment corresponds to the Molybdenum 

a line (à = 0.711 A). The sample used was graphite. Notice that at 
cach value of 0, there are two peaks; the first peak appears at almost the 
same wavelength as the primary beam. This peak is because of the fact 
that the photon may be scattered by the whole atom; consequently, the 


* The original papers of Compton have been published in a book on Scientific 
Papers of A.H. Compton: X-ray and Other Studies, edited by R.S. Shankland, The 
University of Chicago Press, 1973, 
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Fig. 21.6 Outline of the experimental arrangement for the measurement of the 
Compton shift. A collimated beam of monochromatic X-rays is 
scattered by the scatterer S; the wavelength of the scattered photon is 


measured by the detector D. 


tin A) 


Fig, 21.7 The intensity variation as a function of the wavelength of the scatter- 
ed photon, The vertical line. (marked P) corresponds to the un- 
modified wavelength à = 0.711 A. The second vertical line (marked 
T) corresponds to the wavelength as predicted by Eq. (21.3-13). 
The figure has been adapted from A.H. Compton's paper on "The 


spectrum of Scattered X-rays”, Physical Review, 1923, 22, 409. 
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quantity m, appearing in Eq. (21.3-13) is not the electron mass but the 
mass of carbon atom (which is about 22,000 times that of the mass of 
the electron). Thus the wavelength shift is negligible. The second peak 
corresponds to the Compton shift. In cach figure, the two vertical lines 
correspond to the unmodified wavelength and the modified wavelength as 
given by Eq. (21.3-13) and one can see a good agreement between the 
predicted and observed values. 


PROBLEMS 


i (a) Calculate the number of photons emitted per second by a 5 mW laser 
assuming that it emits light of wavelength 6328 A: (Ans. 1.6 x 108), 

(b) The beam is allowed to fall normally on a plane mirror. Calculate the force 
acting on the mirror. (Ans. 3.3 « 10-11 N). 

2. Assume a 40 W sodium lamp (445893 A) emitting light in all directions. 
Calculate the rate at which the photons cross an unit area placed normally to 
the beam at a distance of 10 m from the source. (Ans, 41017 photons/ 
m?-sec), 

3. In the photoclectric effect, a photon is completely absorbed by the cleétron. 
Show that the laws of conservation of energy and momentum cannot be satisfied 
simultaneously if a free electron is assumed to absorb the photon, (Thus the 
electron has to be bound to an atom and ihe atom undergocs a recoil when the 
electron is ejected. However, since the mass of the atom is much larger than 
that of the electron, the atom picks up only a very small fraction of the energy, 
this is somewhat similar to the case of a tennis ball hitting a heavy object; the 
momentum of the ball is reversed with its energy remaining almost the same). 

4. In the Compton scattering experiment, show that the fractional loss of energy 
of the photon increases with. decrease in the wavelength. Calculate this fractional 
loss ford = 0.711 A and 0.022 A; the former corresponds to the Molybdenum 
Ka X-ray line and the latter to the y-Tays emitted from RaC. 

5. If photoelectrons are emitted from a metai surface by using blue light, can you 
say for sure that photoelectric emission will take place with yellow light and 
with violet light? 

6. Show that if one used the non-relativistic expression for the kinetic energy of 
the electron (namely, Ey = p?/2m), one obtains the following expression for the 
Compton shift: 


» hv» —hv]-1 h 
x [t] mee — cos 9) 
Show that when the velocity of the ejected electron is small compared to c, 
the above equation would agree with Eq. (21.3-13). 
7 X-rays are emitted when accelerated electrons are stopped by a target. Ina 
Particular experiment, one finds that the minimum wayelength of the X-rays 


Produced by 20 keV electrons is about 0.6 A. Estimate the value of the 
Planck's constant, 
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PART VII 


Sources of Coherent Light 


22 Lasers: An Elementary 
Account 


When you turn your eyes to heaven 
skyward to the azure flow, 

when at dusk the Sun is driven 
down in crimson fireglow 

There in Nature's deepest kernel 
healthy, glad of heart and sight 
you perceive the great eternal 
essence of chromatic light. 


Goethe on Newton's experiment 
(Translation by DOUGLAS WORTH & VICTOR F. WEISSKOPF) 


22. Introduction 


The light emitted from a conventional light source (like a sodium lamp) is 
said to be incoherent because the radiation emitted from different atoms 
do not, in general, bear any definite phase relationship with each other. 
On the other hand, the light emitted from a laser* has a very high degree 
of coherence (see Chapter 14) and is almost perfectly parallel. Thus, if 


the laser beam is focussed by a convex lens, it is focussed in a region whose 
linear dimension is ~ Mt where à is the wavelength of the laser beam, f the 
focal length of the lens and a, the aperture of the beam. If f/~a, the 
area of the region to which the laser beam can be focussed is ~ \* and 
because A e 5 x 1075 cm, one obtains a tremendous intensity in this region.** 
This high intensity can be used to effectively ‘drill’ through a metallic 


target. 


*Laser is an acronym for Light Amplification by Stimulated Emission of Radiation, 
As the name implies, the process of stimulated emission is employed in the amplifica- 
tion of a light beam (see Sections 22.2 and 22.3). The theory of a laser was pro- 
posed in 1958 by Townes and Schawlow in the USA and by Basoy and Prokhoroy in 
the USSR. [Townes, Basov and Prokhorov were awarded the 1964 Nobel Prize for 
the invention of the Maser and the Laser; Maser is an acronym for Microwave 
Amplification by Stimulated Emission of Radiation.] The first laser was fabricated 


by Maiman in 1960. 
**For exemple, if the power associated with the laser beam ( = 5x 10-7 m) is 10 W, 


, 10 r 
then the intensity «t thv socal plane would be ~ 75x 10-14 = 4X 1075 W/m?! 
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Because of the high degree of coherence associated with a laser beam, 
it finds important applications in many diverse areas like holography, data 
processing, communications, etc. [see, e.g., Schawlow (1969), Sobolev (1974), 
Lengyl (1966), Siegman (1971), Sodha and Ghatak (1977)]. 

The basic physics involved in the lasing action is the phenomenon of 
stimulated emission which will be discussed in Sec. 22.2. In this emission, 
the electromagnetic radiation forces an atom in the excited state to emit 
radiation which has the same frequency, same phase. and which propagates 
in the same direction as the incident radiation (Fig. 22.1). These can 


Before Atter 
£4 ———— E, 
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Fig. 22.1 (a) Absorption of a photon which makes the atom to go to an excited 
state. (b) The spontaneous emission. (c) The stimulated emission. 


cause further stimulated emissions and this process leads to a coherent 
radiation. However, for light amplification to take place in the system, 
one must have a larger number of atoms in the higher energy state than 
in the lower energy state (Sec. 22.3). This is known as population 
inversion. In the first laser fabricated by Maiman in 1960, population 
inversion was achieved in the following manner: The laser was made 
from a single cylindrical crystal of ruby whose ends were flat and one of 
the ends was completely silvered and the other end was partially silvered 
(Fig. 22.2). Ruby consists of Al,O, with some of the aluminum atoms 
replaced by chromium.* The energy states of the chromium ion are 


*The AlO; crystal which serves as a medium to suspend the chromium ionsi: 
known as the host erystal. The characteristics of the host crystal affect the laser 
action and also the broadening of the energy levels of ‘the activator atoms which in 
this case are that of chromium, For a good lasing action, the ruby crystal consists 
of about 0.05% of chromium: however, higher concentrations of chromium have also 
been used. For a detailed discussion about host crystals, see for example Brown (1969). 
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shown in Fig. 22.3. The chief characteristic of the energy levels of a 
chromium ion is the fact that the bands labelled as £, and E, have a 
lifetime* which is < 10-5 sec whereas the state marked M has a lifetime 
which is ~ 3 102? sec. A state which is characterised by such a long life 
is termed as a metastable state. 


Giass tube; Flesh lamp Ruby p Light shield 


Pump 
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Fig.22.3 The energy levels of the chromium ion. G represents the ground 
state and M the metastable state. 


The chromium ion in ts ground state can absorb a photon (whosc 
wavelength is around 6600 A) and make a transition** to one of the states 
in the band £j; it could also absorb a photon of A~ 4000 A and mike a 
transition to one of the states in the band F,. In either case, it 


*The lifetime represents the average time that an atom spends in an excited state 
before making a transition to a lower energy state. 

**This is known as optical pumping and the photons which are absorbed by thc 
chromium ions are produced by the flash lamp (Fig. 22.2). 
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immediately makes a non-radiative transition* (in a time ES 10-? sec) to the 


metastable state M and since the state M has a very long life, the number 
of atoms in this state keep on increasing and one may achieve a population 
inversion between thestates M and G. Thus we may havea larger number 
of atoms in the level M tothat in thestate G. Once population inversion is 
achieved, light amplification can take place. 

In the original set up of Maiman, the flashlamp (filled with xenon gas) 
was connected to a capacitor (Fig. 22.2) which was charged to a few 
kilovolts. The energy stored in the capacitor (~ a few thousand joules) 
was discharged through the xenon lamp in a few milliseconds. This 
results in a power which is ~ à few megawatts. Some of this energy is 
absorbed by the chromium ions resulting in their excitation and subsequent 
lasing action. 

If we prepare a medium with population inversion between two levels 
with frequency difference w and if we allow electromagnetic energy of 
frequency w to pass through this medium, then it will stimulate the 
excited atoms and one would obtain an amplified wave. If one requires 
the medium to act as a source, then one must couple back some of the 
output energy back into the medium and at the same time preparo the 
atoms in a state of population inversion. The coupling back of energy 
into the medium is carried out through a system of mirrors placed at the 
- ends of the medium. Such a system of mirrors forms a resonant cavity** 
and will be discussed in Sec. 22.4. 


22.2 Spontaneous and Stimulated Emission 


In 1917, Einstein predicted from purely thermodynamic considerations 
that an atom in an excited state can make a radiative transition to the 
ground state (with the emission ofa photon) in two ways; one is the 
spontaneous emission (which is not caused by any extraneous effects) and 
the other is the stimulated emission which is caused by the presence of 
electromagnetic radiation of the proper frequency. The most important 
feature associated with stimulated emission is the fact that the radiation 
emitted in such a process is exactly similar to the radiation inducing 
the transition; i.e. the emitted radiation has the same phase, same 
polarization, same frequency as the incident radiation and propagates in 
the same direction. 

Consider an atom having two states and let N, and N, be the number 
of atoms per unit volume in states 1 and 2 respectively (sce Fig. 22.4). 
Let u(v) represent the energy density of radiation; ie. u (v) dv represents 
the energy density in the frequency interval between v and v» + dv. Now. 


*In a noa-radiative transition, the excess energy is absorbed by the lattice and 
does not appear in the form of electromagnetic radiation. 


**In the ruby laser, the two silvered ends of. the ruby rod act as mirrors and form 
the resonant cavity, 
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the rate of absorption of radiation of frequency v (which will lead to the 
transition 12) is assumed to be proportional to the radiation energy 
density u(y). Thus, if the proportionality constant is denoted by By, then 
N,B, u (v) will represent the number of absorptions per unit volume per 
unit time. 


2 No 
Absorption] 
Emission 
1 Ny ; 
Fig. 22.4 


The number of spontaneous emissions will be proportional to N, and if 
the proportionality constant is denoted by 4,, then N,4,, will represent 
the number of spontaneous emissions per unit volume per unit time. 
Finally, the number of stimulated emissions will be proportional to N, and 
also to the radiation energy density v (v). If the proportionality constant 
is denoted by B,, thea N,B,, u (v) will represent the number of stimulated 
emissions per unit volume per unit time. The quantities A,,, Bj, and 
B,, are known as Einstein coefficients and are determined by the atomic 
system. t 

Obviously, at thermal equilibrium 


Ny Biau (9) = No, + NaBai u (V) (22.2-1) 
or 
Azı 
u(v) =- (22.2-2) 
Ln 
N, By — Buy 


Now, at thermal equilibrium N, and N, will be related by the Boltzmann's 
law 


x = exp | - azr] (22.2-3) 


where ks is the Boltzmann's constant and T represents the temperature 
of the system. Substituting in Eq. (22.2-1), we get 


A 
“0) = sagt RL (22.2-4) 


On the other hand, Planck’s law tells us that 


Szhv? I 
ui) =a ehlkpT — |} (22:2-5) 
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Comparing Eqs. (22.2-4) and (22.2-5) we obtain* 


By = By, (22.2-6) 
and 
s 
ER Ba = An (22.2.7) 


Eqs. (22.2-6) and (22.2-7) are known as Einstein relations and show that 
the Einstein coefficients are related to each other. Notice that if we had 
not assumed. stimulated emission we would not have been able to arrive 
at an expression for u(y) which is similar to Planck's law. Indeed, in 
order to obtain the correct form for (v), Einstein predicted the existence 
of stimulated emission which was later confirmed by rigorous quantum 
theory [see, for example, Ghatak and Lokanathan (1975)]. 


22.3 Population Inversion 


Consider the propagation of a collimated beam of light along the x-direc- 
tion. We wish to calculate the change in intensity of the beam as it 
propagates through a layer of atoms which are bounded by two planes 
(normal to the x-axis; see Fig. 22.5) and are separated by a distance dx. 


dies 


-> iy(xedx) 


Ateq: S 


Fig. 22.5 


If the cross-sectional area of each of the planes is S then the volume of 
the layer would be Sdx. 

If n,(v) dv represents the number of atoms per unit volume** which are 
inlevel 1 and are capable of absorbing radiation whose frequency lies 
between v and v -- dv then. the number of upward transitions (1 + 2) per 
unit time, in the layer of volume Sdx. would be 


[n (v) do But) S dv 
“in the presence of degeneracies Eq. (22.2 


22.17) would have remained the same 


However, Eq. (22. 2-6) would have modified to E Biz = By, where g; and x» repre- 


sent the degrec of degeneracy of levels 1 and 2 Fespectively. 
* 
Jn (9) dv == Ny 
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In each transition a photon of energy /» is absorbed. Thus, the energy 
lost per unit time from the radiation would be 


hy [m (v) dv By u (v)] S dx 


Similarly, if nj (y) dv represents the number of atoms per unit volume* 
which are in level 2 and are capable of emitting radiation whose frequency 
lies between v and v+ dy, then the number of stimulated emissions per 
unit time in the layer would be 


[na (v) dv By, u (v)] S dx 


In each transition a photon of energy Av is emitted and this reinforces the 
propagating beam. Thus, the energy gained per unit time would be 


hv [n, (v) dv B, u(v)] Sdx 


[We have neglected the effect of spontaneous emissions; this is because a 
photon emitted in a spontaneous process is in a random direction and as 
such does not, in general, contribute to the beam (see Fig. 22.1)]. 

Since u (v) dv Sdx represents the energy contained in the layer, in the 
frequency range v and v + dv, we may write 


E u (y) S dy ds] = hy [— nj (v) dv Byg u (v) + ny (y) dv Bau (9)] S dx 
or 


BuO 7 by] Bram) ~ Bam |u 2.341) 


Now, if J, represents the intensity of the beam; i.e. if /,/v represents the 
energy crossing an unit area** per unit time whose frequencies lie between 


v and v + dy then 
[n(x + dx) d» — I, (x) d] S 


will represent the rate at which the energy is flowing out of the layer. 


Since u(v) dv Sdx represents the radiation energy contained in the layer 
whose frequency lies between v and v + dy, we will have 


[h (x + dx) dv — h(x) dy) S= + 5 [u (v) dv Sdx) 


or 


eo. Bee zs E (22.32) 


* 
Í no) dv Ne 
**In this case perpendicular to the x-axis, 
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Using Eq. (22.3-1) we obtain 


ah = — hy [Bam (Y) — Ba (v)] u (9) (22.3-3) 


But the intensity of the beam is related to the energy density through the 
following relation 
u()v-1H (22.3-4) 


where v (= 3 represents the speed of propagation of the wave; 7 being the 


refractive index. Substituting the above expression for u (v) in Eq. (22.3-3), 
we get 


hv B 
p= - IP e) — moh 


where B = B,, = By, (see Sec. 22.2). Thus 
ax e - P v) n (I P (22,35) 


Now, if a beam is propagating in an absorbing medium, the loss of 
intensity, — dI, due to absorption would be proportional to Jy and to dx; 
hence we may write 


dl, = — a, 1, dx (22.3-6) 


where a, represents the proportionality constant and is known as the 
absorption coefficient. Thus 


Tm 22.3-7) 
or 
J, (x) = h (x = 0) e=% (22.3-8) 


If we compare Eq. (22.3-5) with Eq. (22.3-7), we may write 
ay = P t). n OB (22.349) 


Since m) and m, (v) are very sharply peaked around v= w, we may 
integrate Eq. (22.3-9) to obtain* 


fo 
[49-59 m - vds 
=x (N, — N.) (22.3-10) 


*In the presence of aegeneracies one obtains 


CA g 
Jos dv = n -2 ) 
Srv neg, M a2 M4, 
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where 
Avon , linn c 
xn =— B=— o 
c C Bainn 
^i UE (22.3-11) 


represents the integrated absorption cross-section per atom.* Eq. (22.3-10) 
is known as the Fuchtbauer-Landenburg formula. 

As it is obvious from Eq. (22.3-9), x, must be a very sharply peaked 
function around the absorption line**; and a typical plot is given in 
Fig. 22.6. Thus we may write 

a, = « (N; — Nz) giv) 


where the function g(v) is sharply peaked around v — v, and 
| gv) dv —1 


At thermal equilibrium M, > N, (i.e. the population of the ground 


Sce 


Fig.22.6 Typical variation of ay with v. 


gating through a material, only 


oderate intensity is propa 
Bebe the higher state and as such 


a very small fraction of atoms are excited to 


M << 1; under this approximation we obtain 
1 


[s 


ts the total number of atoms/unit volume. 
aide SINUS in general, due to a variety of phenomena such as thermal 


motion. collision of atoms, etc. In particular, for thermal motion 
C pues 2 
m 


D Mud 


€ 
(Contd.) 
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state is greater than the population of the excited state) and as can be seen 
from Eq. (22.3-9), æy is positive which implies absorption of the beam as 
it propagates through the material, physically, the energy is used up in 
the excitation of the atoms to a higher energy state. 

On the other hand, if we have a situation in which N, > N,, then ay 
would be negative and the beam would get amplified; this process is 
referred to as light amplification. Since this corresponds to a higher 
population of an excited state, it is known as population inversion.* As 
mentioned earlier, the most important problem in a laser is to have 
stimulated emission dominating over spontaneous emission. For this 
to occur one must have population inversion and two methods for 
obtaining population inversion are discussed in Sections 22.1 and 22.5. 

Let us next consider that the material in which population inversion 
has taken place is placed between two plane mirrors (see Fig. 22.7). As the 


Active Medium = 


B 


S e u y Sl 
Mirror Mirror 


Fig. 22.7 


beam bounces back and forth between the mirrors it gets amplified. However, 
since there will be some losses in each reflection one can obtain a threshold 
condition for the lasing action. If L4 represents the length of the active 
medium then in the absence of any losses the gain in traversing this 
distance would be e?» “4, 

Let / represents the intensity of the beam on one ofthe mirrors. In 
propagating to the other mirror, the intensity of the beam would become 
Te*v"4_ On reflection from the mirror of reflectivity R,, the beam intensity 
would be IR,ce^ ^4, Similarly in traversing the resonator length again 
and a further reflection at the mirror with reflectivity R, the beam 
intensity becomes IR,R,e79*4, In the Steady state, one must have 

IR,R, ev "4 =] 
or 
RR, ela =] 


eer eur Lt o cd ud 
where m represents the mass of the molecule, T representing the absolute tempera- 
ture. It may be mentioned that even in the absence of collisions or thermal 
motions, atomic lines are characterised by an intrinsic line width which 
represents the theoretical limit. This intrinsic line width which represents the 


n ^ T 
theoretical frequency spread is ~ x Where = represents the lifetime of the excited state. 


+ H r3 
it i; ae ar pmetimes referred to as the ‘negative temperature condition’ because 
S on y at negative values of T, such ‘population inversion’ can occur at thermal 
le to use this terminology of ‘negative 


x dcs - corresponds to thermal equilibrium nor 
is there anything physical about Negative temperature, E 
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which is known as the threshold condition. For R,R, close to unity, 
«,L4 would be small and we may write 


reas pee 


RR, 
or 
2a, La = 1 — RR, 
But 
Tii æ = x (N; — Na) g(v) 


[l — R, RJ 


e 2 Jin? 
[e^ ] Ls 24 
2r Av(1 — R, R) 

A? La vs ln) A 


where A = c/vo; we have assumed g(v) to correspond to the thermal distri- 
bution* and have taken the value of g(v) at v —w ie. at the line centre. 
For A = 5x 10-5 cm, Av zz 10° sec-!, A zz 10° sec-}, RR, = 0.99, La = 100 
cm, one obtains 

1, —N,=0.5x 10° cm? 


22.4 Resonators 


In the earlier sections we had seen how a light beam passing through 
a suitable medium with population inversion, may be amplified. In order 
to construct an oscillator which could supply light energy one must couple 
a part of the output into the medium. This can be achieved by placing the 
active medium between two mirrors which reflect most of the output 
energy back to the system. To obtain an output beam, one of the mirrors 
may be made partially reflecting. Such a system of two mirrors represents 
a resonant cavity. Thus, imagine a wave which starts from one of the 
mirrors and is travelling towards the other mirror. In passing through 
the active medium, it gets amplified. If the second mirror is partially 
reflecting then the wave is partially transmitted and the rest is reflected 
back towards the first mirror. In travelling to the first mirror, it again 
gets amplified and returns to the position it started from. Thus in between 
the two mirrors we have waves propagating along both directions. These 
waves interfere and in order that stable standing wave pattern be formed, 


the frequency must satisfy some conditions. 


*The thermal effect gives rise to the Gaussian frequency distribution 
2 [in peee] 


a= 2. AJ ep SS 
Thus 
2 In2 
800) = AA 


[foo =] 
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For the sake of simplicity, if we consider plane waves travelling to and 
fro, then the total phase change that the wave suffers after completing one 
complete round trip must be an integral multiple of 2x. Thus 


2 OL = 2mm; m= 1, 2,3)... (22.411) 


where A is the wavelength of the radiation in the medium enclosed by the 
cavity. If we put à = c/v, then Eq. (22.4-1) becomes 


CUPS ca 22.4- 
v mot (22.4-2) 


which gives us the discrete frequencies in which the system will resonate. 
[Eq. (22.4-2) may be compared with Eq. (10. 3-5) where we had obtained 
a similar result]. These are called the modes of oscillation of the resonant 
cavity and m represents the mode number. In obtaining the above rela- 
tion, we have assumed that a plane wave can propagate unmodified inside 
the resonator. This is not true in general and the frequencies specified by 
Eq. (22.4-2) are only approximate. In general, the resonator oscillates not 
at a single frequency but at a continuum of frequencies distributed about 
each of the frequencies specified by Eq. (22.4-2). The widths of these 
lines are determined by the losses in the cavity which include absorption 
losses, losses due to partial reflection at the mirrors, diffraction losses of 
the beam, etc. When these losses are compensated by placing an active 
medium between the resonator mirrors, then the resultant laser emission 
is extremely narrow and is limited due to the presence of spontaneous 
emission and fluctuations in the cavity dimensions. The spontaneous 
emission results in line widths of only a fraction of a Hertz. In actual 
practice the fluctuations of the laser cavity are so large as to yield band 
widths of a few tens of kilohertz which is still an extremely monochro- 
matic beam. 

In Fig. 22.7 we have showna simp'e resonator which is made up of two 
plane mirrors enclosing the active medium. The sides of the cavity are 
open so that radiation travelling at directions not nearly parallel to the 
axis of the resonator would escape from the resonator, This Jeads to an 
output beam which is also extremely directional. 1n general, the 
mirrors forming the cavity may be spherical. This helps in focussing the 
radiation so that one expects much lower diffraction losses which are 
caused due to the finite size of the cavity mirrors. 

We will now consider a general resonator system bounded by two 
mirrors of radii of curvatures R, and Rs, separated by a distance d (see 
Fig. 22.8) We will assume that the medium between the two mirrors is 
homogeneous. We will use a ray optics analysis to obtain the condition 
for the resonator to be stable. In such resonators, a ray may keep bounc- 
ing back and forth and remain trapped in the resonator. This condition 
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is termed as the stability condition. Further, we will be restricting our- 
selves to the paraxial region and will employ the matrix formulation 
which has been discussed in detail in Chapter 3. 


Fig. 22.8 A resonator consisting of two spherical mirrors. 


Consider a ray which starts from a plane AB (which, for example, may 
be the plane midway between the mirrors, see Fig. 22.8) with coordinates 
x, and Ao, where x, is the height of the ray and A, is the optical direction 
cosine (see Sec. 3.2). This ray traverses a distance d/2 before intersecting 
the mirror M, and after suffering a reflection at M, ittraverses a distance 
d before suffering another reflection at M,. This reflected ray traverses 
another distance d/2 before returning to the plane AB. This constitutes 
one complete cycle of propagation of the ray. Let the matrix 


pre ty 
s= ( ) (22.4-3) 
-D C 


represent the matrix for one complete cycle of oscillation of the ray. 
Thus, if (xy, À,) represents the coordinates of the ray after one cycle then 


we may write 
A B —AN [hy 
= (22. 4-4) 
X, —D  C/NM& 


For the resonator to be stable, we require that the ray must have the same 
coordinates (as it had when it had started) after traversing (the resonator) 
a finite number of times (say m). Thus, after the second trip, the ray 
would be specified by 


OS 3042730 e 


Similarly after m traversals, the ray matrix would be 


BUT ER 
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In order to determine the mth power of the matrix, we now diagonalise 
the matrix. 

If S represents the system matrix, the matrix D is said to diagonalise 


Sif 
8 0 
D> s»-( 
0 8, 
or 
8, 0 
s-»( e Q2 4-7) 
0 5, 


where D^! is the inverse of the matrix D defined by 
DD3-—D-D-I (22.4-8) 
I, being the (2x 2) unit matrix. Thus, 


[ 3, 0 ] 3, 0 
sm = »( )r [>( j=] 
0 8, 05 ...m times 
31 0 
-» )» (22.4-9) 


T. quantities 5, and 3, are termed as the eigenvalues of the matrix. In 
‘order to determine the two eigenvalues we write 


B AVN, [E 
( \ e ) (22.4-10) 
—D c/\n n 


Thus the effect of multiplying the column matrix (with components E and 5) 
with the system matrix yields us the same column matrix multiplied by 3. 
The above equation can be rewritten as 


ms —A Y f& 
=0 (22.4-11) 
Hert 


For the above equations to have non-trivial solutions, we must have 


B—8 —A 
det =0 (22. 4-12) 
—D C-3 


(B —8)(C—8)—AD=0 
or 


è — è (B + C) + (BC — AD) —0 (22.4-13) 
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If we use the fact that 


BC—AD=1 (22.4-14) 
(see Sec. 3.2), then Eq. (22.4-13) reduces to 
$ —8(B--C)4-1—0 (22.4-15) 
The above equation has two solutions: 
8—43(8-C) 8- Vi(B CF —1 (22.4-16) 


From Eq. (22.4-6) it follows that for the ray to remain trapped in the 


cavity 
( B'—ANn 
224-17, 
—D [4 ; : 


should not diverge as m increases. Thus, we must have 


3, — elt, 8,— ei (22.4-18j 


where i= 4/—1 and 0 is real. For 3 to be a complex quantity, we see 
from Eq. (22.4-16) that the following inequalities must be satisfied 


—2<(B+C)<2 (22.4-19) 


This is the stability condition. Given a resonator system, the system matrix 
representing a single traversal can be obtained, which would in turn give 
us the values of B and C. For the resonator system to be stable. 
Eq. (22.4-19) must be satisfied. 

In order to determine an explicit expression for the stability condition, 
we consider a resonator system consisting of two mirrors of radii of 
curvatures R, and R, separated by a distance d (see Fig. 22.8). Ina 
manner similar to that employed in Sec. 3.2, we can show that the 
effect of a mirror of radius of curvature R can be represented by the 


matrix 

1 —2/R 

(22.4-20) 
0 1 


where the slope of the ray is always measured from the forward direction 
of travel. If the ray starts from the plane AB, then the system matrix for 


one complete round trip would be 


j— 4 .34 , AM* Ev 2 dd 
R, R" RR R R, RR, 
Dira ee INA d od, d 2d 
a mtl e)a) -x* (7x) -X) 
(22.4-21) 
lhus 
El cA 2d* 22.4-22 
Bz1 R, R Rik; (22.4-22) 
and 
.3d d , 2d? 335 
MEX EE RR; iam 
Hence the stability condition [Eq. (22.4-19)] becomes 
4d 4d , 4d' 
ik 2 E 2 22.4-2. 
a UR RR, S 2 bct 
which can also be written as 
Eod d Sidia 
o«(i-£)(i- x)«! E 


Hence, for the resonator to be stable, d, R, and Rẹ must satisfy the above 
condition. Even though we have obtained the above result using ray 
arguments it can be shown to be applicable even when diffraction effects 
are also taken into account. 

Fig. 22.9 depicts the stability diagram. The two coordinate axes 
correspond to ( -&) and (1 -x) Only those resonator configur- 

2 

ations that lie in the shaded region correspond to a stable configuration. 
The origin corresponds to d= R,=R,. A resonator configuration with 
d=R,=R, is called confocal because the foci of both the mirrors 
coincide. The point marked 4 corresponds to R, =R, = ©, ie. the 
resonator is bounded by plane parallel mirrors. Such a resonator is 
termed a planar resonator. The point marked B corresponds tod = 2R, = 
2R. In such & configuration the centres of curvature of both mirrors 
coincide and hence is called a concentric resonator system 

The above analysis has been made neglecting diffraction effects. In 
general} a wave which starts from one of the mirrors undergoes diffraction 
and looses some power due to spillover at the other mirror. The reflected 
wave undergoes further diffraction in travelling back to the first mirror. 
Thus, it is not possible for a homogeneous plane wave to resonate in the 
open resonator. A wave analysis of the resonator system yields the 
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result that a wave with a Gaussian dependence of intensity will 
approximately resonate in the resonator. Thus the beem from most lasers 
is Gaussian, Since the intensity decreases rapidly away from the axis, the 
diffraction losses are also little. 


a 


confoca!-._ 


Concentric 


Fig, 22.9 The stability diagram, 
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Fig. 22.10 The solid curve represents a typical Doppler broadened spectral 
line. The closely spaced cavity modes are shown as narrow peaks 
inside the curve. The sharp line represents the output of the laser 


[Adapted from Herriot (1962)]. 


In Fig. 22.10 the solid curve represents the Doppler width of the 
spectral line. The closely spaced cavity modes are shown as sharp peaks 
inside the curve. The width of these modes is primarily due to the losses 
in the cavity. When these losses are compensated, one obtains an 
extremely narrow line as shown in the figure. 
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22.5 Helium-Neon Laser 


We will now briefly discuss the He-Ne laser which was first fabricated by 
Ali Javan and his coworkers at Bell Telephone Laboratories in USA. 
This was also the first gas laser to be operated successfully. 

The He-Ne laser consists of a mixture of He and Ne of about 10: 1 
placed inside a long narrow discharge tube (see Fig. 22.11). The pressure 


mirror 


mirror 


Laser beom 


Discharge electrodes 


Fig. 22.11 The He-Ne Laser. 


inside the tube is about 1 mm of mercury, The gas system is enclosed 
between a set of plane mirrors or a set of concave mirrors so that a 
resonator system is formed, One of the mirrors is of very high reflectivity 
while the other is partially transparent so that energy may be coupled out 
of the system. 

The first few energy levels of He and Ne atoms are shown in Fig 22.12. 
When a discharge is passed through the gas, the electrons which travel 
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Fig. 22.12 Relevant energy levels of helium and neon. 


down the tube collide with the He atoms and excite them to the levels 
marked F, and F;. These levels are metastable, i.e. He atoms excited to 
these states stay in these Jevels for-a sufficiently long time before losing 
energy through collisions. Through these collisions, the Ne atoms are 
excited to the levels marked as E, and E, which have nearly the same 
energy as the levels F, and F, of He. Thus when He atoms in levels Fs 
and F, collide with unexcited Ne atoms, they raise them to the levels Es 
and E, respectively. This results in a sizeable population of the levels 
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E, and E,... The population in these levels happens to be much more than 
those in the lower levels E, and E,. Thus a state of population inversion 
has been achieved and any sponteneously emitted photon can trigger laser 
action in any of the three transitions shown in Fig, 22.12. The Neatoms then 
drop down from the lower laser levels to the level E, through spontaneous 
emission. From the level E,, the Ne atoms are brought back to the ground 
state through collisions with the walls.: The transition from Es to Bs, E, 
to E, and E, to E, result i in the emission of radiation having wavelengths 
3.39, 1.15% and 6328 A respectively.* Proper selection of different 
frequencies may be made by choosing end mirrors having high reflectivity 
over only the required wavelength range. The pressures of the two gases 
must beso chosen that the condition of population inversion is not quenched. 
Thus the conditions must be such that there is an efficient transfer 
of energy from He to Ne atoms. Also since the level marked E, is 
metastable, electrons colliding with atoms in level E, may excite them to 
level E, thus decreasing the population inversion. The tube containing 
the gaseous mixture is also made narrow so that Ne atoms in level E, can 
get de-excited by collision with the walls of the tube. 

Referring to Fig. 22.11, it may be mentioned that actually there are a 
large number of levels grouped around E, Ej, E,, E, and Ey. Only those 
levels are shown in the figure which correspond to the important laser 
transitions. 

The gas lasers are, in general, found to emit light which is more 
directional and more monochrommtic. This is because of the absence of 
the effects such as crystallia® imperfection, thermal distortion and 
scattering which are present in solid-state lasers. Gas lasers are capable 
of operating continuously without need for cooling. 


PROBLEMS 


Show that the effect of a concave mirror of radius of curvature R is given by 


T: 
Eq. (22.4-20). 
2. Derive Eq. (22.4-21) for one complete round trip of a resonator bounded by 


two mirrors of radii of curvatures R; and Ro. - 
Referring to Fig. 22.8, if e 2R; = 2R», show that all rays passing through 


the common centre of owrvature of the mirrors will retrace their path and 
We be trapped inside the cavity. What will be the ray paths for 


d= Ri = Ry? 
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| Optics 


This book covers both traditional aspects like ray tracing, interference, * 
diffraction, polarization, reflection, refraction and propagation of í 
electromagnetic waves, as well as some of the modern aspects of optics me E 
like matrix method, coherence, holography, self-focussing, spatial i 
frequency riltering, lasers, etc. 


Beginning with a brief historical introduction to the subject and a 
discuysion on the nature of light, the text is divided in seven parts: 


€ Part deals with geometrical optics including chapters on Fermat's 
principle, the matrix method and a discussion on aberrations; 

% Part II deals with various types of vibrations and propagation of 
waves; 

@ Parts IIl and IV deals with interference and diffraction of waves; 

€ Part V discusses the electromagnetic theory of light, the phenomena 
of polarization, doubles refraction, reflection and refraction of waves; 

€ Part VI deals with the corpuscular nature of radiation; and in 

€ Part VII the physics of the laser has been discussed. 


A large number of problems as well as references for additional reading 
are appended to each chapter. 


This book was developed from lectures delivered by the author at the 
Indian Institute of Technology, Delhi. and is suitable for undergraduate 
and postgraduate students of physics. Students of electrical engineering, 
mechanical engineering as well as those in research cells of industries 
involved in the fabrication and application of lasers would also find the 
book useful. 
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